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Preface 


The purpose of this monograph is to give an exposition of the global quantization 
of operators on nilpotent homogeneous Lie groups. We also present the background 
analysis on homogeneous and graded nilpotent Lie groups. The analysis on homo- 
geneous nilpotent Lie groups drew a considerable attention from the 70’s onwards. 
Research went in several directions, most notably in harmonic analysis and in the 
study of hypoellipticity and solvability of partial differential equations. Over the 
decades the subject has been developing on different levels with advances in the 
analysis on the Heisenberg group, stratified Lie groups, graded Lie groups, and 
general homogeneous Lie groups. 


In the last years analysis on homogeneous Lie groups and also on other types 
of Lie groups has received another boost with newly found applications and further 
advances in many topics. Examples of this boost are subelliptic estimates, multi- 
plier theorems, index formulae, nonlinear problems, potential theory, and symbolic 
calculi tracing full symbols of operators. In particular, the latter has produced fur- 
ther applications in the study of linear and nonlinear partial differential equations, 
requiring the knowledge of lower order terms of the operators. 


Because of the current advances, it seems to us that a systematic exposition of 
the recently developed quantizations on Lie groups is now desirable. This requires 
bringing together various parts of the theory in the right generality, and extending 
notions and techniques known in particular cases, for instance on compact Lie 
groups or on the Heisenberg group. 


In order to do so, we start with a review of the recent developments in 
the global quantization on compact Lie groups. In this, we follow mostly the 
development of this subject in the monograph [RT10a] by Turunen and the second 
author, as well as its further progress in subsequent papers. After a necessary 
exposition of the background analysis on graded and homogeneous Lie groups, we 
present the quantization on general graded Lie groups. As the final part of the 
monograph, we work out details of the general theory developed in this book in 
the particular case of the Heisenberg group. 


In the introduction, we will provide a link between, on one hand, the symbolic 
calculus of matrix valued symbols on compact Lie groups with, on the other hand, 
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different approaches to the symbolic calculus on the Heisenberg group for instance. 
We will also motivate further our choices of presentation from the point of view 
of the development of the theory and of its applications. 


We would like to thank Fulvio Ricci for discussions and for useful comments 
on the historical overview of parts of the subject that we tried to present in the 
introduction. We would also like to thank Gerald Folland for comments leading to 
improvements of some parts of the monograph. 
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Introduction 


Nilpotent Lie groups appear naturally in the analysis of manifolds and provide an 
abstract setting for many notions of Euclidean analysis. As is generally the case 
when studying analysis on nilpotent Lie groups, we restrict ourselves to the very 
large subclass of homogeneous (nilpotent) Lie groups, that is, Lie groups equipped 
with a family of dilations compatible with the group structure. They are the groups 
appearing ‘in practice’ in the applications (some of them are described below). 
From the point of view of general harmonic analysis, working in this setting also 
leads to the distillation of the results of the Euclidean harmonic analysis depending 
only on the group and dilation structures. 

In order to motivate the work presented in this monograph, we focus our 
attention in this introduction on three aspects of the analysis on nilpotent Lie 
groups: the use of nilpotent Lie groups as local models for manifolds, questions 
regarding hypoellipticity of differential operators, and the development of pseudo- 
differential operators in this setting. We only outline the historical developments 
of ideas and results related to these topics, and on a number of occasions we refer 
to other sources for more complete descriptions. We end this introduction with the 
main topic of this monograph: the development of a pseudo-differential calculus 
on homogeneous Lie groups. 


Nilpotent Lie groups by themselves and as local models 


It has been realised for a long time that the analysis on nilpotent Lie groups can 
be effectively used to prove subelliptic estimates for operators such as ‘sums of 
squares’ of vector fields on manifolds. Such ideas started coming to light in the 
works on the construction of parametrices for the Kohn-Laplacian Oy (the Lapla- 
cian associated to the tangential CR complex on the boundary X of a strictly 
pseudoconvex domain), which was shown earlier by J. J. Kohn to be hypoelliptic 
(see e.g. an exposition by Kohn [Koh73] on the analytic and smooth hypoelliptic- 
ities). Thus, the corresponding parametrices and subsequent subelliptic estimates 
have been obtained by Folland and Stein in [FS74] by first establishing a version 
of the results for a family of sub-Laplacians on the Heisenberg group, and then 
for the Kohn-Laplacian U by replacing X locally by the Heisenberg group. These 
ideas soon led to powerful generalisations. The general techniques for approximat- 
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ing vector fields on a manifold by left-invariant operators on a nilpotent Lie group 
have been developed by Rothschild and Stein in [RS76]. Here the dimension of 
the nilpotent Lie group is normally larger than that of the manifold, and a first 
step of such a construction is to perform the ‘lifting’ of vector fields to the group. 
Consequently, this approach allowed one to produce parametrices for the original 
differential operator on the manifold by using the analysis on homogeneous Lie 
groups. A more geometric version of these constructions has been carried out by 
Folland in [Fol77b], see also Goodman [Goo76] for the presentation of nilpotent 
Lie algebras as tangent spaces (of sub-Riemannian manifolds). The functional ana- 
lytic background for the analysis in the stratified setting was laid down by Folland 
in [Fol75]. A general approach to studying geometries appearing from systems of 
vector fields has been developed by Nigel, Stein and Wainger [NSW85]. 

Thus, one of the motivations for carrying out the analysis and the calculus of 
operators on nilpotent Lie groups comes from the study of differential operators on 
CR (Cauchy-Riemann) or contact manifolds, modelling locally the operators there 
on homogeneous invariant convolution operators on nilpotent groups. In ‘practice’ 
and from this motivation, only nilpotent Lie groups endowed with some compatible 
structure of dilations, i.e. homogeneous Lie groups, are considered. This will be 
also the setting of our present exposition. 

The simplest example (apart from R”) of a nilpotent Lie group is the Heisen- 
berg group, and the harmonic analysis there is a very well researched topic. We do 
not intend to make an overview of the subject here, but we refer to the books of 
Stein [Ste93] and Thangavelu [Tha98] for an introduction to the harmonic analysis 
on the Heisenberg group and for the historic development of the area. Elements 
of the harmonic analysis on different groups can be also found in Taylor’s book 
[Tay86]. The Heisenberg group enters many applied areas, including various as- 
pects of quantum mechanics, signal analysis, optics, thermodynamics; we refer to 
the recent book of Binz and Pods [BP08] for an overview of this subject. We men- 
tion another recent book by Calin, Chang and Greiner [CCG07] containing many 
explicit calculations related to the Heisenberg group and its sub-Riemannian ge- 
ometry, as well as a sub-Riemannian treatment in Capogna, Danielli, Pauls and 
Tyson [CDPT07]. As such, in this monograph we will deal with the Heisenberg 
group almost exclusively in the context of pseudo-differential operators, and we 
refer to excellent surveys of Folland [Fol77a] and Howe [How80] on the role played 
by the Heisenberg group in the theory of partial differential equations and in har- 
monic analysis, as well as to Folland’s book [Fol89] for its relation to the theory 
of pseudo-differential operators on R” through the Weyl quantization. See also a 
more recent short survey by Semmes [Sem03] and a book by Krantz [Kra09]. 

Well-posedness questions for hyperbolic partial differential equations on the 
Heisenberg group have been considered parallel to their Euclidean counterparts. 
For example, the conditions for the well-posedness of the wave equation for the 
Laplacian associated to the 0, complex have been found by Nachman [Nac82], 
the L?-estimates for the wave equation for the sub-Laplacian have been estab- 
lished by Müller and Stein [MS99], the smoothness of the Schrödinger kernel has 
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been analysed by Sikora and Zienkiewicz [SZ02], a space-time estimate for the 
Schrödinger equation has been obtained by Zienkiewicz [Zie04], etc. Nonlinear 
wave and Schrodinger equations and Strichartz estimates have been analysed on 
the Heisenberg group as well, see e.g. Zuily [Zui93], Bahouri, Gérard and Xu 
[BGX00] and Furioli, Melzi and Veneruso [FMV07], as well as other equations, 
e.g. the Ginzburg-Landau equation by Birindelli and Valdinoci [BV08], quasilin- 
ear equations by Capogna [Cap99], etc. 

The Hardy spaces on homogeneous Lie groups and the surrounding harmonic 
analysis have been investigated by Folland and Stein in their monograph [FS82]. In 
general, there are different machineries available depending on a degree of general- 
ity: the stratified Lie groups enjoy additional hypoellipticity techniques going back 
to Hormander’s celebrated sum of the squares theorem, while on the Heisenberg 
group explicit expressions from its representation theory can be used. 

A typical example of such different degrees of generality within homogeneous 
Lie groups is, for instance, a problem of characterising the Hardy space H! in 
L! by families of singular integrals. Thus, in [CG84], Christ and Geller presented 
sufficient conditions for general homogeneous Lie groups, gave explicit examples of 
(generalised) Riesz transforms for such a family of integral operators on stratified 
Lie groups, and derived further necessary and sufficient conditions on the Heisen- 
berg group in terms of its representation theory (see also further work by Christ 
[Chr84]). 

A related aspect of harmonic analysis, the Calderén-Zygmund theory on 
homogeneous Lie groups, has a long history as well. Again, this started with the 
analysis of convolution operators (with earlier works e.g. by Korányi and Vági 
[KV71] in the nilpotent direction), but in this book we will adopt an utilitarian 
approach, and the setting of Coifman and Weiss [CW71a] of spaces of homogeneous 
type will be sufficient for our purposes (see Section 3.2.3 and Section A.4). 

Proceeding with this part of the introduction on general homogeneous Lie 
groups, let us follow Folland and Stein [FS82] and mention another important 
occurrence of homogeneous Lie groups. If G is a non-compact real connected semi- 
simple Lie group, its Iwasawa decomposition G = KAN contains the homogeneous 
Lie group N whose family of dilations comes from an appropriate one-parameter 
subgroup of the abelian group A (more precisely, if g = € @ €+ is the Cartan 
decomposition of the Lie algebra g, the decomposition G = KAN corresponds 
to the Iwasawa decomposition of the Lie algebra, g = €+ a + n, where a is the 
maximal abelian subalgebra of €+, and the nilpotent Lie algebra n is the sum 
of the positive root spaces corresponding to eigenvalues of a acting on g). This 
decomposition generalises the decomposition of a real matrix as a product of an 
orthogonal, diagonal, and an upper triangular with 1 at the diagonal matrix. 
Furthermore, the the symmetric space G/K has the homogeneous nilpotent Lie 
group N as its ‘boundary’ in the sense that N may be identified with a dense 
subset of the maximal boundary of G/K. As we show in Section 6.1.1 for no = 1, 
if G = SU(n, + 1,1), G/K may be identified with the unit ball in Cet? and the 
Heisenberg group Hn, acts simply transitively on the complex sphere of C”e+1 
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where one point has been excluded. This provides a link between the Heisenberg 
group Hn,, the analysis of the complex spheres, and the group SU(n, + 1,1) 
or, more generally, between general semi-simple Lie groups and homogeneous Lie 
groups as boundaries of their symmetric spaces. For example, harmonic functions 
on the symmetric space G/K can be represented by convolution operators on N 
(see e.g. the survey of Koranyi [Kor72]). 

Our setting contains the realm of Carnot groups as this class of groups 
consists of the stratified Lie groups equipped with a specified metrics on the 
first layer, see e.g. Gromov [Gro96] for a survey on geometric analysis of Carnot 
groups. Our setting includes any class of stratified Lie groups, for instance H- 
groups, Heisenberg-Kaplan groups, Métivier-type groups [Mét80], filiform groups, 
as well as Kolmogorov-type groups appearing in the study of hypoelliptic ultra- 
parabolic operators including the Kolmogorov-Fokker-Planck operator (see Kol- 
mogorov [Kol34], Lanconelli and Polidoro [LP94]). We refer to the book [BLU07] 
by Bonfiglioli, Lanconelli and Uguzonni for a detailed consideration of these groups 
and of their sub-Laplacians as well as related operators. 


Hypoellipticity and Rockland operators 


On compact Lie groups, the Fourier analysis and the symbolic calculus developed 
in [RT10a] are based on the Laplacian and on the growth rate of its eigenvalues. 
While on compact Lie groups the Laplacians (or the Casimir element) are operators 
naturally associated to the group, it is no longer the case in the nilpotent setting. 
Thus, on nilpotent Lie groups it is natural to work with operators associated 
with the group through its Lie algebra structure. On stratified Lie groups these 
are the sub-Laplacians, and such operators are not elliptic but hypoelliptic. More 
generally, on graded Lie groups invariant hypoelliptic differential operators are the 
so-called Rockland operators. 

Indeed, in [Roc78], Rockland showed that if T is a homogeneous left-invariant 
differential operators on the Heisenberg group, then the hypoellipticity of T and 
T* is equivalent to a condition now called the Rockland condition (see Definition 
4.1.1). He also asked whether this equivalence would be true for more general 
homogeneous Lie groups. Soon after, Beals showed in [Bea77b] that the hypoel- 
lipticity of a homogeneous left-invariant differential operator on any homogeneous 
Lie group implies the Rockland condition. In the same paper he also showed that 
the converse holds in some step-two cases. Eventually in [HN79], Helffer and Nour- 
rigat settled what has become known as Rockland’s conjecture by proving that 
the hypoellipticity is equivalent to the Rockland condition (see Section 4.1.3). At 
the same time, it was shown by Miller [Mil80] that in the setting of homogeneous 
Lie groups, the existence of an operator satisfying the Rockland condition (hence 
of an invariant hypoelliptic differential operator in view of Helffer and Nourrigat’s 
result), implies that the group is graded, see also Section 4.1.1. This means, alto- 
gether, that the setting of graded Lie groups is the right generality for marrying 
the harmonic analysis techniques with those coming from the theory of partial 
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differential equations. 

A number of well-known functional inequalities can be extended to the graded 
setting, for example, see Bahouri, Fermanian-Kammerer and Gallagher [BFKG12b]. 
Also, there are many contributions to questions of solvability related to the hy- 
poellipticity problem: for a good introduction to local and non-local solvability 
questions on nilpotent Lie groups see Corwin and Rothschild [CR81] and, miss- 
ing to mention many contributions, for a more recent discussion of the topic see 
Müller, Peloso and Ricci [MPR99]. 

The hypoellipticity of second order operators is a very well researched sub- 
ject. Its beginning may be traced to the 19th century with the diffusion problems 
in probability arising in Kolmogorov’s work [Kol34]. Hérmander made a major 
contribution [H6r67b] to the subject which then developed rapidly after that (see 
e.g. the book of Oleinik and Radkevich [OR73]) until nowadays. We will not be 
concerned much with these nor with the solvability problems in this book, since 
one of topics of importance to us will be Rockland operators of an arbitrary degree, 
and we will be giving more relevant references as we go along. 

Here we want to mention that the question of the analytic hypoellipticity 
turns out to be more involved than that in the smooth setting. In general, if a 
graded Lie group is not stratified, there are no homogeneous analytic hypoellip- 
tic left-invariant differential operators, a result by Helffer [Hel82]. For stratified 
Lie groups, the situation is roughly as follows: for H-type groups the analytic hy- 
poellipticity is equivalent to the smooth hypoellipticity, while for step > 3 (and 
an additional assumption that the second stratum is one-dimensional) the sub- 
Laplacians are not analytic hypoelliptic, see Métivier [Mét80] and Helffer [Hel82], 
respectively, and the discussions therein. For the Kohn-Laplacian Op in the ð- 
Neumann problem as well as for higher order operators in this setting the analytic 
hypoellipticity was shown earlier by Tartakoff [Tar78, Tar80]. Below we will men- 
tion a few more facts concerning the analytic hypoellipticity in the framework of 
the analytic calculus of pseudo-differential operators. 


Pseudo-differential operators 


Several versions of the smooth calculi of pseudo-differential operators on the 
Heisenberg group have been considered over the years. An earlier attempt yielding 
the calculus of invariant operators with symbols on the dual g’ of the Lie algebra 
of the group was made by Strichartz [Str72]. A calculus for (right-invariant) opera- 
tors has been also constructed by Melin [Mel81] yielding parametrices for operators 
elliptic in the so-called generating directions. In particular, the symbolic calculus 
for invariant operators on stratified and graded Lie groups developed by Melin 
further in [Mel83] provided a simpler proof of many of Helffer and Nourrigat’s 
arguments. 

The question of a general symbolic calculus for convolution operators on 
nilpotent Lie groups was raised by Howe in [How84], who also tackled questions 
related to the Calderén-Vaillancourt theorem. A more recent development of the 
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calculus for invariant operators on homogeneous Lie groups and applications to 
the corresponding symbolic conditions for the L?-boundedness of convolution op- 
erators was given by Głowacki in [Gto04] and [Gto07]. All this analysis applies to 
invariant operators and employs the Euclidean Fourier transform yielding a sym- 
bol on the dual g’. The symbol classes of such operators on the group are defined 
as coming from the usual Hérmander classes on the (Euclidean) vector space g’. 
They satisfy the spectral invariance properties and yield further useful generalisa- 
tions of parametrix constructions, see Głowacki [Glo12]. An approach to Melin’s 
operators on nilpotent Lie groups from the point of view of the Weyl calculus was 
done by Manchon, with further applications to the Weyl spectral asymptotics for 
the infinitesimal representations of elliptic operators in his calculus, see [Man91]. 
There exists also a calculus of left-invariant integral operators on the Heisenberg 
group, using Laguerre polynomials for its Fourier analysis, see Beals, Gaveau, 
Greiner and Vauthier [BGGV86], or using Leray’s quadratic Fourier transform by 
Gaveau, Greiner and Vauthier [GGV86]. 

While these are mostly the calculi of invariant operators, the geometric con- 
siderations require one to also understand operators in the non-invariant setting. 
However, here the amount of knowledge is more limited and most of the symbolic 
calculus is restricted to the Heisenberg group. Dynin’s construction of certain op- 
erators on the Heisenberg group in [Dyn76] (see also [Dyn78]), was also developed 
by Folland into considering meta-Heisenberg groups in [Fol94]. Beside this, a non- 
invariant pseudo-differential calculus on any homogeneous Lie group was developed 
by Christ, Geller, Glowacki and Polin in [CGGP92] but this is not symbolic since 
the operator classes are defined via properties of the kernel. In the revised ver- 
sion of [Tay84], Taylor described several (non-invariant) operator calculi and, in 
a different direction, he also noted a way to develop symbolic calculi: using the 
representations of the group, he defines a general quantization and symbols on any 
unimodular type I group (by quantization, we mean a procedure which associates 
an operator with a symbol). He illustrated this on the Heisenberg group and ob- 
tained there several important applications for, e.g., the study of hypoellipticity. 
He used the fact that, because of the properties of the Schrodinger representations 
of the Heisenberg group, a symbol is a family of operators in the Euclidean space, 
themselves given by symbols via the Weyl quantization. Recently, the definition 
of suitable classes of Shubin type for these Weyl-symbols led to another version 
of the calculus on the Heisenberg group by Bahouri, Fermanian-Kammerer and 
Gallagher [BF KG12a]. 

A calculus of pseudo-differential operators on the Heisenberg group in the 
analytic setting was developed by Geller [Gel90], with applications to the analytic 
hypoellipticity and further extensions of the calculus to real analytic CR mani- 
folds. In particular, this implies the analytic hypoellipticity of the Kohn-Laplacian 
on q-forms on pseudoconvex real analytic manifolds. It also implies that the Szego 
projection preserves analyticity, recovering earlier results on the relations between 
Szegé projections and 0*-operator by Greiner, Kohn and Stein [GKS75], in turn 
related to the solvability of the Lewy equation. The analytic hypoellipticity of the 


Introduction 7 


complex boundary Kohn-Laplacian on the (p,q)-forms arising in the 0-Neumann 
problem was proved earlier by Tartakoff [Tar78] using L?-methods and by Tréves 
[Tré78] using the calculus. Here we note that a corresponding Euclidean symbolic 
calculus with applications to the propagation of analytic singularities and corre- 
sponding version of Fourier integral operators has been developed by Sjöstrand 
[Sj682], and the propagation of the analytic wave front set for the sub-Laplacian 
was studied by Grigis and Sjöstrand [GS85). 

The analysis of the nilpotent setting can be extended to more general man- 
ifolds. Here, a typical application of the analysis on the Heisenberg groups is to 
questions on contact manifolds. Indeed, a contact structure defines a grading on 
the space of vector fields assigning them the degree of one or two. Locally, a con- 
tact manifold is diffeomorphic to the Heisenberg group, and the principal symbol 
of a differential operator on the contact manifold is its higher order terms, with 
the calculus on the contact manifold induced by that on the Heisenberg group, 
at least on the principal symbol level. The ellipticity condition for an operator on 
a contact manifold is thus replaced by the Rockland condition for the homoge- 
neous principal part of the corresponding operator on the Heisenberg group. Such 
constructions can be carried out in more general settings, in particular on the 
so-called Heisenberg manifolds, which are smooth manifolds with a distinguished 
hyperplane bundle. The calculus of operators in this setting was carried out by 
Beals and Greiner in [BG88], in particular also generalising the calculus on CR 
manifolds needed for the construction of parametrices for the Kohn-Laplacian UO). 
A recent advance in this direction mostly aimed at the second order operators 
on Heisenberg manifolds, with a more intrinsic notion of the principal symbol of 
such operators, was made by Ponge [Pon08]. Examples of such analysis include 
CR manifolds and contact manifolds, with applications to the Kohn-Laplacian, the 
Gover-Graham operators, the contact Laplacian associated to the Rumin complex, 
as well as to more general Rockland operators. 

Moreover, such operators are subelliptic and their index may be calculated 
by the Atiyah-Singer index formula, see van Erp [vE10a]. The explicit knowl- 
edge of the Bargmann-Fock representations of the Heisenberg group allows one 
to construct the necessary Heisenberg calculus adapted to subelliplic operators in 
this setting, leading to the index formula also for subelliptic pseudo-differential 
operators on contact manifolds, see van Erp [vE10b]. 

The calculus of pseudo-differential operators on homogeneous Lie groups in 
terms of their kernels developed by Christ, Geller, Glowacki and Polin in [CGGP92] 
extended the parametrix construction of Helffer and Nourrigat in [HN79] and some 
properties of Taylor’s calculus from [Tay84] in the case of the Heisenberg group. 
However, this calculus is not symbolic since it is based on the properties of the 
kernel. The same is true for the analysis of operators on unimodular Lie groups 
considered by Meladze and Shubin [M887] where the operator classes were defined 
in terms of local properties of the kernels. 

Recently in [MR15], Mantoiu and the second author developed a more general 
T-quantization scheme on general locally compact unimodular type I groups, thus 
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encompassing in particular the cases of compact Lie groups by the second author 
and Turunen {[RT10a] and nilpotent Lie groups including the one developed in this 
monograph. Moreover, the 7-quantizations there allow one to deal with analogues 
of both Kohn-Nirenberg and Weyl quantizations. However, due to the generality 
the scope of available results at the moment is much more limited than the one 
presented in [RT10a] in the compact case, or in this book. The type I assumption 
is useful for having a rich machinery concerning the abstract Plancherel theorem 
(see Section 1.8.2), however it can be dropped for some questions: e.g. for an L?- 
L4 Fourier multiplier theorem on general locally compact separable unimodular 
groups (without type I assumption) see Akylzhanov and Ruzhansky [AR15]. For 
nilpotent Lie groups, the relation between such quantizations and Melin’s quanti- 
zation described above has been also established in [MR15]. 


Quantization on homogeneous Lie groups and the book structure 


Most of the above works that concern the non-invariant symbolic calculi of op- 
erators on nilpotent Lie groups, are restricted to the Heisenberg groups or to 
manifolds having the Heisenberg group as a local model (except for the calculi 
which are not symbolic). One of the reasons is that they rely in an essential way 
on the explicit formulae for representations of the Heisenberg group. However, in 
all the motivating aspects described above graded Lie groups appear as well as the 
Heisenberg group. Also, graded groups appear as local models once one is dealing 
with operators which are not in the form of ‘sum of squares’ even on manifolds 
such as the Heisenberg manifolds. 

Recently, in [RT10a, RT13], the second author and Turunen developed a 
global symbolic calculus on any compact Lie group. They defined symbol classes 
so that the quantization procedure, analogous to the Kohn-Nirenberg quantiza- 
tion on R”, makes sense on compact Lie groups, and the resulting operators form 
an algebra with properties ‘close enough’ to the one enjoyed by the Euclidean 
Hormander calculus. In particular, one can also recover the Hormander classes of 
pseudo-differential operators on compact Lie groups viewed as compact manifolds 
through conditions imposed on global full matrix-valued symbols. This approach 
works for any compact Lie group and is intrinsic to the group in the sense that it 
does not depend on pseudo-differential calculus of (Euclidean) Hormander classes 
on its Lie algebra. While relying on the representation theory of the group, the 
quantization and the calculus do not depend on explicit formulae for its repre- 
sentations. It does not depend either on the available Riemannian structure. This 
gives an advantage over the calculi expressed in terms of a fixed connection of 
a manifold, such as the one developed by Widom [Wid80], Safarov [Saf97], and 
Sharafutdinov [Sha05], see also the survey of McKeag and Safarov [MS11]. 

The crucial and new ingredient in the definition of symbol classes in [RT 10a] 
was the introduction and systematic use of difference operators in order to replace 
the Euclidean derivatives in the Fourier variables by ‘analogous’ operators acting 
on the unitary dual of the group. These difference operators allow one to express 
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the pseudo-differential behaviour directly on the group and are very natural from 
the point of view of the Calderén-Zygmund theory. These operators and their 
properties on compact Lie groups will be reviewed in Section 2.2.2. 

It is not possible however to extend readily the results of the compact case 
developed in [RT10a] to the nilpotent context. Indeed, the global analysis on a 
non-compact setting is usually more challenging than in the case of a compact 
manifold. In the specific case of Lie groups, the dual of a non-compact group 
is no longer discrete and the unitary irreducible representations may be infinite 
dimensional, and are often so. More problematically there is no Laplacian and 
one expects to replace it by a sub-Laplacian on stratified Lie groups or, more 
generally, by a positive Rockland operator on graded Lie groups; such operators 
are not central. 

Thus, in this book we study the global quantization of operators on graded 
Lie groups, in particular aiming at developing an intrinsic symbolic calculus of such 
operators. This is done in Chapter 5. As noted earlier, the graded Lie groups is a 
natural generality for such analysis since we can still make a full use of the Rock- 
land operators as well as from the representation theory which is well understood 
e.g. by Kirillov’s orbit method [Kir04]. The consequent Fourier analysis is then 
also well understood from earlier works on the Plancherel formula on nilpotent 
and even on more general locally compact unimodular type I groups; an overview 
of this topic is given in Section 1.7. 

Summarising very briefly the results presented in Chapter 5, we introduce a 
global quantization on graded Lie groups and classes S’”, of symbols and of the 
corresponding operators in Wi’; = Op Si’; such that for bah (p,6) with 1 > p> 
ô > 0 and 6 Æ 1, we have an operator sel ah; in the sense that the set Umer Yo's 
forms an gedra of operators, stable under taking the adjoint, and acting on the 
Sobolev spaces in such a way that the loss of derivatives is controlled by the order 
of the operator. Moreover, the operators that are elliptic or hypoelliptic within 
these classes allow for a parametrix construction whose symbol can be obtained 
from the symbol of the original operator. Some applications of the constructed 
calculus are contained in Chapter 5, see also the authors’ paper [FR13] for further 
applications to lower bounds of operators on graded Lie groups. A preliminary 
very brief outline of the constructions here was given in [FR14al. 

To lay down the necessary foundation for the quantization of operators and 
symbols, we also make an exposition of the construction of the Sobolev spaces 
on graded Lie groups based on positive Rockland operators. Such construction 
has been previously done on stratified Lie groups by Folland [Fol75], for Sobolev 
spaces based on the (left-invariant) sub-Laplacian. Sub-Laplacians in this context 
are (up to a sign) a particular case of positive Rockland operators on stratified 
groups and our results coincide with Folland’s in this case. However if we follow 
Folland’s treatment but now in the more general context of graded Lie groups, 
beside the appearance of several technical problems, we would be led to make fur- 
ther assumptions. One of them would be that the degree of the positive Rockland 
operator v must be less than the homogeneous dimension Q of the group, v < Q 
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(assuming v < Q ensures the uniqueness of its homogeneous fundamental solu- 
tion). In fact, Goodman makes such an assumption in his treatment of Sobolev 
spaces on graded Lie group in [Goo76]. In order to avoid this assumption and also 
to deal with other issues, we need to develop other arguments in the study of the 
powers of a general positive Rockland operator R and of I+ and in the study of 
the associated Sobolev spaces. This is done under no assumptions on the relation 
between v and Q in Sections 4.3 and 4.4. 

The analysis of Sobolev spaces is based on the heat kernel associated with 
a positive Rockland operator. We make an exposition of this topic in Section 
4.2.2. Our presentation there follows essentially the arguments of Folland and 
Stein [FS82]. The heat kernels are not necessarily positive functions and the heat 
semi-group does not necessarily correspond to a martingale as in the stratified 
case or more generally for sums of squares of vector fields with Hérmander’s con- 
dition. Such sums of squares have been analysed in much more general settings. 
For example, we can refer to the book of Varopoulos, Saloff-Coste and Coulhon 
[VSCC92] for a treatment of the heat kernel on unimodular Lie groups of poly- 
nomial growth, and the usually associated to it estimates, such as Harnack and 
Sobolev inequalities. For another point of view, allowing dealing with heat kernels 
associated to more general subelliptic second order order differential operators we 
refer to Dungey, ter Elst and Robinson’s book [DtER03]. 

Overall, the majority of the background material can be (sometimes even 
more easily) introduced in the setting of homogeneous Lie groups and we discuss 
these in Chapter 3. Our treatment in this chapter is inspired by those of Folland 
and Stein [FS82] and Ricci [Ric] but is slightly more general than that in the 
existing literature since we allow kernels and operators to have complex-valued 
homogeneity degrees. This allows us to treat complex powers of operators later 
on, e.g. in Section 4.3.3. 

We assume that the reader is familiar with analysis at a graduate level, e.g. as 
presented in the books of Rudin [Rud87, Rud91], Reed and Simon [RS80, RS75], 
or Folland [Fol99]. Nevertheless, we make a brief exposition of topics, mostly from 
the representation theory of groups, to remind the reader of the necessary concepts 
used in later parts of the book and to fix the terminology and notation. This is 
done in Chapter 1, and references to more material are given throughout. 

The exposition of the (matrix) quantization on compact Lie groups from 
[RT10a] and its related works is given in Chapter 2. This serves both as an intro- 
duction to the topic as well as provides motivation and examples for some of the 
concepts presented later in the book. 

Chapter 6 is devoted to presenting an application of the general theory devel- 
oped in Chapter 5 to the concrete setting of the Heisenberg groups. Some results 
from this chapter have been announced in the authors’ paper [FR14b] and this 
chapter provides their proofs. We give the necessary preliminaries of the analysis 
on the Heisenberg group, including a description of its dual using Schrödinger 
representations, with further concrete expressions for the Plancherel measure and 
Plancherel formula. For the Heisenberg group Hn, its Schrödinger representations 
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T, are acting on the space L?(R"), thus yielding symbols acting on the Schwartz 
space S(R”), the space of smooth vectors of 7). In turn, these symbols can be con- 
veniently described using their Weyl quantization, giving a notion of scalar-valued 
A-symbols. In this particular case of the Heisenberg group, the symbol classes of 
Chapter 5 can be characterised by the property that these \-symbols belong to 
some Shubin spaces, more precisely, a semiclassical-\-type version of the usual 
Shubin classes of symbols. Consequently, this is applied to giving criteria for el- 
lipticity and hypoellipticity of operators on the Heisenberg group in terms of the 
invertibility properties of their \-symbols. We provide a list of examples to show 
the applicability of these results in several settings. 
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Notation and conventions 


N = {1,2,3,...} 

No = Nu {0} 

R, = R\ {0} 

R+ = (0,00) 

Ci = {z € C, Rez > 0} 

0 =1 

For a = (aj,...,an), a! = ai! ay!, ja] =a, +: +aN 


[a] is the homogeneous degree, defined in (3.12) 

[a] is the smallest n € Z such that n > x 

|x| is the largest n € Z such that n < a 

[M] = max{la| : a € NG with [a] < M}, as defined in (3.35) 

A x= B means there is some c > 0 such that c7!A < B < cA 

Lay j ĉjaj denotes a (finite) linear combination with some (irrelevant) con- 


stants Cj 

Unit elements: e on general groups, and 0 on nilpotent groups 

Ôx is the delta-distribution at x: ôs(ġ) = (x) 

ð; k is the Kronecker delta: 6;,, = 0 for j Ak, and 6;,; = 1 

Z (Hı, H2) is the space of all linear continuous mappings from Hı to H2 

L (H) := L (H, H) 

U(H) is the space of unitary mappings in Z(H) 

G is a Lie group, g is its Lie algebra, and 

U(g) is its universal enveloping algebra defined in Section 1.3 

T, T* and T* are defined by (1.8), (1.9), and (1.10) for an element T € L(g) and 
in Definition 1.3.1 for an operator T on L?(G) 

RepG is the set of all strongly continuous unitary irreducible representations of 
the group G 

G is the unitary dual of G, i.e. Rep G modulo the equivalence of representations 
L(G) is the space of square integrable fields on G with respect to the Plancherel 
measure, see (1.29) 

L®(Ĝ), Z,(L2(G)), and K(G) are the realisations of the von Neumann algebra 


of the group G as the spaces of the bounded fields of operators on â, of the left- 


13 


14 Notation and conventions 


invariant operators in #(L?(G)), and of the convolution kernels corresponding to 
the latter, respectively, see Section 1.8.2 

L(G), Zi (Li(G), Li(G)), and Ka,»(G) are the Sobolev versions of the above, 
see Section 5.1.2 

Diff” (G)) is the space of left-invariant differential operators of order k 

diff’ (G) is the space of difference operators on G of order k 

C.(G) is the space of continuous functions on G with compact support 

C.(G) is the space of continuous functions on G vanishing at infinity (see Definition 
3.1.57) 

D(G) = CX(G) or D(R) = CX (R) are spaces of smooth compactly supported 
functions 

C™(G, F) denotes the set of smooth functions from G to a Fréchet space F 
L(G) or simply L? for 1 < p < co is the usual Lebesgue space on G with norm 
Il - lz» = I] - Ilze) = Il llo 

(-,-)z2 = (-,-)r2(q@ is the Hilbert sesquilinear form on L*(G) corresponding to the 
norm ||- lize 

M (G) the Banach space of regular complex measures on G endowed with the total 
mass ||- || 7(@) 

(-,-) denotes the distributional duality 

Q denotes the homogeneous dimension of a homogeneous Lie group. After Section 
6.4.2, it denotes the harmonic oscillator 

sup always means the essential supremum with respect to the corresponding mea- 
sure 
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Chapter 1 


Preliminaries on Lie groups 


In this chapter we provide the reader with basic preliminary facts about Lie groups 
that we will be using in the sequel. At the same time, it gives us a chance to fix 
the notation for the rest of the monograph. The topics presented here are all well- 
known and we decided to give a brief account without proofs referring the reader 
for more details to excellent sources where this material is treated from different 
points of view; for example, the monographs by Chevalley [Che99], Fegan [Feg91], 
Nomizu [Nom56], Pontryagin [Pon66], to mention only a few. Thus, this chapter 
can also serve as a quick and informal introduction to the subject, and we refer to 
monographs [RT 10a] for an undergraduate level introduction to general Lie groups 
and their representation theory, and to Corwin and Greenleaf [CG90] or Goodman 
[Goo76] for a rather comprehensive treatment of nilpotent Lie groups. The groups 
that we are dealing with in the monograph are either compact or nilpotent Lie 
groups, so we can restrict our attention to unimodular Lie groups only. 

The choice of material is adapted to our subsequent needs and, after giving 
basic definitions, we go straight to discussing convolutions, invariant differential 
operators, and elements of the representation theory. More information on com- 
pact or homogeneous nilpotent Lie groups will be given in relevant chapters at 
appropriate places. In particular Section 3.1.1 will provide examples and basic 
properties of graded nilpotent Lie groups. Relevant monographs to consult on in- 
variant differential operators and related harmonic analysis may be Helgason’s 
books [Hel84b, Hel01] or Wallach’s [Wal73]. 


1.1 Lie groups, representations, and Fourier transform 
A Lie group G is a smooth manifold endowed with the smooth mappings 


GxGa(ayyaeG and Garuar'eG 
satisfying, for all x,y,z € G, the properties 
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1. xyz) = (xy)z; 
2. ex =xe= 2; 


3. rxt = ala =e, 


where e € G is an element of the group called the unit element. To avoid unnec- 
essary technicalities at a few places, we will always assume that G is connected, 
although we sometimes will emphasise it explicitly. A compact Lie group is a Lie 
group which is compact as a manifold. 

Lie groups are naturally topological groups. Recall that a topological group 
G is a topological set G endowed with the continuous mappings 


GxGa(ayyayeG and Garuar'eG 


satisfying, for all x,y,z € G, the same properties 1., 2. and 3. as above. When 
the topology of a topological group is locally compact (i.e. every point has a 
compact neighbourhood), we say that the group is locally compact. Lie groups are 
(Hausdorff) locally compact. 


Representations 


A representation x of a group G on a Hilbert space Hr 4 {0} is a homomorphism 
am of G into the group of bounded linear operators on Hy with bounded inverse. 
This means that 


e for every x € G, the linear mapping m(x) : Hr —> H, is bounded and has 
bounded inverse, 


e for any x,y E€ G, we have (xy) = 7(x)n(y). 


A representation m of a group G is unitary when q(x) is unitary for every 
x € G. Hence a unitary representation 7 of a group G is a homomorphism 7 € 
Hom(G,U(H.,)), which means that 


e for every x € G, the linear mapping m(x) : Hr > H, is unitary: 


e for any x,y E€ G, we have n(xy) = 7(x)r(y). 


Here and everywhere, if H is a topological vector space, (H) denotes the 
space of all continuous linear operators H > H, and U(H) the space of unitary 
ones, with respect to the inner product on H. For two different topological vector 
spaces Hı and Hə, we denote by Y(H1,H2) the space of all linear continuous 
mappings from Hı to Hə. 


An invariant subspace for a representation 7 is a vector subspace W C Hy 
such that 7(z)W C W holds for every x € G. A representation m is called irre- 
ducible when it has no closed invariant subspaces. 
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Let us give the prototype example of a representation which is not irreducible. 
If 7; € Hom(G,U(H,,)) is a family of representations, then using the direct sum 


Hr:= ‘ap Hr; 
j 


with the induced inner product, we get a representation m which is the direct sum 
of T}: 
T= Br; € Hom(G,U(H,)), T(x), = 7; (z). 
J 
Naturally, a sum of several 7;’s can not be irreducible as each H,, is a closed 
invariant subspace of Hr. 


If the space H+ is finite dimensional, the representation 7 is said to be finite 
dimensional and its dimension/degree is defined by 


dr := dim Hz. 


The trivial representation, sometimes denoted by 1, is given by the group homo- 
morphism G 3 x > 1 € C, and its dimension is one. If Hy is infinite dimensional, 
then the representation 7 is said to be infinite dimensional. 

Two representations 7, and T2 are said to be equivalent if there exists a 
bounded linear mapping A: H,, —> Hr, between their representation spaces with 
a bounded inverse such that the relation 


Am (x) = m2(x)A (1.1) 
holds for all x € G. In this case we write 
Tı ~ 72 or, more precisely sometimes, Tı ~A T2 


and denote their equivalence class by [mı] = [72]. For unitary representations, 
A is assumed to be unitary as well. A bounded linear mapping with bounded 
inverse satisfying the relation (1.1) is sometimes called an intertwining operator or 
intertwiner. The set of bounded linear mappings A with bounded inverse satisfying 
the relation (1.1) is denoted by Hom(m1, 72). 

Note that for any representation 7, Hom(z,7) contains at least Alq_, A € C, 
where Iy, is the identity mapping on Hzr. 


We now assume that the group G is topological. A representation m of G is 
continuous if the mapping 


oe — Hr 
(z,v) > a(ax)u 
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is continuous. A representation 7 of G is called strongly continuous if the mapping 
m : G —> £(H,) is continuous for the strong operator topology in Z (Hz), that 
is, if the mapping 
G — Hr 
{ cr > a(ax)v 


is continuous for all v € Hz. 

A continuous representation is strongly continuous. The converse is true for 
unitary representations. Indeed, if 7 is a unitary representation of G, then we have 
for any zx, £o E€ G and v, vo E€ Hx, 


lr(z)v — r(zojvolu, = l|r(zo) (azg zw — vollu, = lr(zg z) — vollu, 
zg z)(v — vo) + (m(xq')v0 — v0) ||, 
zg e) = vo)llu, + lalz z)vo = vollu, 


= |v — vollu, + Ilt(xp'x)v0 — vollu, 


lI 
> 
PN NS 


IA 
3 


having used only the unitarity of m and the triangle inequality. This shows that if 
a representation of G is unitary and strongly continuous then it is continuous. 


Schur’s lemma: Let m be a strongly continuous unitary representation of a topo- 
logical group G on a Hilbert space Hr. The representation m is irreducible if and 
only if the only bounded linear operators on Hy commuting with all m(x), x € G, 
are the scalar operators. Equivalently, 


m irreducible <= + Hom(z,7) = {Aly : A € C}. 


The set of all equivalence classes of strongly continuous irreducible unitary 
representations of G is called the unitary dual of G or just dual of G and is denoted 
by G. 

Later, we will give more details on representations of compact or nilpotent 
Lie groups and their dual. 


The unitary dual of G is never a group unless G is commutative. However, 
if G is a commutative locally compact group, then G has a natural structure of a 
commutative locally compact group and we have 


Pontryagin duality: if G is a commutative locally compact group, then G~G. 


For most of the statements in the sequel, if they hold for one representation, 
they will also hold for all equivalent representations. That is why we may simplify 
the notation a little writing m € G instead of [t] € G for its equivalence class. 
In this case we can think of m as either any representative from its class or the 
equivalence class itself. If we need to work with a particular representation from 
an equivalence class (for example the one diagonalising certain operators in a 
particular choice of the basis in Hy) we will specify this explicitly. 
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Haar measure 


A fundamental fact, valid on general locally compact groups, is the existence of 
an invariant measure, called Haar measure: 


Theorem 1.1.1. Let G be a locally compact group. Then there exists a non-zero left- 
invariant measure on G, and it is unique up to a positive constant. More precisely, 
there exists a positive Radon measure on G satisfying 


|z A| = |A| for every Borel set AC G and every x € G, 


where |A| denotes the measure of the set A with respect to this Radon measure. 
In the sequel, we denote this measure by dx, dy, etc., depending on the variable 
of integration. Then, for every x € G and every continuous compactly supported 
function f on G, we have 


f, f(zy)dy = f, f(y)dy. 


We fix one of such measures. In this monograph, we will be only dealing with 
either compact or nilpotent Lie groups, in which case it can be shown that the 
Haar measure is also right-invariant: 


|Aa| = |A| for every Borel set A C G and every x € G, 


[ teuortu= | Foty 


such groups are called unimodular. Since the mapping f > Jo f(y—')dy is posi- 
tive, left-invariant, and normalised, by uniqueness we must also have 


f 1w f Fod: 


For a more general definition of a modular function we can refer to Definition 
B.2.10. Here we can summarise a few properties of (unimodular) groups: 


and also 


e Any Lie group is a locally compact (Hausdorff) group. 


e Any compact (Hausdorff) group is a locally compact (Hausdorff) group and 
it is also unimodular. 


e Any abelian locally compact (Hausdorff) group is unimodular. 
e Any nilpotent or semi-simple Lie group is unimodular. 
If 1 < p < œ, L’(G) or simply LP denote the usual Lebesgue space on G 


with respect to the Haar measure, with the norm 


Ille = lze = Il Ile 
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given for p € [1, 00) by 


lfl = ( f irteyrar) a 


Il flloo = sup |f(z)|. 
zsEG 


and for p = œ by 


Here the supremum refers to the essential supremum with respect to the Haar 
measure. 
The Hilbert sesquilinear form on L? (G) is denoted by 


Gide aa f, ROOL 


Example 1.1.2. Let us give an important example of so-called left and right regular 
representations leading to the notions of left- and right-invariant operators. We 
define the left and right regular representations of G on L?(G), nL, TR : G > 
U(L?(G)), respectively, by 


m(2)f(y) = f(y) and mr(2) f(y) = f(y2). 
Definition 1.1.3. An operator A is called left (right, resp.) invariant if it commutes 
with the left (right, resp.) regular representation of G. 
Fourier analysis 


For f € L1(G) we define its Fourier coefficient or group Fourier transform at the 
strongly continuous unitary representation 7 as 


m 


Fet(n) = Ñr) f= f Fa) iG (1.2) 


More precisely, we can write 
( (T) 1)U1, V2)H „= f te) f(a x)*v1, 02)H, dz. 


This gives a linear mapping f(r) : Hr —> Hr. If the representation 7 is finite 
dimensional, then after a choice of a basis in the representation space Hr, the 
Fourier coefficient f(r) can be also viewed as a matrix f(m) € C¢™*¢. 


Remark 1.1.4. The choice of taking the adjoint 7(z)* in (1.2) is natural if we think 
of the unitary dual of the torus T” = R"/Z” being T” = {m¢(x) = e?7" Shean ~ 
Z”, and the Fourier transform on the torus defined by 


Fire) = FE) = T, e 2ti@§ f(x)de = [. f (x)me(x)*da. 
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In other contexts, the other choice, that is, integrating against m(x) instead of 
m(x)*, may be made. This is the case for instance in the study of C*-algebras 
associated with groups. 


a 


Remark 1.1.5. We note that the Fourier coefficient f(m) depends on the choice of 
the representation 7 from its equivalence class [r]. Namely, if 7, ~ 72, so that 


m2(x) = Utm (x)U 
for some unitary U and all z € G, then 
Fm2) =U fim )U. 


This means that strictly speaking, we need to look at Fourier coefficients modulo 
conjugations induced by the equivalence of representations. This should, however, 
cause no problems, and we refer to Remark 2.2.1 for more discussion on this. 
Recalling that the Fourier transform on R” maps translations to modulations, 
here we have an analogous property, namely, if r € G, f € L! (G) and xz € G, then 
Cx) = r(x) f(x) and f(x-)(m) = f(x)x(2), (1.3) 
whenever the right hand side makes sense. Let us show these properties by a formal 
argument, which can be made rigorous on Lie groups, see the proof of Proposition 
1.7.6, (iv). We have 


Aa 


u(x) f(r) 


II 
an 
= 
ay 

8 
wa 

> 
— 
= 

* 

Q 

< 


= f(-2)(x), (1.4) 


as well as 


= f(a)n(z). (1.5) 


We will continue with a more detailed discussion of the Fourier transform on 
compact Lie groups in Section 2.1, on nilpotent Lie groups in Section 1.8.1 and, 
more generally, on a separable locally compact connected, unimodular, amenable 
group G of type I in Section 1.8.2. 
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1.2 Lie algebras and vector fields 


A (real) Lie algebra is a real vector space V endowed with a bilinear mapping 


V x V 35 (a,b) 6 [a,b] € V, 
called the commutator of a and b, such that 
e [a,a] = 0 for every a E€ V; 
e Jacobi identity: |a, [b, cl] + [b, [c,a]] + [c, [a, b]] = 0 for all a,b,c € V. 


By writing [a +b,a +b] = |a, a] + [a,b] + [b, a] + [b,b] we see that the first property 
is equivalent to the condition that 


Va,bEe V [a,b] = —[b, a]. 


We now proceed to equip the tangent space of G (at every point) with a Lie 
algebra structure. A map Xæ) : C°(G) > R is called a tangent vector to G at 
xeEGif 


© Xal f +9) = Xa) f + Xag; 
e Xal fI) = X(f) + F) X alg). 


The notation X(+) is used only in this section and the reason for its choice is that 
we want to reserve the notation X, for derivatives, to be used later. 

The space of all tangent vectors at x is a finite dimensional vector space of 
dimension equal to the dimension of G as a manifold; the finite dimensionality can 
be seen by passing to local coordinates. This vector space is denoted by TG. The 
disjoint union, 

TG := |] T;G 
zEG 
is a vector bundle over X, called the tangent bundle. The canonical projection 
proj : TG — G is given by proj X(z) := x. If U, is a (sufficiently small) open 
neighbourhood of x in G, we can trivialise the vector bundle TG by proj~'(Uz) ~ 
Uz x E with a vector space E of dimension equal to that of G. This induces the 
manifold structure on TG. 


A (smooth) vector field on G is a (smooth) section of TG, i.e. a (smooth) 
mapping X : G — TG such that X(x) = X(z) € TG. It acts on C°(G) by 
(Xf)(@) = (XwP(@), feer(G). 


There is a bracket structure on the space of vector fields acting on C'°(G) given 
by 
[X,Y] (X(f) = X(a)Y¥f-Y(a)xf, eG, 


leading to the corresponding (smooth) vector field [X,Y] : G —> TG given by 
x ++ [X,Y](a). One can readily check that [X, X] = 0 for every vector field X and 
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that the introduced bracket satisfies the Jacobi identity. This bracket [-, -] is called 
the commutator bracket for vector fields. 


We now recall that G is also a group, and relate vector fields to the group 
structure. First, we define the left and right translations by an element y € G: 


Ly, Ry: G >G, L,(«):= yz, Ry(x) := xy. 
Consequently, their derivatives are the mappings 
dLy,dR, : TG —> TG such that dLy € 2(TrG,TyzG), dRy E€ L (TG, TryG). 


Now, a vector field X : G > TG is called left-invariant if it commutes with the 
left translations, in the sense that 


Xoly=dlyoX WWeaG. (1.6) 
A similar construction leads to the notion of right-invariant vector fields, satisfying 
X o Ry = dRyo X 
for all y € G. 


It follows that once a left-invariant vector field is defined at any one point, by 
the left-invariance it is uniquely determined at all points. Thus, the mapping X +> 
X(¢) is a one-to-one correspondence between left-invariant vector fields on G and 
the tangent space TeG at the unit element e € G. Conversely, given X(¢) € TG, 
the vector field X defined by (1.6) is automatically smooth and, by definition, 
left-invariant. With this identification, we can now simplify the notation for left- 
invariant vector fields X, writing X also for its value X(,) at the unit element. It 
can be readily checked that if X and Y are left-invariant vector fields, so is also 
their commutator [X,Y]. 


Definition 1.2.1. The Lie algebra g of the Lie group G is the space T.G equipped 
with the commutator [-,-] induced by the commutator bracket of vector fields. 


We now define the exponential mapping expg. For X € g, consider the initial 
value problem for a function y : [0, €) + G, € > 0, given by the ordinary differential 
equation determined by the left-invariant vector field associated with X: 


yt) = Xow, y0) =e. 


From the theory of ordinary differential equations we know that this equation is 
uniquely solvable on some interval [0,¢) and the solution depends smoothly on 
Xç(e). Moreover, we notice that we can increase the interval of existence by taking 
smaller vectors X(-), in particular, in such a way that the solution exists on the 
interval [0,1]. In this case we set expg X := 7(1). Altogether, it follows that the 
mapping expg is a smooth diffeomorphism from some open neighbourhood of 0 € g 
to some open neighbourhood of e € G. 
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Now, each vector X € g can be viewed as a left-invariant differential operator 
on C™(G) defined by 


X f(a) = L Fla expa (tX ))lk=o. (1.7) 


Indeed, it can be readily checked that Xrz(y) = mz(y)X for all y € G. Analo- 
gously, the same vector X € g defines a right-invariant differential operator, which 
we denote by 


Z f(e) = Å flepeltX) 2)l=o. 


Thus, throughout this book, we will be interpreting the Lie algebra g = TeG of G 
as the vector space of first order left-invariant partial differential operators on G. 
The space of all left-invariant vector fields will be sometimes denoted by D(G) or 
by Diff'(G), and the space of all right-invariant vector fields by D(G). 


1.3 Universal enveloping algebra and differential 
operators 


Roughly speaking, the universal enveloping algebra of a Lie algebra g is the natural 
non-commutative polynomial algebra on g. If g is the Lie algebra of a Lie group G, 
then, similarly to the interpretation of g as the space of left-invariant derivatives 
on G, the universal enveloping algebra U(g) of the Lie algebra of G will be also 
interpreted as the vector space of left-invariant partial differential operators on 
G of finite order. The associative algebra will be generated as a complex algebra 
over g, so that we could write U(g©) for it, where g? denotes the complexification 
of g. However, we will simplify the notation writing U(g), and will later use the 
Poincaré-Birkhoff-Witt theorem to identify it with the left-invariant differential 
operators on G with complex coefficients. Let us now formalise these statements. 


The following construction is algebraic and works for any real Lie algebra g. 
Let us denote the m-fold tensor product of g? by &™ gE := gE @--- @ gE, and let 


oo 
T= ‘ay @™g® 
m=0 
be the tensor product algebra of g, which means that 7 is the linear span of the 
elements of the form 
M Km 
Aool + 5 DS Amk Xmk1 8 Q Xmkm, 


m=1k=1 


where 1 is the formal unit element of T, Amk E€ C, Xmkj € g, and M, Km EN. 
This 7 becomes an associative algebra with the product 


(X18 8 X (Y1 @--- @ Yq) =X 89 9X 89y e9 oY 
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extended to a uniquely determined bilinear mapping T x T —> T. We now want to 
induce the commutator structure on 7: let Z be the two-sided ideal in 7 spanned 
by the set 

O:={X @Y-Y@xX —[X,Y]: X,Y €g}, 


i.e. Z is the smallest vector subspace of T such that 
e OCT; 
e for every J € Z and T € T we have JT, TJ €T. 


The quotient algebra 
Ug) := T/L 


is called the universal enveloping algebra of g; the quotient mapping 
L:TaTHT4+Te Wg) =7/Z, 


restricted to g, t|, : g + U(g), is called the canonical mapping of g. This gives the 
embedding of g into U(g): 


Ado-Iwasawa theorem: the canonical mapping |, : g — L(g) is injective. 


Let n = dim G and let {Xj}7_, be a basis of the Lie algebra g of G. Regarded 
as first order left-invariant derivatives, they give rise to higher order left-invariant 
differential operators 


X*= XP XE, a =(a,..., An) E NG. 
The converse is also true (for a stronger version of this see e.g. [Bou98, Ch 1, Sec. 
2.7]): 


Poincaré-Birkhoff-Witt theorem: any left-invariant differential operator T on G 
can be written in a unique way as a finite sum 


T= XÑ aX’, 


acNg 


where all but a finite number of the coefficients cg € C are zero. This gives an 
identification between the universal enveloping algebra L(g) and the space of left- 
invariant differential operators on G. 

We denote the space of all left-invariant differential operators of order k by 
Dif” (G). 

If T is as above, we define three new elements T, T*, and Tt of U(g) via 


Tis SG XA) A e a) (1.8) 


acNg 


T* = XO al- Xa) (X), (1.9) 


acNg 
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and 
T := X cal Xn)™ (7X). (1.10) 
acNg 


These T* and T* are called the (formal) adjoint and transpose operators of T, 
respectively. Naturally, they coincide with the natural transpose and formal adjoint 
operators of their corresponding left-invariant vector fields. Recall that the latter 
operators are defined via: 


Definition 1.3.1. Let T be an operator T on L? (G) with domain D(G) (T may be 
unbounded, D(G) C Dom T). The natural transpose and formal adjoint operators 
of T are the operators Tt and T* on L?(G) defined via 


(To, Y) = ($, T'Y) and (To, Y)rzqa) = ($, T*Y)rz(a) $, € D(G). 
We also define the operator T on L? (G) via 
Tġ:=T$, 
for ¢,¢ € DomT. 


Note that we also have, e.g., 


T* = {TF} = {Ty 


and so on. Denoting N 
f(x) = f(@™), 
the left- and right- invariant differential operators are related by 


Xf(v)=—-(Xf)(x!) andhence Xf(x) = (-1)Ħ (X° f) (<71). (1.11) 


Indeed, we can write 


X fla) = Sf ((wexpe(tX))"Ykeo = E flee tX h = -ENE 


dt 


implying (1.11). 
For any X € g identified with a left-invariant vector field, we have 


Zullen} = Sh we yo = Xatt). 
Recursively, we obtain 
Ko Floy)} = XE Few)}- (1.12) 


The first order differential operators are formally skew-symmetric: 


1 (h= - [A fi(Xfo) and fi ESA =- f A E 


1.3: 
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so that from (1.11) we also have 


X f(x) = -X P (27) = (Xt (7t). 


We now summarise several further notions and their properties that will be 


of use to us in the sequel: 


there is a natural representation of the Lie group G acting on its Lie algebra 
g, called the adjoint representation. To introduce it, first define the inner 
automorphism [,(y) := syx™!. We have I, : G > G and Isy = IsIy. Its 
differential at e gives a linear mapping from TG to TeG, and we denote it 
by 

Ad(a) := (dIy)e: g > g. 


We have Ad(e) = I and Ad(xy) = Ad(x)Ad(y), so that Ad : G > Z (g) 
becomes a representation of G on g; 


the left and right multiplications on G are related by 


Lexpg X =exp(Ad(2)X)rz, «EG, X eg; 


a Lie group G is called a linear Lie group if it is a closed subgroup of GL(n, C); 
the adjoint representation of such G is given by 


Ad(X)Y =xyx" 


as multiplication of matrices; 


universality of unitary groups: any compact Lie group is isomorphic to a 
subgroup of U(N), the group of (N x N)-unitary matrices, for some N € N; 


let ad : g + L(g) be the linear mapping defined by 
ad(X)Y := [X,Y]; 


then d(Ad). = ad; see also Definition 1.7.4; 


the Killing form of the Lie algebra g is the bilinear mapping B : g x g > R 
defined by 
B(X,Y) := Tr(ad(X) ad(Y)); 


it satisfies 
B(X,Y) = B(Y,X) and B(X, lY, Z]) = BUX, Y],Z) 
and is invariant under the adjoint representation of G, namely, 


B(X,Y) = B(Ad(z)(X), Ad(x)(Y)) for all x € G, X,Y € g; 
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e A connected Lie group G is called semi-simple if B is non-degenerate; a 
connected semi-simple group G is compact if and only if B is negative definite. 


The Ad-invariance of the Killing form has its consequences. On one hand, 
any bilinear form on g can be extended to a bilinear (non-necessarily positive 
definite) metric on G by left translations. It is automatically left-invariant. On 
the other hand, if the form on g is Ad-invariant, then the extended metric is 
also right-invariant. Thus, we can conclude that the Killing form induces a bi- 
invariant metric on G. By the last property above, if G is semi-simple, the Killing 
form is non-degenerate, and hence the corresponding metric is pseudo-Riemannian. 
Moreover, if G is a connected semi-simple compact Lie group, the positive-definite 
form —B induces the bi-invariant Riemannian metric on G. 


For the basis {Xj }7_ as above, let us define Rij := B(X;, Xj). If the group 
G is semi-simple, the matrix (R;;) is invertible, and we denote its inverse by R+. 
This leads to another vector space basis on g given by 


and to the so-called Casimir element of L(g) defined by 


Qi XXi. 
i=1 
It has the crucial property: Q is independent of the choice of the basis {X,}, and 


QT =TO for all T € Mg). 


We finish this section with the formula for the group product which will be useful 
for us, especially in the nilpotent case: 


Theorem 1.3.2 (Baker-Campbell-Hausdorff formula). Let G be a Lie group with 
Lie algebra g. There exists a neighbourhood V of 0 ing such that for any X,Y E€ V, 
we have 


(—1)"+1 (©; (p; +4) 
expa ones = GON a Wl lo! 
n>0 pqeNr Pi-N1:-++DPn-dn: 
pitqi>0 


x (adX)?!(adY)™ ... (adX)?" (adY)"—1Y). 
The equality holds whenever the sum on the right-hand side is convergent. 
Writing first few terms explicitly, we have 


expg X expg Y 


= expg (x+¥+ 561+ 1X ¥1,¥1- 514), ¥1 +). 
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1.4 Distributions and Schwartz kernel theorem 


Here we fix the notation concerning distributions. For an extensive analysis of 
spaces of distributions and their properties on manifolds we refer to [H6r03]. 


The space of smooth functions compactly supported in a smooth manifold M 
will be denoted by D(M). Throughout the book, any smooth manifold is assumed 
to be paracompact (i.e. every open cover has an open refinement that is locally 
finite) and this allows us to consider the space of distributions D'(M) as the dual 
of D(M). Note that any Lie group is paracompact. 

If u € D'(M) and ¢ € D(M), we shall denote the evaluation of u on ¢ by 
(u,@), or even by (u,@),, when we wish to be precise; however, we shall usually 
pretend that the distributions are functions and write 


(u, >) = a u(x)ọ(x)dz, ue D'(M), 6€ D(M). 


The Schwartz space S(IR”) of rapidly decreasing functions will be equipped 
with a family of seminorms defined by 


Ilsen = sw +D) reo]. aa 


lal<N, ER” 


Its dual, the space of tempered distributions, is denoted by S'(R”). 
Theorem 1.4.1 (Schwartz kernel theorem). We have the following statements: 


e Let T: S(R”) > S'(R”) be a continuous linear operator. Then there exists a 
unique distribution k E€ S'(R” x R”) such that 


Toa) = | we, y)oluay. 


In other words, T is an integral operator with kernel k. The converse is also 
true. 


e Let M be a smooth connected manifold and let T : D(M) > D'(M) be a 
continuous linear operator. There exists a unique distribution K € D'(M x M) 
such that 


Toa) =f (eod. 
M 
In other words, T is an integral operator with kernel k. The converse also is 
true. 
In both cases, the map K++ T is an isomorphism of topological vector space. 


We refer to e.g. [Tre67] for further details. We will also give a version of this 
theorem on Lie groups for left-invariant operators in Corollary 3.2.1. 
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Let 2 be an open set in R” or in M. We say that u € D’(Q) is supported in the 
set K C Q if (u, ġ)} = 0 for all ¢ € D(Q) such that ¢ = 0 on K. The smallest closed 
set in which u is supported is called the support of u and is denoted by supp u. 
The space of compactly supported distributions on M is denoted by €’(M), and 
the duality between €’(M) and C™°(M) will still be denoted by (.,-). 

We write u € Dj(Q) for the space of distributions of order j on Q, which 
means that for any compact subset K of Q, 


C>0 VWeED(K) — |(u,d)| < Clldlloice, 


HH 


but j does not depend on K. An important property of such distributions, useful 
for us, is the following 


Proposition 1.4.2. If a distribution u € D} (R”) has support suppu = {0}, then 
there exist constants aa € C such that 


u = 5 a0 ðo, 


laļ<j 


where 60(¢) = (0) is the delta-distribution at zero. 


1.5 Convolutions 


Let f,g € L'(G) be integrable function on a locally compact group. The convolu- 
tion f x g is defined by 
Froe) = | FO 


In this monograph we consider only unimodular groups. This means that the Haar 
measure is both left- and right-invariant. Consequently we also have 


(f *g)(x )= f Ferdo) 


On a nilpotent or compact Lie group which is not abelian, the convolution is 
not commutative: in general, f xg # g» f. However, apart from the lack of 
commutativity, group convolution and the usual convolution on R” share many 
properties. For example, we have 


E 


[frm h(x) dy de 


= (f,h*g), with g(x) =g(a7'). (1.14) 


II 
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We also have 


(pean) = f f FO) a2) We) dyde 
= ff ft) (2) hu) dydz 
: [ fK Fiù h(w) dz dw 
ee Foe: (1.15) 
With the notation = for the operation given by g(x) = g(a~'), we also have 
(fsgragee. (1.16) 


One can readily check the following simple properties: 
o if f,g € L‘(G) then f x g € L! (G), and we have ||f * gll: < ||f|lzllgllc.; 
e under the assumptions above, we have 


(f * g)(x j= f I0 aturdy= | flev)atu)ay 


for almost every x € G; 


if either f or g are continuous on G then f * g is continuous on G; 


If *gllz= < [I fllzellgllce: 
the convolution is associative: f * (g * h) = (f *g)*h, for f,g,h € L! (G); 


e the convolution is commutative if and only if G is commutative; 


e (if G is a Lie group and ) if X is a left-invariant vector field, whenever it 
makes sense, we have 


X(f*g)=f*(Xg) and X(f*g)= (Šf) * g; 
moreover, we also have 7 
(Xf) *9 = f * (Xg); 
e the right convolution operator f > f *x« is left-invariant; the left convolution 
operator f > « * f is right-invariant. 


To check the last statement, let us show that the right convolution operator given 
via Af = f *« is left-invariant: 


mi (2)Af (a) = (f #6)(2742) = f f(y) s(t- 42) dy 
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Conversely, it follows from the Schwartz integral kernel theorem that if A is left- 
invariant, it can be written as a right convolution Af = f * K, and if A is right- 
invariant, it can be written as a left convolution Af = f * k, see Section 1.4 and 
later Corollary 3.2.1. 


With our choice of the definition of the convolution and the Fourier transform 
in (1.2), one can readily check that for f,g € L1(G), we have 


m~~ n~ 


f * gln) = g(a) F(x) (1.17) 


or, in the other notation, 
m(f*g) = 7(g)n(f). 


We say that an operator A is of weak type (p,p) if there is a constant C > 0 
such that for every À > 0 we have 


Ifl 


where |{-}| denotes the Haar measure of a set in G. 


Proposition 1.5.1 (Marcinkiewicz interpolation theorem). Let r < q and assume 
that operator A is of weak types (r,r) and (q,q). Then A is bounded on L? (G) for 
allr <p<q. 


An important fact, the Young inequality, relates convolution to L?-spaces: 


Proposition 1.5.2 (Young’s inequality). Suppose 
1 1 
l<pqar<o and —-4+-=-—+1. 
p r 
If fı € LP (G) and fa € LI(G) then fı * fo € L(G) and 


lfi * folle < Wfillpll falla- 


If p,q € (1,00) are such that i +4 > 1, fı € L(G), and fo satisfies the 
weak-L41(G) condition: 


supst {e + I) >s} = fall, rac) < 
then fı * fo E L” with r as above and 


lf * folly < Wfillpll fallw—z2(@)- 


The proof is an easy adaptation of the Euclidean case which can be found 
e.g., in [SW71] or, in the nilpotent case, in [FS82, Proposition 1.18] and [Fol75, 
Proposition 1.10]. 
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Convolution of distributions 


We now define the convolution of distributions on a Lie group G. For ¢ E€ C™(G), 
we recall that 


(x) = $(x~") 


and 


Consequently, we note that 


(wz (x)9)(y) = O(@*y) = d(y*2). 


It follows that we can write the convolution as 


(f «g)(x) = (f,7(x)9), 
and hence it make sense to define 


Definition 1.5.3. Let v € D'(G) and ¢ € D(G). Then we define their convolution 
as 


We also define 


where 7 7 
nrl oly) = plys), 
and which is also consistent with the convolution of functions. 


We note that this expression makes since since 7z(x),tp(a~') and ¢ 4 ¢ 
are continuous mappings from D(G) to D(G). 


For example, for the delta-distribution 6, at the unit element e € G, it follows 
that 
exp =¢ġ for every ġ € D(G), 


since we can calculate 
(de * 6)(x) = (Se, nL (2)) = O(y*2)|y=e = 9(2). 
The following properties are easy to check using Definition 1.5.3: 
e if v € D'(G) and ¢ € D(G), then ux ġ E€ C® (G); 
e if u,v, € D(G), then (u* v,¢) = (u, ġ x ù), in consistency with (1.14). 
For v € D'(G), we now define ù € D'(G) by 


(5,0) := (v, 4). 


In particular, if v € D'(G) and ¢ € D(G), then ġ * ù € C®(G). This shows that 
the following convolution of distributions is correctly defined: 
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Definition 1.5.4. Let u € €’(G) and v € D’(G). Then we define their convolution 
as 


(uxv,) := (u,d*b), VhbE DG). 


This gives uxv € D’(G) which is consistent with the convolution of functions 
in view of (1.15). If we start with a compactly supported distribution v € E’(G) in 
Definition 1.5.3, we arrive at the definition of the composition u * v for u € D'(G) 
and v € €’(G), given by the same formula as in Definition 1.5.4. 


A word of caution has to be said about convolution of distributions, namely, 
it is not in general associative for distributions, although it is associative for func- 
tions. 


1.6 Nilpotent Lie groups and algebras 


From now on, any Lie algebra g is assumed to be real and finite dimensional. 
Proposition 1.6.1. The following are equivalent: 


e ad is a nilpotent endomorphism over g, i.e. 


keN VX Eg (adX)*¥ =0; 


WwW 


e the lower central series of g, defined inductively by 


ga) :=9 94) :=[9,9G-1), (1.18) 
terminates at 0 in a finite number of steps. 


Definition 1.6.2. (i) If a Lie algebra g satisfies any of the equivalent conditions 
of Proposition 1.6.1, then it is called nilpotent. 


(ii) Moreover, if g(s41) = {0} and g(s) A {0}, then g is said to be nilpotent of 
step s. 


(iii) A Lie group G is nilpotent (of step s) whenever its Lie algebra is nilpotent 
(of step s). 
Here are some examples of nilpotent Lie groups and their Lie algebras. 


Example 1.6.3. The abelian group R” equipped with the usual addition is nilpo- 
tent. Its Lie algebra is R” equipped with the trivial Lie bracket. 


Example 1.6.4. If no € N, the Heisenberg group Hp, is the Lie group whose 
underlying manifold is R?"°++ and whose law is 


1 
hiho = (£1 + 22,41 + yor ti + t2 + 5 (2192 —12)), (1.19) 


1.6. Nilpotent Lie groups and algebras 35 


for hy = (x1,y1,t1) and hg = (#2, y2,t2) in R”° x R”° x R. Here, for vectors 
41, Y1,02,y2 € R”°, we denote by zıy2 and yız2 their usual inner products on 
R”e. 

Its Lie algebra pn, is R?"°+! equipped with the Lie bracket given by the 
commutator relations of its canonical basis {X1,... , Xnos Y1,- -3 Yno T}: 


[X;, Yj] =T for} = leaca to; 


and all the other Lie brackets (apart from those obtained by anti-symmetry) are 
trivial. 

In the case no = 1, we will often simplify the notation and write X, Y,T for 
the basis of hy, etc... 


Example 1.6.5. Let Tn, be the group of no X no matrices which are upper triangular 
with 1 on the diagonal. The matrix group Tn, is a nilpotent Lie group. 

It can be proved that any (connected simply connected) nilpotent Lie group 
can be realised as a subgroup of Th,- 

Its Lie algebra tn, is the space of no X no matrices which are upper triangle 
with 0 on the diagonal. A basis is {Ej,;,1 < i < j < no} where F; j is the matrix 
with all zero entries except the i-th row and j-th column which is 1. 


Proposition 1.6.6. Let G be a connected simply connected nilpotent Lie group with 
Lie algebra g. Then 


a) The exponential map expg is a diffeomorphism from g onto G. 
G g 
(b) If G is identified with g via expg, the group law (x,y) > xy is a polynomial 
map. 
(c) If dXg denotes a Lebesgue measure on the vector space g, then dàgo expo is 


a bi-invariant Haar measure on G. 


This proposition can be found in, e.g. [FS82, Proposition 1.2] or [CG90, Sec. 
1.2]. 

After the choice of a basis {X1,..., Xn} for g, Proposition 1.6.6, Part (a), 
implies that the group G is identified with R” via the exponential mapping; this 
means that a point x = (#1,...,@,) E€ R” is identified with the point 


expe (@1X1 +... +8nXn) 
of the group. Part (b) implies that the law can be written as 
z: y = (Pi (x,y), Po(a,y),---,Pr(x,y)), (1.20) 
where P; : R” x R” > R, j = 1,...,n, are polynomial mappings given via the 
Baker-Campbell-Hausdorff formula (see Theorem 1.3.2). Indeed in the nilpotent 


case, since ad is nilpotent, the Baker-Campbell-Hausdorff formula is finite and 
holds for any two elements of the Lie algebra. 
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Remark 1.6.7. More is known. 


1. Certain choices of bases, namely the so-called Jordan-Holder or strong-Malcev 
bases ([Puk67, CG90]), lead to a ‘triangular’ shaped law, that is, 


P\(x,y) = Mr Yi; 
P(x,y) = te+yo+Qo2(a1, 41), 
Plt ay) = fat Ua On iyo ec Ysni) 


with Q1,...,Qn polynomials. 


In Chapter 3 we will see that in the particular case of homogeneous Lie 
groups, with the choice of the basis made in Section 3.1.3, this fact together 
with some additional homogeneous properties is proved in Proposition 3.1.24. 


2. The second type of exponential coordinates 
R” S (£1,..., £n) H expe (41 X1)...expg(@n Xn) €G, 


may be used to identify a nilpotent Lie group with R” after the choice of a 
suitable basis as in Part 1. 


In the particular case of homogeneous Lie groups, with the choice of the 
basis made in Section 3.1.3, this fact together with some additional homoge- 
neous properties is proved in Lemma 3.1.47. 


3. The converse of (a) and (b) in Proposition 1.6.6 holds in the following sense: 
if a Lie group G can be identified with R” such that 


(a) its law is a polynomial mapping (as in (1.20)), 


(b) and for any s,t € R, x € R”, the product of the two points sa and ta 
is the point (s + t)a, 


then the Lie group G is nilpotent [Puk67, Part. II chap. I]. 


However, we will not use these general facts. 


Setting aside the abelian case (R”, +), we use the multiplicative notation for 
the group law of any other connected simply connected nilpotent Lie group G. 
The identification of G with g leads to consider the origin 0 as the unit element 
(even if the equality xz~t = 0 may look surprising at first sight). Because of the 
Baker-Campbell-Hausdorff formula (see Theorem 1.3.2), the inverse of an element 
is in fact its opposite, that is, with the notation above, 


g + = (—21,...,—%p). 


The identification of G with g allows us to define objects which usually live 
on a vector space, for example the Schwartz class: 
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Definition 1.6.8. A Schwartz function f on G is a function f such that foexpg is 
a Schwartz function on g. We denote by S(G) the class of Schwartz functions. It is 
naturally a Fréchet space and its dual space is the space of tempered distribution 
S'(G). 


Formally a distribution T € D'(G) is tempered when T o expg is a tempered 
distribution on g. The distribution duality is formally given by 


G= L f(a)d(a)de, feES(G), $€ SG). 


The Schwartz space and the tempered distributions on a nilpotent homoge- 
neous Lie group will be studied more thoroughly in Section 3.1.9. 


1.7 Smooth vectors and infinitesimal representations 


In this section we describe the basics of the part of the representation theory of 
non-compact Lie groups that is relevant to our context. For most statements of 
this section we give proofs since understanding of these ideas will be important for 
the developments of pseudo-differential operators in Chapter 5. Thus, the setting 
that we have in mind is that of nilpotent Lie groups, although we do not need to 
make this assumption for the following discussion. For the general representation 
theory of locally compact groups we can refer to, for example, the books of Knapp 
[Kna01], Wallach [Wal92, Chapter 14] or Folland [Fol95]. 


Let us first recall some basic definitions about differentiability of a Banach 
space-valued function. 


Definition 1.7.1. Let f be a function from on open subset 2 of R” to a Banach 
space B with norm |- |s. 

The function f is said to be differentiable at x, € Q if there exists a (neces- 
sarily unique) linear map f'(xo): R” —> B such that 


1 
|x = ZolRa | f(a) f (Zo) J Ga)@ = Lo)lB Peng 0. 

We call f'(xo) the differential of f at xo. 

If f is differentiable at each point of Q, then «+> f'(x) is a function from 
Q to the Banach space #(R", B) of linear mappings from R” to B (recall that 
linear mappings from R” to B are automatically bounded.) We say that f is of 
class Ct if x + f'(x) is continuous, and that f is of class C? if x =œ f'(x) is of 
class C! and so on. We say that f is of class C™ if f is of class C* for all k € N. 

These definitions extend to any open set of any smooth manifold. 


As in the case of functions valued in a finite dimensional Euclidean space, we 
have the basic properties for a function f as in Definition 1.7.1: 
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e The function f is of class C* if and only if all of its partial derivatives of 
order 1,2,...,k exist and are continuous. 


e The chain rule holds for a composition f o h where h is a mapping from an 
open subset of a finite dimensional Euclidean space into 2. 


We can now define the smooth vectors of a representation. 


Definition 1.7.2. Let G be a Lie group and let m be a representation of G on a 
Hilbert space Hr. A vector v € H, is said to be smooth or of type C™ if the 
function 

Garrr(xcveH, 


is of class C°. 
We denote by H°° the space of all smooth vectors of r. 


The following is a necessary preparation to introduce the notion of the in- 
finitesimal representation and of the operator dx(X). This will be of fundamental 
importance in the sequel. 


Proposition 1.7.3. Let G be a Lie group with Lie algebra g. Let m be a strongly 
continuous representation of G on a Hilbert space Hr. Then for any X € g and 
v E HS, the limit 


., ral 
lim = (m(expe(tX))v — v) 


exists in the norm topology of Hr and is denoted by dr(X\w. Each dr(X) leaves 
HX invariant, and dr is a representation of g on HX satisfying 


VX,Y €g dr(X )dx(Y) — dr(Y )dr(X) — dr ([X, Y]) = 0. (1.21) 
Consequently, dx extends to a representation of the Lie algebra U(g) on HE with 
dr(0) = 0 and dr(1) = 0. 

Recalling the derivative with respect to X in (1.7), we may formally abbre- 
viate writing 
dr(X)vu = X(n(x\w)|z=e oreven dz(X) = Xr(e). (1.22) 


Sketch of the proof of Proposition 1.7.3. Let v € HX. The function f : g > Hr 
defined by f(X) := m(exp X Ww is of class C™, and for any X € g we have 


#'(0)(X) = lim = (n(expa(tX))v — v). 


By definition f’(0)(X) = dr(X). 
Since 7 is continuous we have, using the identification of g with the space of 
left-invariant vector fields, 


lim +1(2) (n(expa(tX))v — v) 


= lim : (m(x expg(tX))v — r(x)v) = X F(x), 


m(x)dr(X)v 


II 


t0 
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where F : G + H is the function defined by F(x) := 7(x)v. By assumption F is 
of type C® thus x + X F(z) is also of type C% and the equality above says that 
dx(X)v is smooth. Hence dr(X) leaves HX stable. Consequently X ++ dr(X) can 
be extended to an algebra homomorphism L(g) > HJ as in the statement. 

It remains to prove (1.21), i.e. that 


VX,Y €g dn(X)dr(Y) — dr(¥ )da(X) — dr ([X, Y]) = 0. 
We fix X,Y € g and define a path c by 


o(t) = expa ((-sent)[t|4X) expa (~H1#¥) expa ((semt)Itl#X) expe ([e#¥). 


Clearly c is defined on a neighbourhood of 0 in R and valued in G, and is of class 
Ct with c’(0) = [X,Y]. Let v € HX. By the chain rule the map t + m(c(t))v has 
differential F’(e)([X, Y]) at t = 0, where F is F(x) = m(x)u as above and e is the 
neutral element. Thus 


dr([X,Y]) = lim + (r(c(t))v — v) = lim 5 (nlet?) w — v). 


The strong continuity of m implies then 


lim 7 (m(expa(tX) expa(tY))u — m(expe (ty) expg(tX))v) 


= lim m(expa(tY) expa(tX)) 5 (x(c(t?))u — v) 
= dr([X,Y])u. (1.23) 
But we can also compute 
(dr(X)dr(Y v, vu) = 0,=00:=0 (7 (expe (sX) expe (tY))u, u) 


= lim( 4 {m(expg(tX) expe (tY)) — m(expa(tX)) — m(expe(tY)) + I} v, u). 


t0 


Interchanging X and Y and subtracting we find 


((da(X)dr(Y) — dr(Y )dr(X))v, u) (1.24) 
= lim (5 {a(expe(tX) expe (tY)) — m(expe(tY) expe (tX))}v, u). 


Comparing this with (1.23), we obtain (1.21). This concludes the proof of 
Proposition 1.7.3. 


Definition 1.7.4. Let G be a Lie group with Lie algebra g and let m be a strongly 
continuous representation of G on a Hilbert space Hr. The representation dz 
defined in Proposition 1.7.3 is called the infinitesimal representation associated 
to m. We will often denote it also by m. Consequently, for T € U(g) or for its 
corresponding left-invariant differential operator, we write 


n(T) := dr(T). 
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Example 1.7.5. For example, the infinitesimal representation of Ad is ad, see Sec- 
tion 1.3. 


We now collect some properties of the infinitesimal representations. 


Proposition 1.7.6. Let G be a Lie group with Lie algebra g and let m be a strongly 
continuous unitary representation of G on a Hilbert space Hr. Then we have the 
following properties. 


(i) For the infinitesimal representation dr of g on HX each dr(X) for X € g is 
skew-hermitian: dn(X)* = —dr(X). 


(ii) The space HX of smooth vectors is invariant under n(x) for every x € G, 
and 


YD € U(g) Vu E HX n(a)dn(D)r(x)~*v = dr(Ad(ax)D)v. 
(itt) If S is a vector subspace of Hr such that for allu € S and X € g, the limits 
of t! {n(expg(tX))v — v} as t > 0 exist, then S CH&. 
(iv) Let o € D(G). For any X € g, viewed as a left-invariant vector field, 


Vu € Hr n(o w EHZ and dr(X)r(d)u = 7(Xo)v, 
and viewing X as a right-invariant vector field X, 
Ww E€ Hz a(o)dn(X)v = r(X w. 


If G is a connected simply connected nilpotent Lie group, one can replace 
D(G) by the Schwartz space S(G). 


Proof. Let us prove Part (i). Let u,v € HX. The unitarity of 7 implies 


(« - (n(expgltX))u — w) = (4 (r(expg(—tX))u — v) u) ; 
By definition of dr(X)u and dr(X)v, the limits as t — 0 of the left and right 
hand sides are (v, idnr(X)u) and (idr(X w, u), respectively. Hence they are equal 
and dr(X) is skew-hermitian. This proves Part (i). 


For (ii), we first observe that the map «++ 7(x)7(a,)v is the composition of 
£> T£ and «++ 1(x)v. Hence H is an invariant subspace for 7(2,). 
Now let X € g, x € G and v € HX. Then we compute easily 


(n(expa(tX))-I)r(x) tv = a(a)7*= (a (wexpg(tX)a~*) — I) v 


œ| m 


(x(expg(Ad(x)(tX)) — I) v. 
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Passing to the limit as t > 0, we obtain 
dx(X)n(x)~'v = r(x) 'dr(Ad(x) (tX) v. 


Hence 
n(xjdr(X)r(x) t = dr(Ad(x)(tX)) 


on HX. Using Proposition 1.7.3, we obtain a similar property for D € U(g) instead 
of X. This shows (ii). 


For (iii), by assumption for v € S the map Fy : G > x a(x)v is differ- 
entiable at the neutral element e, the partial derivative in the X € g direction 
being 


eee 
XF,(e)= lim ; {m(expg(tX))u — v}. 
More generally, since 7 is strongly continuous, we have for any x € G, 
eo „d 
1(x)X Fy (e) =lim 77) {n(expe(tX))v — v}=lim F {F (xz expa(tX)) — Fy(a)}. 
Thus F, is also differentiable at « € G and 
XF, (x) = r(x) X Fy (e) 


for any X € g. This shows that the first derivatives of F, are continuous, thus F, 
must be of class C!. Furthermore, 


Fi(2)(X) = (2) XF,(e). 


If F, is of class C* for k € N, then the map x > X F,(x) = n(x)X F,(e) is of class 
COF and F, must be of class C*+!. Inductively this shows that F, is of type C®. 
This shows Part (iii). 


For (iv), for any ¢ € L(G) and z € G, recalling (1.3), we have 
n(a)() = (O(-@)). 
Hence for any ¢ € D(G), v € Hr and X €E g, 


œ| = 


(n(expe(tX))n(@)v ~ mojo) = r ( ER =), 


This last expression tends to 7(X¢)v as t > 0. Applying (iii) to S = 7(d)H,, we 
see that S C HX. We also have 

dr(X)r()v = r(X¢ġ)v. 
For the right-invariant case, again by (1.3), we have 


m(o)n(x) = relz :)) 
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for any ¢ € L! (G) and z € G. Hence for any ġ € D(G), v € Hr and X € 9, 
1 eoat -A, 
t 


(m(o)r(expgltX) w — r(ġ)v) =r ( ; 


This last expression tends to 7(X@)u as t > 0 while the left-hand side tends to 
1()dr(X )v if v € H&. This proves Part (iv) in the general case. The changes for 
G connected simply connected nilpotent Lie group, and to replace D(G) by S(G) 
are straightforward. This concludes the proof of Proposition 1.7.6. 


In the following proposition, we show that the space of smooth vectors is 
dense in the space of a strongly continuous representation. The argument is fa- 
mously due to Garding. 


Proposition 1.7.7. Let G be a Lie group and let 7 be a strongly continuous repre- 
sentation of G on a Hilbert space Hz. Then the subspace HX of smooth vectors is 
dense in Hz. 


Proof. Let v E€ Hr and e > 0 be given. Since 7 is strongly continuous, the set 
Q:={xeEG: |r(x)*v— vlu, <e} 

is open. We can find a non-negative function ¢ € D(G) supported in 2 satisfying 

Ja G(a)dx = 1. Then 


|7($)v — vlu, 


| (a) (n(a)*v — v)de 
G 


H 


IA 


f soror — v|y, dx i r o(x)edx = €. 


By Proposition 1.7.6, we know that 7(¢)v is a smooth vector. This shows that 


HZ is dense in Hr. 


In the proof above, we have in fact showed that the vectors 7(@)v for v € Hr 
and ¢ € D(G) form a dense subspace of Hr. If G is nilpotent connected simply 
connected, the same property holds with ¢ € S(G). The finite linear combinations 
of those vectors form a subspace called the Garding subspace, which is included in 
HX by Proposition 1.7.6 (iv). 

It turns out that the Garding subspace is not only included in the subspace 
HZ but is in fact equal to HX. This is a consequent of the following theorem, due 
to Dixmier and Malliavin [DM78]: 


Theorem 1.7.8 (Dixmier-Malliavin). Let G be a Lie group and let n be a strongly 
continuous representation of G on a Hilbert space Hz. 

The space HX of smooth vectors is spanned by all the vectors of the form 
w(d)v forv E€ HX and d € D(G). This means that any smooth vector can be 
written as a finite linear combination of vectors of the form x(d)v. 

If G is a connected simply connected nilpotent Lie group, one can replace 
D(G) by the Schwartz space S(G). 
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1.8 Plancherel theorem 


Here we discuss the Plancherel theorem for locally compact groups and for the 
special case of nilpotent Lie groups. Our presentation will be rather informal. 
One reason is that we decided not to present here in full detail the orbit method 
yielding the representations of the nilpotent Lie groups but to limit ourselves only 
to its consequences useful for our subsequent analysis. The reason behind this 
choice is that it could take quite much space to prove the general results for the 
orbit method and would lead us too much away from our main exposition also 
risking overwhelming the reader with technical discussions somewhat irrelevant 
for our purposes. In general, this subject is well-known and we can refer to books 
by Kirillov [Kir04] or by Corwin and Greenleaf [CG90] for excellent expositions 
of this topic. The same reasoning applies to the abstract Plancherel theorem: it is 
known in a much more general form, due to e.g. Dixmier [Dix77, Dix81], and we 
will limit ourselves to describing its implications for nilpotent Lie groups relevant 
to our subsequent work. 


As we will see in Chapter 2, all the results of the abstract Plancherel theorem 
in the case of compact groups can be recaptured there thanks to the Peter-Weyl 
theorem (see Theorem 2.1.1). However, for nilpotent Lie groups, even if the orbit 
method provides a description of the dual of the group and of the Plancherel 
measure, in our analysis we will need to use the properties of the von Neumann 
algebra of the group provided by the general abstract Plancherel theorem. This 
will replace the use of the Fourier coefficients in the compact case. 


Before we proceed, let us adopt two useful conventions. First, the set of all 
strongly continuous unitary irreducible representations of a locally compact group 
G will be denoted by Rep G, i.e. 


Rep G = {all strongly continuous unitary irreducible representations of G}. 


The equivalence of representations in Rep G leads to the unitary dual G. We have 
already agreed to write 7 € G meaning that the expressions, when dealing with 
Fourier transforms, may depend on m as described in Remark 1.1.5. However, 
in this section we will sometimes want to show that certain expressions do not 
depend on the equivalence class of 7, and for this purpose we will be sometimes 
distinguishing between the sets Rep G and G. 


The second useful convention that we will widely use especially in Chapter 
5 is that we may denote the Fourier transform in three ways, namely, we have 


p(T) = n(9) = Fa(9)(x). 


Although this may seem as too much notation for the same object, the reason for 
this is two-fold. Firstly, the notation 7(¢) is widely adopted in the representation 
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theory of C*-algebra associated with groups. Secondly, it becomes handy for longer 
expressions as well as for expressing properties like 


(To) = x(T)x($) 


where 7(T) is the infinitesimal representation given in Definition 1.7.4. The no- 
tation Slr) is useful as an analogy for the Euclidean case and will be extensively 
used in the case of compact groups. When we want to write the Fourier transform 
as a mapping between different spaces, the notation Fg becomes useful. 


1.8.1 Orbit method 


In this section we briefly discuss the idea of the orbit method and its implications 
for our analysis. In general, we will not use the orbit method by itself in our 
analysis, but only the existence of a Plancherel measure and some Fourier analysis 
similar to the compact case as described in Section 2.1. 


Let G be a connected, simply connected, nilpotent Lie group with Lie algebra 
g. The orbit method describes a way to associate to a given linear functional on 
g a collection of unitary irreducible representations of G which are all unitarily 
equivalent between themselves. Consequently, to any element of the dual g’ of g, 
one can associate an equivalence class of unitary irreducible representations. It 
turns out that any such class is realised in this way. Furthermore, two elements 
fı, f2 € g’ lead to the same class if and only if the two elements are in the same 
orbit under the natural action of G on g’; this natural action is the so-called co- 
adjoint representation: since the group G acts on g by the adjoint representation 
Ad, it also acts on its dual g’ by 


co-Ad : Gx g' > (g, f) 4 f(Ad“g/) € g'. 
This gives a one-to-one correspondence between 


e on the one hand, the dual Ĝ of the group, that is, the collection of unitary 
irreducible representations modulo unitary equivalence, and 


e on the other hand, g’/co-Ad(G), that is, the set of co-adjoint orbits. 


Example 1.8.1. In the case of the Heisenberg group Hn, presented in Example 
1.6.4, a family of representatives of all co-adjoint orbits is 


1. either of the form AT” if A € R\{0}, 


2. or of the form )7', (a, Xi +y/¥!) with of,y/ ER, 


where {Xj,...,X),,, Y7,---, Yi, 7} is the dual basis to the canonical basis of bn, 


fig? 
given in Example 1.6.4. To AT” is associated the Schrodinger representation 7), 


and to Di x4 X; +y;Y; is associated the 1-dimensional representation (x, y, t) > 
exp (i(xx' + yy')), where x2’ and yy' denote the canonical scalar product on R”. 


See Section 6.2. 
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As for Schrédinger representations, the representations constructed via the 
orbit method can be realised as acting on some L?(R™) and the dual G may be 
identified with g’/co-Ad(G), or even with suitable representatives of this quotient. 


Thus, by the orbit method the unitary dual G is ‘concretely’ described as 
a subset of some Euclidean space. It is then possible to construct ‘explicitly’ a 
measure u on G such that we have the Fourier inversion theorem (where we recall 
once more the notation and conventions described in the beginning of Section 1.8): 


Theorem 1.8.2. Let G be a connected simply connected nilpotent Lie group. The 
dual G is then equipped with a measure u called the Plancherel measure satisfying 
the following property for any @ € S(G). 

The operator 1(@) = Slr) is trace class for any strongly continuous unitary 
irreducible representation n € Rep G, and Tr(n(ġ)) depends only on the class of T; 


the function Ĝ > t > Tr (1(@)) is integrable against u and the following formula 
holds: 
(0) = | T (6) dula). (1.25) 


For the explicit expression of the Plancherel measure pu, see, e.g., [CG90, 
Theorem 4.3.9]. 


Applying formula (1.25) to ¢(-) = f(-x) and using 7(¢) = m(x)r(f) in view 
of (1.3), we obtain: 
Corollary 1.8.3 (Fourier inversion formula). Let G be a connected simply connected 
nilpotent Lie group and let u be the Plancherel measure on G. 

If f € S(G), then r(x)n(f) and n(f)n(x) are trace class for every x € G, 
the function Ĝ > r++ Tr(x(ax)r(f)) is integrable against p, and we have 


fla) = f T ale dala) = f Taled (1.26) 
The latter equality can be seen by the same argument as above, applied to 
the function f(x-). 


Example 1.8.4. In the case of the Heisenberg group H,,,, the Plancherel measure 
is given by integration over R\{0} against c,,,|A|"°dA, with a suitable constant cn, 
(depending on normalisations): 


4(0) =m, [ Tr(my(d)) |A|"2da. 
R\{0} 


An orthonormal basis for Hr, = L?(R") is given by the Hermite functions. The 
subset of G formed by the 1-dimensional representations is negligible with respect 
to the Plancherel measure. We refer to Section 6.2.3 for a more detailed discussion 
as well as for the constant Cn,- 
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Applying the inversion formula to ¢ * (¢*), where ¢* (x) = ¢(a~!), one ob- 
tains: 


Theorem 1.8.5 (Plancherel formula). We keep the notation of Theorem 1.8.2. Let 
~ € S(G). Then the operator 1(¢) is Hilbert-Schmidt, that is, 


ll*()llis = Tr ((4)r()*) < 00 


for any 7 € RepG, and its Hilbert-Schmidt norm is constant on the equivalence 
class of n. The function G > 17H Iro) is integrable against u and 


| I6(a) Pde = f (6) 25 dln). (1.27) 
G G 


Formula (1.27) can be extended unitarily to hold for any ¢ € L?(G), permit- 
ting the definition of the group Fourier transform of a square integrable function 
on G. 

Applying the inversion formula to ¢ x (~*), or bilinearising the Plancherel 
formula, we also obtain: 


Corollary 1.8.6. Let ¢,u € S(G). Then the operator 1(¢)n(w)* is trace class for 
any T E€ RepG, and its trace is constant on the equivalence class of x. The function 
G 5 n Tr(2(¢)r(w)*) is integrable against y and 


aes [ (x) ede = Lo (ar(b)r()*) dln). 


1.8.2 Plancherel theorem and group von Neumann algebras 


In this section we describe the concept of the group von Neumann algebra that be- 
comes handy in associating symbols with convolution kernels of invariant operators 
on G. For the details of the constructions described below we refer to Dixmier’s 
books [Dix77, Dix81] and to Section B in the appendix of this monograph. For 
the Plancherel theorem on locally compact groups with emphasis on the decom- 
position of reducible representations in continuous Hilbert sums, see also Bruhat 
[Bru68]. A more extensive discussion of this subject is given in Appendix B.2, 
more precisely in Section B.2.5. An abstract version of the Plancherel theorem is 
also given in the appendix in Theorem B.2.32. 


Our framework 


The representation theory of a general locally compact group may be very wild. 
However, in favourable cases most of the traditional Fourier analysis on compact 
Lie groups (described in Section 2.1) remains valid under natural modifications; 
for instance, the sum over the discrete dual in the compact case is replaced by an 
integral. By favourable cases we mean the following hypothesis: 
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(H) The group G is separable locally compact, 
unimodular, and of type I. 


(See e.g. Dixmier [Dix77]). For our purpose, it suffices to know that any Lie group 
which is either compact or nilpotent satisfies (H). Its unitary dual G is a standard 
Borel space. 

We will now present the abstract Plancherel theorem as obtained by Dixmier 
in [Dix77, $18.8] and stated in Theorem B.2.32. Here, we will formulate it neither 
in its logical order with the viewpoint of proving its statement nor in its full 
generality since this would require introducing a lot of additional notation. Instead, 
we present its consequences applicable to our setting, starting with the existence 
of the Plancherel measure. 


The Plancherel formula 


We start by describing the part of the Plancherel theorem dealing with the Plan- 
cherel formula. First if ¢ € C.(G) and 7 € Rep G, then ¢(7) is a bounded operator 
on Hr (as the group Fourier transform of an integrable function) and one checks 
easily that its Hilbert-Schmidt norm is constant on the class of r € RepG in 
G. Hence (7 7) |lus(#4,) may be viewed as depending on 7 € G. The Plancherel 
formula states that there exists a unique positive o-finite measure u, called the 
Plancherel measure, such that for any ¢ € C.(G) we have 


[eoa = foe], 


HS(H.) 


du(m). (1.28) 


In the compact or nilpotent case, the Plancherel measure can be described ex- 
plicitly via the Peter-Weyl Theorem (see Theorem 2.1.1) or the orbit method (see 
Theorem 1.8.5), respectively. 

The Plancherel formula in (1.28) may be reformulated in the following (more 
precise) way. The group Fourier transform is an isometry from C.(G) endowed 
with the L?(G)-norm to the Hilbert space 


a ® 
L? (G) = l HS(Hr)du(r). (1.29) 


Hence the space L?(G) is defined (see Section B.1 or, e.g., [Dix81, Part II ch. Jj) 
as the space of -measurable fields of Hilbert-Schmidt operators {0r € HS(H,) : 
m € G} which are square integrable in the sense that 


lolze = fNerllasdu(m) < 00 
®© T fo 


Here we use the usual identifications of a strongly continuous irreducible unitary 
representation from Rep G with its equivalence class in G, and of a field of opera- 
tors on G with its equivalence class with respect to the Plancherel measure u. One 
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can check that indeed, the properties above do not depend on a particular repre- 
sentative of m and of the field of operators. The Plancherel formula implies that Fa 
extends to an isometry on L?(G). We keep the same notation Fg for this map, al- 
lowing us to consider the Fourier transform of a square integrable function. The ab- 
stract Plancherel theorem states moreover that the isometry Fg : L?(G) > L?(G) 
is surjective. In other words, Fg maps L?(G) onto L?(G) isometrically. 

Note that for any ġ, Y € L?(G), the operator 1(¢) 7(w)* is trace class on Hr 
for almost all 7 € Rep G with 


Tr ale) TI S Ir) laser.) lle)" lasar) = Ie) Ilse. yl) luso) 


and that Tr |7(¢) m(w)*| and Tr (z(¢) 7(w)*) are constant on the class of m € 
RepG in G. Thus these traces can be viewed as being parametrised by m € G. 
The bilinearisation of the Plancherel formula yields 


EOLO = Le (7(o) m(w)*) du(z). (1.30) 
One also checks easily, for example by density of C.(G) in L?(G), that For- 
mula (1.17), that is, 


n~~ n~ 


f * gln) = 9r) f(x) (1.31) 
or, in the other notation, 

Tf xg) =m(g)n(f), 
remains valid for f € L'(G) and g € L? (G) and also for f € L? (G) and g € L1(G). 


We now present the parts of the Plancherel theorem (relevant for our sub- 
sequent analysis) regarding the description of the group von Neumann algebra. 


Group von Neumann algebra 


In this monograph, we realise the von Neumann algebra of a group G as the algebra 
denoted by %,(L?(G)) and defined as follows. 


Definition 1.8.7. Let (L? (G)) denote the set of bounded linear operators L?(G)> 
L?(G), and let %,(L7(G)) be the subset formed by the operators in #(L?(G)) 
which are left-invariant (in the sense of Definition 1.1.3). 


Endowed with the operator norm and composition of operators, one checks 
easily that Y_(L?(G)) is a von Neumann algebra, see Section B.2.5 for the expo- 
sition of its general ideas. 


Given a -measurable field of uniformly bounded operators o = {a,}, the 
operator To € Y,(L?(G)) defined via 


Sa 


T,¢(7) =on0(m), € L(G), (1.32) 
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is in (L? (G)). Using (1.30), this yields that the operator T, : S(G) > S’(G) 
can also be defined by 


E T = I Tr (on 7d) w()")du(m), oy Y € L(G) (1.33) 


This defines a map o + T, from L®(Ĝ) to Y,(L?(G)) where the space 


L®(Ĝ) is defined by 
Definition 1.8.8. Let L°°(G) denote the space of p-measurable fields on G of uni- 
formly bounded operators o = {o, E€ Z(Hz), 7 E€ G}, that is, 


sup ||or |l 2) <. (1.34) 
TEG 


Here we use the usual identifications of a strongly continuous irreducible 
unitary representation from Rep G with its equivalence class in G, and of a field of 
operators on G with its equivalence class with respect to the Plancherel measure 
u. One can check that indeed, being in L°(G) does not depend on a particular 
representative of m and of the field of operators. In (1.34), the supremum is to be 


understood as the essential supremum with respect to the Plancherel measure pu. 


We endow L(G) with the pointwise composition given by 
OT :={OqTx, TE eum for o ={o7, TE Gyr = {Tr TE Gy € L(G), 
and the essential supremum norm 


loll pm = sup lorlo) (1.35) 
TEG 
We may sometimes abuse the notation and write ||o,|| L=(@) When no confu- 
sion is possible. i 
One checks easily that L(G) is a von Neumann algebra and that the map 


L™(G) > o — T, € Z,(L?(G)), 


is a morphism of von Neumann algebras. The Plancherel theorem implies that 
this map is in fact a bijection and an isometry, and hence a von Neumann algebra 
isomorphism. More precisely it yields that for any T € (L? (G)), there exists 
a u-measurable field of uniformly bounded operators {o} such that for any 
ġo € L? (G) the Hilbert-Schmidt operators To(r) and oP Fir) are equal -almost 
everywhere; the field {o} is unique up to a -negligible set. 

Note that by the Schwartz kernel theorem (see Corollary 3.2.1), an operator 
T € Y,(L7(G)) is of convolution type with kernel « € D' (G), 


Tf=f*k, fED(G). 
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If k € D’(G) is such that the corresponding convolution operator D(G) 3 f œ> fxr 
extends to a bounded operator Tą on L?(G) then Te € YZ, (L7(G)) and we extend 
the definition of the group Fourier transform by setting 


oP) := r(K) = R(T). (1.36) 
We denote by K(G) the set of such distributions «: 


Definition 1.8.9. Let K(G) denote the space of distributions x € D’(G) such that 
the corresponding convolution operator 


D(G)afofer 
extends to a bounded operator on L?(G). 


If G is a connected simply connected nilpotent Lie group, the Schwartz kernel 
theorem (see Corollary 3.2.1), implies in fact that the distributions in K(G) are 
tempered, i.e. K(G) c S'(G). 

If x € K(G), then «* defined via «*(x) = K(a~*) is also in K(G). If k1, K2 € 
K(G) and Tg, Tko € Y_(L7(G)) denote the associated right-convolution opera- 
tor, then T,,,T;. E€ ZL(L?(G)) and we denote by «K2 * Kı its convolution kernel. 
One checks easily that this convolution product coincides or extends the already 
defined convolution products in Section 1.5. Furthermore K(G) equipped with this 
convolution product, the *-adjoint and the operator norm 


lkl = Wf =| f * Kll egz) (1.37) 


is a von Neumann algebra. It is naturally isomorphic to 2r (L? (G)). 
The part of the Plancherel theorem that we have already presented implies 
that the space K(G) is a von Neumann algebra isomorphic to %,(L7(G)) and to 


L®(G). Moreover, the group Fourier transform defined on K(G) gives the isomor- 
phism between K(G) and L® (G). 


Naturally, Z1(G) is embedded in K(G) since if x € L! (G), then the operator 

b+ ġ* n is in ZL(L?(G)). Note that Young’s inequality (see Proposition 1.5.2) 
implies 

[ll gana = lirli < Isllzace. (1.38) 


Furthermore, as Fg(¢ * K) = Ro (see e.g. (1.31)), there is no conflict of notation 
between the group Fourier transforms defined first on L(G) via (1.2) and then 
on K(G) in (1.36) as these group Fourier transforms coincide, since the field of 
operators associated to an operator in Y,(L?(G)) is unique. 


More generally, the proof of Example 1.8.10 below shows that the space of 
complex Borel measures M(G) (which contains L'(G)) is contained in K(G), that 
is, 

L(G) c M(G) c K(G). 
Moreover, their group Fourier transform may be defined directly via (1.39) below 
or as of an element of K(G) via Definition 1.36. 
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Example 1.8.10 (Complex Borel measures). Any complex Borel measure 7 on G 
is in K(G) and 
IInllic < Ilnllaccay, 


where ||n|| (a) denotes the total mass of n. 
The group Fourier transform of a complex Borel measure 7 is given in the 
sense of Bochner by the integral 


Fe(n)(m) = Am) = x(n) = I (x)"dn(c). (1.39) 


In particular, the group Fourier transform of the Dirac measure ĝe at the neutral 
element is the identity operator 


elr) = n (ôe) = In, 


on the representation space Hy. More generally, the group Fourier transform of 
the Dirac measure 6,, at the element x, € G is 


a 


Ox, (7) =n (zo). 


Proof of Example 1.8.10. By Jensen’s inequality, for p = 1 and 2 (in fact for any 
p € [1,00)), the operator T, : D(G) 3 ġ ++ ¢* 1 extends to an L?-bounded 
operator with norm ||n||. 

If ¢ € C.(G), then ¢* 7 € L'(G) (see Example 1.8.10) and we have in the 


sense of Bochner, using the change of variable y = £271, 


pen) ? $e ala)" dedne) = I pluyr(yz)"dydn(2) 


GxG 
= [oer ney duane) = | rean) EOLO 
T(n) 7d), 


confirming the formula for m(n). Since the field of operators associated to an 
operator in %,(L7(G)) is unique, the group Fourier transform of 7 as an element 
of K(G) is {n (n), m € G} defined in (1.39). 


II 


The abstract Plancherel theorem 


We now summarise the consequences of Dixmier’s abstract Plancherel theorem, 
see Theorem B.2.32, that we will use: 


Theorem 1.8.11 (Abstract Plancherel theorem). Let G be a Lie group satisfying 
hypothesis (H). We denote by u its Plancherel measure. 
The Fourier transform Fa extends to an isometry from L?(G) onto 


2 ® 
L?(G) =f HS(Hr)du(r). 
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The Fourier transform of an element f of K(G), i.e. f € D'(G) such that 
the operator D(G) 3 613 ġ * f extends boundedly to L? (G), has a meaning as a 
field of uniformly (u-essentially) bounded operators 


Aa 


{f(m) =a(f) : x € Ĝ} € L1” (G) 


satisfying 
n(o f) =n(f)n(e) 


for any ọ € D(G) and r € G. Conversely, any field in L®(G) leads to an element 
of K(G). Furthermore 


A 


If llc = llb > $* filgaa@) = sup IEH): (1.40) 
TEG 


The Fourier transform is a von Neumann algebra isomorphism from K(G) 


Aw ~~ 


onto L© (G). In particular, it is a bijection from K(G) onto L(G) and satisfies 


Vii fa fEK(G) Felfi* fe) =Falfe)Felfi) and Fe(f*)=Fealf)*, 


if f*(x) = f(@7'). Moreover 


lÎlz= = Wille: 


If G is a connected simply connected nilpotent Lie group, the elements of 
K(G) are tempered distributions. 


Naturally the various definitions of group Fourier transforms on L1(G) or on 
the space M (G) of regular complex measures on G, on L?(G) or on K(G), coincide 
on any intersection of these subspaces of D’(G). This can be seen easily using the 
abstract Plancherel theorem, especially the bijections Fg : L?(G) + L?(G) and 


Fa: K(G) > L(G), together with the properties of the convolution and of the 
representations, especially (1.31). 


1.8.3 Fields of operators acting on smooth vectors 


Let us assume that the group G satisfies hypothesis (H) as in the previous section 
and is also a Lie group. This means that G is a unimodular Lie group of type I, 
for instance a compact or nilpotent Lie group. 

In our subsequent analysis, we will need to consider fields of operators para- 
metrised by G but not necessarily bounded, for instance the fields given by the 
m™(X)°’s. 

The definition of fields of smooth vectors or of operators defined on smooth 
vectors will be a consequence of the following lemma. For a more general setting 
for measurable fields of operators see Section B.1.5. 
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Lemma 1.8.12. Let 71,72 E RepG with mı ~r T2, that is, we assume that mı and 
T2 are intertwined by the unitary operator T, i.e. Tm, = 72T. Then T maps HX 
onto HX, bijectively. 


Proof. This is an easy consequence of the Dixmier-Malliavin theorem, see Theorem 
1.7.8. 


Lemma 1.8.12 allows us to define fields of operators not necessarily bounded 
but just defined on smooth vectors: 


Definition 1.8.13. A G-field of operators defined on smooth vectors is a family of 
classes of operators {a,,7 € G} where 


Ce = 10m Pe, > Hram En} 


for each 7 € G viewed as a subset of Rep G, satisfying for any two elements Or, 
and Or, in Or: 
Ty NT T2 => Om T = Tony. 
It is measurable when for one (and then any) choice of realisation mı and 
any vector £r, E HA, as m runs over G, the resulting field {0r £r; T € Gy is 
y-measurable whenever fe ||£m ||}, 4u(™) < o. 


We will allow ourselves the shorthand notation 
o = {on : HL > Hr, TE G} 


to indicate that the G-field of operators is defined on smooth vectors. Unless 
otherwise stated, all the G-fields of operators are assumed to be measurable and 
with operators defined on smooth vectors. We may allow ourselves to write o = 
fon, € G}. Note that we do not require the domain of each operator to be the 
whole representation space Hr, but just the space of smooth vectors. 


The next definition would allow us to compose such fields of operators. 


Definition 1.8.14. A measurable G-field of operators acting on the smooth vectors 
is a measurable G-field of operators o = {0, : HX > Hr, T E G} such that for 
any 7 € Rep G, we have 
Gora) Fas 
We will often abuse the notation and write 
{on : HL > HL, r € Gh 


to express the fact that the measurable G-field of operators act on smooth vectors. 
Remark 1.8.15. Let o = {on : HX > Hn, Tt € G} be a G-field. If m) ~r Tz that 
is, we assume that mı and 7m2 are intertwined by the unitary operator T, then T 
maps Cr, (HZ) onto or, (HX) bijectively. Thus the range o4 (HZ) makes sense as 
the collection of the equivariant ranges or, (HX) for mı € m C RepG. 

Consequently, in Definition 1.8.14, it suffices that or, (HX) C H& for one 
representation mı € m for each 7 € G. 
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Remark 1.8.16. We will often consider measurable field of operators or, s acting on 
smooth vectors and parametrised not only by G but also by another set S. When 
this set S is a subset of some R”, we say that this parametrisation is smooth 
whenever the map appearing in Definition 1.8.14 above is not only measurable 
with respect to G but also smooth with respect to the S-variable. Note that this 
hypothesis yields the existence of the fields of operators given by DsOr,s where Ds 
is a (smooth) differential operator on S. 


It is clear that one can sum two fields o = {or : HX > Ha,7 € ey and 
T = {Tr : HZ —> Hr, T € G} defined on smooth vectors. We may then write 


ott = {or + Tr: HL > Hr, r EG} 


for the resulting field. If o and 7 act on smooth vectors, then so does o +7. _ 

It is also clear that one can compose two fields o = {0r : HX > Hr, T € G} 
and T = {Tr : HX > HX, TE G} defined on smooth vectors if the first one acts 
on smooth vectors. We may then write 


OT = {0rTr : HZ > Hr, TE â} 


for the resulting field which is then defined on smooth vectors. Note that o7 is not 
obtained as the composition of two unbounded operators on H, as in Definition 
A.3.2 but as the composition of two operators acting on the same space H°. 


Almost by definition of smooth vectors, we have the following example of 
measurable fields of operators acting on smooth vectors: 


Example 1.8.17. If T € U(g) then {x(T),7 € G} yields a measurable field of 


ny 


operators acting on smooth vectors and parametrised by G (see also Proposition 
1.7.3). 

If Tı, To € L(g) then the composition of {x(T,), 7 € G} with {x(T2), r € G} 
as field of operators acting on smooth vectors is {7 (Tı T2), 7 € G}. 


The definition of Fourier transform and Proposition 1.7.6 (iv) easily imply 
the next example of measurable fields of operators acting on smooth vectors: 


Example 1.8.18. If ¢ € D(G), then $ = {n(¢) : HX — HX, r € G} is a measur- 
able G-field of operators acting on smooth vectors. 7 

If ¢1,¢2 E€ D(G), then the composition of 6; with ¢2 as fields of operators 
acting on smooth vectors is $a * i. 

If G is simply connected and nilpotent, the properties above also hold for 
Schwartz functions. 


A field o = {0r : Hr > Ha, 7 € G} always gives by restriction operators 
that are defined on smooth vectors. If we start from a field of operators o = {0x : 
HX + H,,7 € G} defined on smooth vectors, we can not always extend it to 
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operators defined on every Hr. However, since the space HXI of smooth vectors is 
dense in Hy (see Proposition 1.7.7), each operator or, : H > Hm, 71 E RepG, 
has a unique extension to a bounded operator on H,, provided that such an 
extension exists. In this case, or, would have the same property if mı ~ 72, and 
the operator norm ||o7, ||_¢@1,,) or the Hilbert-Schmidt norm ||o7, |lks(4,,) Of Om 
are constant (maybe infinite) for mı € m. Hence we may regard these norms as 
being parametrised by m € G. Furthermore, if oll 0(@) or loll pea) are finite, 


then the field of bounded operators in L®(Ĝ) or L(G) (resp.) is unique and 
extends ø. 


On a compact Lie group, any G-field of operators is measurable and the 
operators act on smooth vectors. This is because in this case G is discrete and 
countable, and all the strongly continuous irreducible representations are finite 
dimensional and these have only smooth vectors, see the Peter-Weyl theorem in 
Theorem 2.1.1. 

However on a non-compact Lie group, we can not restrict ourselves to the 
case of G-fields acting on smooth vectors in general since a non-compact Lie group 
may have infinite dimensional (strongly continuous irreducible) representations 
with non-smooth vectors and we then can find fields in L? (G) which do not act on 
smooth vectors. Indeed, in this case, we can find a measurable field {u,,7 € â} 
of non-smooth vectors satisfying fa Ile llitsca4,) (7) < oo, and then construct the 
field of operators {v, @v*,m € G} in L?(G) which does not act on smooth vectors. 
Such field of vectors {v+} are easy to find for instance on the Heisenberg group 
H,, whose case is detailed in Chapter 6: in this case, almost all the representations 
in f, may be realised on L?(R™) and the space of smooth vectors then coincides 
with the Schwartz space S(R”), see Section 6.2.1. 

We can give a sufficient condition for a field to act on smooth vectors: 


Lemma 1.8.19. Let o = {0r : HZ > Hr} be a field defined on smooth vectors. If 
for each ¢ € D(G), o¢ is a field of operators acting on smooth vectors, that is, 


op = {on0(b) : HP > HP}, 
then o acts on smooth vectors. 


Proof. Let us assume that ob is a field of operators acting on smooth vectors 
for every 6 € D(G). Then, for each m € G realised as a representation and each 
smooth vector v € HX, orelr)u is smooth. By the Dixmier-Malliavin Theorem, 
see Theorem 1.7.8. the finite linear combination of the vectors of the form ¢(7)v 
form HX. Therefore or : HX —> HX, and the statement is proved. 


As an application of Lemma 1.8.19, we see that the field bn. given at the end 
of Example 1.8.10 acts on smooth vectors: 
Example 1.8.20. For any zo € G, the field bx, = {n(ro) : HX > HX} € L” (Â) 
acts on smooth vectors. 
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ee 


Proof. Let xo E€ G. If ¢ € D(G), then by (1.4), m(a0)t(d) = O(- £o)(T) and 
o(- £o) € D(G). Thus for any v E€ HX, m(x0)7(¢)v is smooth. We conclude using 
Lemma 1.8.19. 


To summarise, we will identify measurable G-fields o = {on : HX > Ha, WE 
G} defined on smooth vectors with their possible extensions whenever possible. If 
the group is non-compact, we can not restrict ourselves to fields acting on smooth 
vectors. 
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Chapter 2 


Quantization on compact Lie 
groups 


In this chapter we briefly review the global quantization of operators and sym- 
bols on compact Lie groups following [RT13] and [RT10a] as well as more recent 
developments of this subject in this direction. Especially the monograph [RT10a] 
can serve as a companion for the material presented here, so we limit ourselves to 
explaining the main ideas only. This quantization yields full (finite dimensional) 
matrix-valued symbols for operators due to the fact that the unitary irreducible 
representations of compact Lie groups are all finite dimensional. Here, in order 
to motivate the developments on nilpotent groups, which is the main subject of 
the present monograph, we briefly review key elements of this theory referring to 
[RT10a] or to other sources for proofs and further details. 

Technically, the machinery for such global quantization of operators on com- 
pact Lie groups appears to be simpler than that on graded Lie groups that we deal 
with in subsequent chapters. Indeed, since the symbols can be viewed as matri- 
ces (more precisely, as linear transformations of finite dimensional representation 
spaces), we do not have to worry about their domains of definitions, extensions, 
and other functional analytical properties arising in the nilpotent counterpart of 
the theory. Also, we have the Laplacian at our disposal, which is elliptic and bi- 
invariant, simplifying the analysis compared to the analysis based on, for example, 
the sub-Laplacian on the Heisenberg group, or more general Rockland operators 
on graded Lie groups. On the other hand, the theory on graded Lie groups is 
greatly assisted by the homogeneous structure, significantly simplifying the anal- 
ysis of appearing difference operators and providing additional tools such as the 
naturally defined dilations on the group. 

When we will be talking about the quantization on graded Lie groups in 
Chapter 5 we will be mostly concerned, at least in the first stage, about assigning 
an operator to a given symbol. In fact, it will be a small challenge by itself to make 
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rigorous sense of a notion of a symbol there, but eventually we will show that the 
correspondence between symbols and operators is one-to-one. The situation on 
compact Lie groups is considerably simpler in this respect. Moreover, in (2.19) 
we will give a simple formula determining the symbol for a given operator. Thus, 
here we may talk about quantization of both symbols and operators, with the 
latter being often preferable from the point of view of applications, when we are 
concerned in establishing certain properties of a given operator and use its symbol 
as a tool for it. 

Overall, this chapter is introductory, also serving as a motivation for the 
subsequent analysis, so we only sketch the ideas and refer for a thorough treatise 
with complete proofs to the monograph [RT10a] or to the papers that we point 
out in relevant places. 

We do not discuss here all applications of this analysis in the compact setting. 
For example, we can refer to [DR14b] for applications of this analysis to Schatten 
classes, r-nuclearity, and trace formulae for operators on L?(G) and L?(G) for 
compact Lie groups G. For the functional calculus of matrix symbols and operators 
on G we refer to [RW14]. 

A related but different approach to the pseudo-differential calculus of [RT 10a] 
has been also recently investigated in [Fis15]; there, a different notion of difference 
operators is defined intrinsically on each compact groups. This will not be discussed 
here. 


2.1 Fourier analysis on compact Lie groups 


Throughout this chapter G is always a compact Lie group. As in Chapter 1, we 
equip it with the uniquely determined probability Haar measure which is auto- 
matically bi-invariant by the compactness of G. We denote it by dx. We start by 
making a few remarks on the representation theory specific to compact Lie groups. 


2.1.1 Characters and tensor products 


An important first addition to Section 1.1 is that for a compact group G, every 
continuous irreducible unitary representation of G is finite dimensional. We denote 
by d, the dimension of a finite dimensional representation 7, dy = dim Hy. 

Another important property is the orthogonality of representation coefficients 
as follows. Let 71,72 € G and let us choose some basis in the representation spaces 

that j tri = dri and m = fra 

so that we can view 7,72 as matrices m1 = ((71)ij); ji, and m2 = ((m2)ki) k t1: 
Then: 


o if mı A T2, then ((T1)ij, (T2)k1)z2(G) = 0 for all 4, j, k, l; 


e if m1 = T2 but (i, j) A (k,l), then ((m1)ij, (72) et) L2(G) = 0; 
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e if ti = T2 and (i, j) = (k,l), then 


((Ti)ij, (T2)ki)L2(G) = I with dr = dr, = dry. 


For a finite dimensional continuous unitary representation m : G —> U(H,) we 
denote 


Xz (z£) := Tr(x(x)), 
the character of the representation m. Characters have a number of fundamental 
properties most of which follow from properties of the trace: 


bd Xz (e) = dz; 
e 71 ~ T2 if and only if xn, = X03 


e consequently, the character Xr does not depend on the choice of the basis in 
the representation space Hy; 


e x(ycy~') = Xn(x) for any x,y € G; 
© Xmen = Xm + Xr; 
© Vr @m. = Xm Xo; With the tensor product 7 ® m2 defined in (2.1); 


e a finite dimensional continuous unitary representation m of G is irreducible 
if and only if ||yx||z2(@) = 1. 


e for 71,72 € G. (Xm Xna )L2(G) = 1 if mı ~ ma, and (Xr; Xm2)z2(G) = 0 if 
Tı É T2; 


e for any f € L? (G), there is the decomposition 


f=) dif * Xr, 


re 
given by the projections (2.7). 


If we take 7, € Hom(G,U(H1ı)) and ma € Hom(G,U(H2)) two finite dimen- 
sional representations of G on Hı and Ha, respectively, their tensor product 71 T2 
is the representation on Hı Q H2, Tı Q 72 E Hom(G,U(H1 Q H2)), defined by 


(Tı Q 72)(x)(v1 Q v2) := 11 (L)v1 Q T2(x)v2. (2.1) 
Here the inner product on Hı ® Hə is induced from those on Hı and H2 by 
(v1 Q v2, W1 Q W2) nH @Hs = (V1, W1)H, (V2, W2)Ha- 
In particular, it follows that 


((71 Q 72)(x)(v1 Q v2), w1 O We) @H2 = (Tı (x)v1, Wi), (T2(x)V2, w2)Ha. (2.2) 
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If 71,72 € â, the representation m1 © T2 does not have to be irreducible, and we 
can decompose it into irreducible ones: 


T1 D T2 = Bp MrT. (2.3) 


neĝ 


The constants Mr = M,(m1,72) are called the Clebsch-Gordan coefficients and 
they determine the multiplicity of m in 7 8 T2, 


— m 
MrT = By 


Also, we can observe that in view of the finite dimensionality only finitely many of 
m,’s are non-zero. Combining this with (2.2), we see that the product of any of the 
matrix coefficients of representations 71,72 € G can be written as a finite linear 
combination of matrix coefficients of the representations from (2.3) with non-zero 
Clebsch-Gordan coefficients. In fact, this can be also seen on the level of characters 
providing more insight into the multiplicities my. First, for the tensor product of 
Tı and m2 we have Xri@rs = Xr Xn. Consequently, equality (2.3) implies 


XrıXr2 = Xm@r2 = 5 MrXr (2.4) 
neG 
with 
Mr = Mq(™1,72) = (XaiXm21 Xr) L2(G)- 
This equality can be now reduced to the maximal torus of G, for which we recall 
Cartan’s maximal torus theorem: Let T! — G be an injective group homomorphism 
with the largest possible l. Then two representations of G are equivalent if and 


only if their restrictions to T! are equivalent. In particular, the restriction y;|. of 
Xn to T’ determines the equivalence class [7]. 


Now, coming back to (2.4), we can conclude that we have 
Xm lTi Xmelr = 5 Mr Xrlri- 
neĝ 


For a compact connected Lie group G, the maximal torus is also called the Cartan 
subgroup, and its dimension is denoted by rankG, the rank of G. 


Explicit formulae for representations and the Clebsch-Gordan coefficients on 
a number of compact groups have been presented by Vilenkin [Vil68] or Zhelobenko 
[Zel73], with further updates in [VK91, VK93] by Vilenkin and Klimyk. 


2.1.2 Peter-Weyl theorem 


As discussed in Section 1.3, the Casimir element of the universal enveloping algebra 
U(g) can be viewed as an elliptic linear second order bi-invariant partial differential 
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operator on G. If G is equipped with the uniquely determined (normalised) bi- 
invariant Riemannian metric, the Casimir element can be viewed as its (negative 
definite) Laplace-Beltrami operator, which we will denote by La. Consequently, 
for any D € U(g) we have 

DLa=LaD. 


The fundamental result on compact groups is the Peter-Weyl Theorem 
[PW27] giving a decomposition of L?(G) into eigenspaces of the Laplacian Le 
on G, which we now sketch. 

Theorem 2.1.1 (Peter-Weyl). The space L?(G) can be decomposed as the orthogonal 
direct sum of bi-invariant subspaces parametrised by G, 


L(G) = Q Ve, Vr = {2 > Tr(An(x)): A € Ct}, 
TEG 


the decomposition given by the Fourier series 


f(z) = od, Tr (F@)r(2)). (2.5) 


neEG 


After a choice of the orthonormal basis in each representation space Hr, the set 
B:= fv dz Tij i T = (mia) T = G) (2.6) 


becomes an orthonormal basis for L?(G). For f € L? (G), the convergence of the 
series in (2.5) holds for almost every x € G, and also in L? (G). 


One possible idea for the proof of the Peter-Weyl theorem is as follows. Let 
us take B as in (2.6). Finite linear combinations of elements of 6 are called the 
trigonometric polynomials on G, and we denote them by span(B). From the orthog- 
onality of representations (see Section 2.1.1) we know that B is an orthonormal 
set in L?(G). It follows from (2.3) and the consequent discussion that span(B) is a 
subalgebra of C(G), trivial representation is its identity, and it is involutive since 
nr eGifreG. By invariance it is clear that B separates points of G. Conse- 
quently, by the Stone-Weierstrass theorem span(S) is dense in C(G). Therefore, 
it is also dense in L?(G), giving the basis and implying the Peter-Weyl theorem. 


For f € L?(G), the decomposition 
P= dF eG 
reĝ 


given in Section 2.1.1 corresponds to the decomposition (2.5), the projections of 
L? (G) to V, given by the convolution mappings 


L?(G) > f f * Xr € Vr. (2.7) 
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The Peter-Weyl theorem can be also viewed as the decomposition of left or right 
regular representations of G on L?(G) into irreducible components. Indeed, from 
the homomorphism property of representations it follows that in the decomposition 


dr 
L(G) = BD Q span{mij : 1< i< dy}, (2.8) 


reĝ j=l 


the spans on the right hand side are 7,-invariant, and the restriction of mz to each 
such space is equivalent to the representation 7 itself. This gives the decomposition 
of my into irreducible components as 


dr 
=~ OO« 


neEG 1 


The same is true for the decomposition of L?(G) into mp-invariant subspaces 
span{m; : 1< j < dz}, replacing the spans in (2.8). 


It follows that the spaces V, are bi-invariant subspaces of L?(G) and, there- 
fore, they are eigenspaces of all bi-invariant operators. In particular, they are 
eigenspaces for the Laplacian Lg and, by varying the basis in the representation 
space Hr, we see that V, corresponds to the same eigenvalue of La, which we 
denote by —A,, i.e. 

—Lel|lv, = àrl, Ar > 0. (2.9) 

It is useful to introduce also the quantity corresponding to the first order elliptic 
operator (I— La)!/?, 

(n) = (1+ àr)", (2.10) 


so that we also have 
-= La) Plv, = (nL 


The quantity (7) and its powers become very useful in quantifying the growth/ 
decay of Fourier coefficients, and eventually of symbols of pseudo-differential op- 
erators. 


Using the Fourier series expression (2.5) and the orthogonality of matrix 
coefficients of representations, one can readily show that the Plancherel identity 


takes the form 
(Ir) = do da Tr (Fat) ). 


reĝ 
From this, it becomes natural to define the norm ||- || O 
1/2 
WF = | E alol) (2.11) 


neĝ 
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with 
IFs = yT (Ffa). 


This norm defines the Hilbert space ¢2(G) with the inner product 


T)a@ = Doda Te(o(n)r(m)"), arela), (2.12) 
neG 
and 
1/2 
1/2 A 
lole = (Oda = | do dallo@llis} > oe PO, 
reĜ 
so that the Plancherel identity yields 
lfllzz = Willey: (2.13) 


We conclude the preliminary part by recording some useful relations between the 
dimensions dy and the eigenvalues (7) for representations 7 € G: there exists 
C > 0 such that 


dim G—rankG 


and, even stronger, dr <C(m) z : (2.14) 


dq < Clr) 2 


The first estimate follows immediately from the Weyl asymptotic formula for the 
eigenvalue counting function for the first order elliptic operator (I — Lg)!/? on 
the compact manifold G recalling that d? is the multiplicity of the eigenvalue (7), 
and the second one follows with a little bit more work from the Weyl character 
formula, with rank G denoting the rank of G. There is also a simple convergence 
criterion 

5 dir) <o ifand only if s>dimG, (2.15) 

TEG 


which follows from property (ii) in Section 2.1.3 applied to the delta-distribution 
de at the unit element e € G. 


2.1.3 Spaces of functions and distributions on G 


Different spaces of functions and distributions can be characterised in terms of the 
Fourier coefficients. For this, it is convenient to introduce the space of matrices 
taking into account the dimensions of representations. Thus, we set 


{o = (o(1))reG i o(t) € LHx)} 
~ {o=(0(n)),<a:a(m) E€ Giada t, 


the second line valid after a choice of basis in H,, and we are interested in the 
images of function spaces on G in X under the Fourier transform. 
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As it will be pointed out in Remark 2.2.1, we should rather consider the 
quotient space // ~ as the space of Fourier coefficients, with the equivalence in X 
induced by the equivalence of representations. However, in order to simplify the 
exposition, we will keep the notation © as above. 


The set X can be considered as a special case of the direct sum of Hilbert 
spaces described in (1.29), with the corresponding interpretation in terms of von 
Neumann algebras. However, a lot of the general machinery can be simplified in the 
present setting since the Fourier coefficients allow the interpretation of matrices 
indexed over the discrete set G, with the dimension of each matrix equal to the 
dimension of the corresponding representation. 

Distributions 


For any distribution u € D'(G), its matrix Fourier coefficient at m € G is defined 


by 
u(r) := (u,7*). 


These are well-defined since m(x) are smooth (even analytic). This gives rise to 
the Fourier transform of distributions on G but we will come to this after stating 
a few properties of several function spaces. 


The following equivalences are easy to obtain for spaces defined initially via 
their localisations to coordinate charts, in terms of the quantity (7) introduced in 
(2.10): 


(i) as we have already seen, f € L?(G) if and only if fe 2(G), i.e. if 


>= arll fF) llis < 00. 


neG 
(ii) For any s € R, we have f € H*(G) if and only if lny fe (Â) if and only if 


X de (m) IF) ls < 00. 


reĝ 
(iii) f € C% (G) if and only if for every M > 0 there exits Cm > 0 such that 


f(™llas < Culny™ 


holds for all x € G. 
(iv) u € D’(G) if and only if there exist M > 0 and C > 0 such that 


2m) |lus < O(n)" 


holds for all 7 € G. 


2.1. Fourier analysis on compact Lie groups 65 


The second characterisation (ii) follows from (i) if we observe that f € H*(G) 
means that (I — £Lg)*/? f € L?(G), and then pass to the Fourier transform side. 
The third characterisation (iii) follows if we observe that f(r) must satisfy (ii) for 
all s and use estimates (2.14), and (iv) follows from (iii) by duality. The last two 
characterisations motivate to define spaces S(G), S’(G) c ¥ by 


S(G) := {o E€ E: YM > 0 3Cy > 0 such that |lo(z)|lus < Cul) ™ } 
and 


S'(Ĝ) := fo € 5: IM >0,C > 0 such that |lo(7)|las < Clr}, 


with the seminormed topology on S (G) defined by family 


= X. d,(x)"llo(m)|las, 


neĝ 


and the dual topology on S’(G). It follows that the Fourier inversion formula (2.5) 
can be extended to the following: the Fourier transform Fg in (1.2) and its inverse, 
defined by 


= Sod, Tr(o()x(2)), (2.16) 
nEG 
are continuous as Fg : C% (G) > SiG), Fa S(Ĝ) — C™(G), and are inverse to 
each other on C% (G) and S(G). In particular, this implies that S(G) is a nuclear 
Montel space. The distributional duality between S’(G) and S(G) is given by 


(01,02)@ = X dr Tr(oi()o2(m)), 01 € S'(Ĝ), o2 € S(G). 
neĝ 


The Fourier transform can be then extended to the space of distributions D' (G). 
Thus, for u € D' (G), we define Fau = U € S'(G) by 


(Fau, T)& := (u, o Fa Tye TE S(Ĝ), 


where (40 p)(x) = y(a~') and (-,-}g is the distributional duality between D’(G) 
and C™(G). Analogously, its inverse is given by 


era Yq =(6,Feltoy)a, oE S'(Ĝ), p E€ C”(G), 


and these extended mappings are continuous between D'(G') and S'(Ĝ) and are 
inverse to each other. It can be readily checked that they agree with their re- 
strictions to spaces of test functions, explaining the appearance of the inversion 
mapping . 
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Gevrey spaces and ultradistributions 


Recently, Gevrey spaces of ultradifferentiable functions as well as spaces of corre- 
sponding ultradistributions have been characterised as well. We say that a function 
@ € C®(G) is a Gevrey-Roumieu ultradifferentiable function, ¢ € y5(G), if in ev- 
ery local coordinate chart, its local representative y € C% (R”) belongs to 7,(R”), 
that is, satisfies the condition that there exist constants A > 0 and C > 0 such 
that 


|a*v(a)| < CAI" (al)® 

holds for all x € R” and all multi-indices a. For s = 1 we obtain the space of 
analytic functions on G. As with other spaces before, 7,(G) is thus defined as 
having its localisations in 7;(R”), and a question of its characterisation in terms 
of its Fourier coefficients arises. 

Analogously, we say that ¢ is a Gevrey-Beurling ultradifferentiable function, 
$ € Ys) (G), if its local representatives ~ satisfy the condition that for every A > 0 
there exists C4 > 0 such that 


|a%v(x)| < CAA! (a!) 


holds for all x € R” and all multi-indices a. For 1 < s < o, these spaces do 
not depend on the choice of local coordinates on G in the definition, and can be 
characterised as follows: 


Proposition 2.1.2. Let 1 < s < œ. 
(1) We have ¢ € ys(G) if and only if there exist B > 0 and K > 0 such that 


I(r) lus < Ke BO)” 


holds for all n € G. 
(2) We have ¢ € Yis) (G) if and only if for every B > 0 there exists Kg > 0 such 
that 


~ _ m /s 
\|O(m)|lis < Kre 2 
holds for all n € G. 


The space of continuous linear functionals on ys(G') (or 7(s)(G)) is called the 


space of ultradistributions and is denoted by 7,(G) (or to (@)) , respectively. 


For any v € 7,(G) (or XG), we note that its Fourier coefficient at 7 € G 
can be defined analogously to the case of distributions by 


v(m) := (v, m*) = v(a*). 


These are well-defined since G is compact and hence m(x) are analytic. 
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Proposition 2.1.3. Let 1 < s < œ. 
(1) We have v € ¥(G) if and only if for every B > 0 there exists Kg > 0 such 
that 
®Yllas < KpeP 
holds for all n € G. 
(2) We have v € Y (G) if and only if there exist B > 0 and K > 0 such that 


8m) llus < Kee” 


holds for all n € G. 


Proposition 2.1.2 can be actually extended to hold for any 0 < s < ow, 
and we refer to [DR14a] for proofs and further details. This can be viewed also 
from the point of view of general eigenfunction expansions of function of compact 
manifolds, see [DR16] for the treatment of more general Komatsu-type classes 
of ultradifferentiable functions and ultradistributions, building on an analogous 
description for analytic functions by Seeley [See69]. 

For a review of the representation theory of compact Lie groups and further 
constructions using the Littlewood-Paley decomposition based on the heat kernel 
we refer to Stein’s book [Ste70b]. 


2.1.4 -spaces on the unitary dual G 


For a general theory of non-commutative integration on locally compact unimodu- 
lar groups we refer to Dixmier [Dix53] and Segal [Seg50, Seg53]. In this framework, 
the Hausdorff- Young inequality has been established (see Kunze [Kun58]) for a ver- 
sion of -spaces on the unitary dual G based on the Schatten classes, namely, an 
inequality of the type 


1/p' 


iG Mer < ||fllze(c) forl<p<2, 
reĝ 


with an obvious modification for p = 1, where ++ + = 1, and se is the (dr x dr )- 
dimensional Schatten p’-class. While the theory of the above spaces is well-known 
(see e.g. Hewitt and Ross [HR70, Section 31] or Edwards [Edw72, Section 2.14]), 
here we describe and develop a little further another class of -spaces on G which 
was considered in [RT10a, Section 10.3.3], to which we refer for details and proofs 
of statement that we do not prove here. 


For 1 < p < 00, we define the space £?(G) c E by the condition 
1/p 
(2 


2_1) 
lhe = D 4) llo(7) lls < œ. 
nEG 
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oa 


For p = ov, we define the space (°(G) C © by 


loll &) = sup d7 1/? ]o() lus < 00. 
TEG 


For p = 2 we recover the space @2(G) defined in (2.11), while the ¢!(G)-norm 


becomes 
lola = Yo Blo) has. 
neĝ 


This space and the Hausdorff-Young inequality for it become useful in, for example, 
proving Proposition 2.1.2. Also, it appears naturally in questions concerning the 
convergence of the Fourier series: 


a 


Remark 2.1.4. If o € €'(G), then the (Fourier) series (2.16) converges absolutely 
and uniformly on G. 

On the other hand, one can show that if f € C*(G) with an even k > $ dimG, 
then f € (Â) and the Fourier series (2.5) converges uniformly. Indeed, we can 
estimate 


pA a? 
Iflla@) = Soy llr((l- La)? f) las 
ca ) 
1/2 1/2 
< | >So gm” Y= alial- £e)? Plis 
neĜ neĜ 
< CII- £e)? flle) < &, 


in view of the Plancherel formula and (2.15), provided that 2k > dim G. In fact, 
the same argument shows the implication 


1 aes 
feH(@), s>;dmG = fel(@, 


with the uniform convergence of the Fourier series (2.5) of f. 


Regarding these ¢?(G)-spaces as weighted sequence spaces with weights given 
by powers of d,, a general theory of interpolation spaces [BL76, Theorem 5.5.1] 
implies that they are interpolation spaces, namely, for any 1 < po,pı < oo, we 
have 


(eâ), eÂ), =e), 


where 0 < Ø < 1 and 4 = a + 2, see [RT10a, Proposition 10.3.40]. 


The Hausdorff-Young inequality holds for these spaces as well. Namely, if 
1<p<2and $ tp = 1, we have 
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E (2.17) 
for all f € L?(G), and 
IFa" ella (ey å lollæ@ (2.18) 
for all o € #(Ĝ). 


We give a brief argument for these. To prove (2.18), on one hand we already 
have Plancherel’s identity (2.13). On the other hand, from (2.16) we have 


(Fato)(a)| < $ drla) leslr (lis = X 42/7 |lo (7) lus = lolaga 
reĝ neĝ 


Now the Stein-Weiss interpolation (see e.g. [BL76, Corollary 5.5.4]) implies (2.18). 
From this, (2.17) follows using the duality #(ĜY = æ (Ĝ), 1 < p < œ. 

We remark that it is also possible to prove (2.17) directly by interpolation 
as well. However, one needs to employ an ¢°-version of the interpolation theory 
with the change of measure, as e.g. in Lizorkin [Liz75]. 


Let us point out the continuous embeddings, similar to the usual ones: 


Proposition 2.1.5. We have 
(G) > L(G) and lole < lleg YEE, 1<p<g <o. 


Proof. We can assume p < q. Then, in the case 1 < p < œ and q = ov, we can 
estimate 


lola) = (ssp! dz? o(a Jhe) < E EŻ lelh = lol 
TEG neG 
Let now 1 < p < q < œ. Denoting a, := di *\|o(z)|lus, we get 


q 


llaa = (Za) s( Na] =E E? oml 


nEG neEG nEG 
a lall 


SIR 


completing the proof. 


Finally, we establish a relation between the family ¢? (6) and the correspond- 
ing Schatten family of ¢?-spaces, which we denote by £2. (G A), defined by the norms 
1/p 


lolle (@ = 5 de ||o(7) | Sp », CE, 1<p<o, 
reĝ 
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where S? = S} is the (dy x d,)-dimensional Schatten p-class, and 


lolle=, @ = sup llo(Mleauy o EF: 
TEG 
We have the following relations: 


Proposition 2.1.6. For 1 < p < 2, we have continuous embeddings as well as the 
estimates 

P(G) => 4 (G) and lelle @ < lolle) Voce, 1<p<2. 
For 2 < p < œ, we have 


gP 


sch 


eÂ) and |lolle@ <llolle@ YEE 2<p< o. 


Proof. For p = 2, the norms coincide since S? = HS. Let first 1 < p < 2. Since 
a(r) € C%*d:, denoting by s; its singular numbers, by the Hölder inequality we 
have 


2—p p 


2 


dr dr dr 
pe 2=p 
lol = Yosh s (01 yo 55 | =d loa) lk: 
j=l j=l g=1 


Le. 
2=p 
\lo(m)||s» < de” |lo(77)|lus (l<p<2). 
Consequently, it follows that 
p EE 
lol o = do dlo < Z È Ele = lee 
reĝ reĝ 


proving the first claim. Conversely, for 2 < p < oo, we can estimate 


dr dr PL dx P = 
25 TA 
lø(r)lis = D597 < {01 537 | =d” llo), 
j=1 j=1 j=1 
implying as 
llo(m)llus < de |lo(n) (2 < p < 00). 


It follows that 
J2 
lola gy = Do & a D a (ey 
neG neĝ 


proving the second claim for 2 < p < oo. Finally, for p = oo, the inequality 


llo(m) lus < ax lome) 
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implies 
lolle (@) = sup dz lo (m)llas < sup [lo(m)|l 2004) = lelles, ¢@): 
nEG neĝ Š 


completing the proof. 


2.2 Pseudo-differential operators on compact Lie groups 


In this section we look at linear continuous operators A : C®%(G) > D'(G) and a 
global quantization of A yielding its full matrix-valued symbol. By the Schwartz 
kernel theorem (Theorem 1.4.1) there exists a unique distribution K4 € D'(G x G) 
such that 


Af(2) = i Ka(a,y)f(u)dy, 


interpreted in the distributional sense. We can rewrite this as a right-convolution 
kernel operator 


Af(«) = I Rale, ye) f(y)dy, 
with 
Ra(z,y) = Ka(z,£y7}), 


so that 
Af (x) = (f x Ra(z,:))(£). 


2.2.1 Symbols and quantization 


The idea for the following construction is that we define the symbol of A as the 
Fourier transform of its right convolution kernel in the second variable. However, 
for the presentation purposes we now take a different route and, instead, we define 
the mapping 04 : G x G > È by 


oalz, T) := n(x) (Ar) (2), (2.19) 
with (Ar)(x) € -Z (Hr) defined by 
(Ar(x)u, v)u, := A(m(x)u, v)u, 


for all u,v € Hr. After choosing a basis in the representation space Hy, we can 
interpret this as a matrix o4 (x, n) € C¢**@ and (Ar)ij = A(mi;), i.e. the operator 
A acts on the matrix m(x) componentwise, so that 


We note that the symbol in (2.19) is well-defined since we can multiply the distri- 
bution Az by a smooth (even analytic) matrix 7. 
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Remark 2.2.1. We also observe that strictly speaking, the definition (2.19) depends 
on the choice of the representation m from its equivalence class [r]. Namely, if 
Tı ~ T2, so that 


rə(£) = Utm: (x)U 


for some unitary U and all z € G, then 


Aa 


Fim) =U f(m)U 


and, therefore, 
oals, n2) = Uo 4(x, 7 )U. (2.20) 


However, it can be readily checked that the quantization formula (2.22) below 
remains unchanged due to the presence of the trace. So, denoting by RepG the 
set of all strongly continuous unitary irreducible representations of G, the symbol 
is well defined as a mapping 


oa:GxRepGod or as oa:GxÂ>E/~ 


where the equivalence on X is given by the equivalence of representations on Rep G 
inducing the equivalence on © by conjugations, as in formula (2.20). We will disre- 
gard this technicality in the current presentation to simplify the exposition, refer- 
ring to [RT10a] for a more rigorous treatment. We note, however, that if mı ~ 7, 
then 


Aa 


Tr GOZO m)F(m)) =Tr (male)oa(e, 2) f(ma)). (2.21) 


Using the symbol oy, it follows that the linear continuous operator A : 
C™(G) > D'(G) can be (de-)quantized as 


Af(x) = dds Tr (n(x)oa(x,2)fln)). (2.22) 


If the operator A maps C'°(G) to itself and f € C% (G), the formula (2.22) can 
be understood in the pointwise sense to hold for all x € G, with the absolute 
convergence of the series. It can be shown that formulae (2.19) and (2.22) imply 
that o, is the Fourier transform of R4, namely, we have 


salam) =f Raley) dy 
G 
If the formula (2.22) holds, we will also write A = Op(cy). 


In view of (2.21), the sum in (2.22) does not depend on the choice of a 
representation 7 from its equivalence class [r]. 
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Example 2.2.2. For the identity operator I we have its symbol 


ails 7) = r(a)* r(x) = Ia 


T 


is the identity matrix in C4=X4=, by the unitarity of m(x), so that (2.22) recovers 
the Fourier inversion formula (2.5) in this case. For the Laplacian Lg on G, we 
have 

[Le (x, 7) = n(x)" Lars) = —Agla, 


by the unitarity of 7 and (2.9), where —\,, are the eigenvalues of La corresponding 
to m. Consequently, we also have 
F(1-Le)u/2(e, T) = (T)" Ian- 
Example 2.2.3. In the case of the torus G = T” = R” /Z”, and the representations 
{Te}eezm fixed as in Remark 1.1.4, we see that all dr = 1. Hence 
oalx, Te) = oa(a,€) =e 2" * A(e?™™") EC, (2,6) ET x Z", 


with the quantization (2.22) becoming the toroidal quantization 
Afla) = $ P'S oale, £) FE), 
Ecz” 
for a thorough analysis of which we refer to [RT10b] and [RT10a, Section 4]. 


Example 2.2.4. With our choices of definitions, the symbols of left-invariant op- 
erators on G become independent of x. As shown in Section 1.5, if 


Af=frxekK 


for some « € L(G), then it is left-invariant. Consequently, the right convolution 
kernel of A is Ra(x,y) = k(y) and, therefore, its Fourier transform is 


oals, T) =R(T). 


On the other hand, if 
Af=k*f 


for some K € L(G), then it is right-invariant. In this case its right convolution 
kernel is R4(x,y) = (xyz!) and, therefore, its Fourier transform in y gives 


oA(X,7) = n(x) R(r)r(z). 


The notion of the symbol g4 becomes already useful in stating a criterion 
for the L?-boundedness for an operator A. We recall from Section 1.3 that X° 
denotes the left-invariant partial differential operators of order |a| corresponding 
to a basis of left-invariant vector fields X1,--- , Xn, n = dim G, of the Lie algebra 
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g of G. As the derivatives with respect to these vector fields in general do not 
commute, in principle we have to take into account their order in forming partial 
differential operators of higher degrees. However, we note that the subsequent 
statements remain valid if we restrict our choice to 


X% =X“... XA, 


We will sometimes write X° to emphasise that the derivatives are taken with 
respect to the variable x. 


Theorem 2.2.5. Let G be a compact Lie group and let A : C°(G) => C™(G) be 
a linear continuous operator. Let k be an integer such that k > 3 dim G. Assume 
that there is a constant C > 0 such that 


|Xfoa(z,7)|lea,) $C 


for all (x,t) € Gx G, and all ja| < k. Then A extends to a bounded operator from 
L? (G) to L?(G). 


In this theorem and elsewhere, ||- ||.4(7,,) denotes the operator norm of 
oa(x,7) E€ L(H,) or, after a choice of the basis, the operator norm of the matrix 
multiplication by the matrix o4(2,7) € C’**4", The appearance of the operator 
norm is natural since for the convolution operators we have 


IZ => f* hile = |f > h flac) = sup Alr) en) (2.23) 
nEG 


A 


following from Ff *R(m) = h(x) f(r) and Plancherel’s theorem. 


2.2.2 Difference operators and symbol classes 


In order to describe the symbolic properties and to establish the symbolic calculus 
of operators we have to replace the derivatives in frequency, used in the symbolic 
calculus on R”, by suitable operations acting on the space © of Fourier coefficients. 
We call these operations difference operators. Roughly speaking, this corresponds 
to the idea that in the Calderén-Zygmund theory, the integral kernel K4 has sin- 
gularities at the diagonal or, in other words, the right-convolution kernel R4(z,-) 
has singularity at the unit element e of the group only. Therefore, if we form an 
operator with a new integral kernel ¢(-)R4(x,-) with a smooth q € C™(G) satis- 
fying q(e) = 0, the properties of this new operator should be better than those of 
the original operator A. 

In [RT10a], the corresponding notion of difference operators has been in- 
troduced leading to the symbolic calculus of operators on G. However, we now 
follow the ideas of [RTW14] with a slightly more general treatment of difference 
operators. 
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Definition 2.2.6. Let q € C% (G) vanish of order k € N at the unit element e € G, 
i.e. (Dq)(e) = 0 for all left-invariant differential operators D € Diff*~'(G) of order 
k —1. Then the difference operator of order k is an operator acting on the space 
£ of Fourier coefficients by the formula 


(Agf)(m) := af (7). 


We denote the set of all difference operators of order k by diff’ (Ĝ). 


We now define families of first order difference operators replacing derivatives 
in the frequency variable in the Euclidean setting. 


Definition 2.2.7. A collection of £ first order difference operators Ag,,...,Ag, €E 
diff (G) is called admissible, if the corresponding functions q,,...,q¢ E€ C™(G) 
satisfy 


gle) = 0, daj(e) #0, j=1,...,4, 


and, moreover, 
rank(dqi(e),...,dqe(e)) = dim G. 


It follows, in particular, that e is an isolated common zero of the family {g= 
We call an admissible collection strongly admissible, if it is the only common zero, 
i.e. if 
£ 
iz E G: qls) = 0} = {e}. 
j=1 


We note that difference operators all commute with each other. For a given 
admissible collection of difference operators we use the multi-index notation 


AS = AG AGE and g(x) = qi (2)® -+ gele), 


the dimension of the multi-index a € Nj depending on the number £ of difference 
operators in the collection. Consequently, there exist corresponding differential 
operators X(® € Diff!!(G) such that the Taylor expansion formula 


fa= > Xa (at) X fe) + Oha"), h(x) > 0, (2.24) 


lol <N-1 


holds true for any smooth function f € C% (G) and any N, with h(x) the geodesic 
distance from x to the identity element e. An explicit construction of operators 
X‘%) in terms of q°(a) can be found in [RT10a, Section 10.6]. Operators X® and 
X( can be expressed in terms of each other. 


Example 2.2.8. In the case of the torus, G = T” = R” /Z”, let 
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The collection {q; <1 is strongly admissible, and the corresponding difference 
operators take the form 


(Aga) (7) = (Ag,o)(€) = ol + ej) a a(€), J = 1. 15 n; 


with mẹ € T” identified with E € Z”, where ej; is the j unit vector in Z”. The 
periodic Taylor expansion takes the following form (see [RT10a, Theorem 3.4.4]): 
for any ¢ € C™(T”) we have 


1 i x 
O(a) = E Sle — 12 XL bz) 20+ DO bale — H°, 
ja|<N lal=N 
where ġa € C®(T”) and 


(erte = 1)* = (e277 _ 1)“ PRE (e Tin = ty, 


The operators X{~ have the form 


Qæk—1 
1 ð 
(a) — g(a)... y(n) ith X) = 29). 
Xs a a wit a II Iri Dar J 


Example 2.2.9. For partial differential operators, it can be readily observed that 
the application of difference operators reduces the order of symbols. Thus, let 


D= 5 Calz) XŠ, Ca E C”(G). 
|a|<N 
Then it was shown in [RT10a, Proposition 10.7.4] that 
a 
Aplr) = Seale) D (§) ODIEN Oox- 
lal<N feu ‘ 


In particular, if q has zero of order M at e € G then Op(A,ap) is of order N — M. 


Remark 2.2.10. We can estimate differences in terms of original symbols: assume 
that the symbol o € X satisfies 


u := supr) "|o (r) iH, < 00 


for some m € R. Then for any difference operator A, defined in terms of a function 
q E€ C® (G) we have the estimate 


[Aaa a)l) < Callalli (ay (T) 


with a constant C independent of o and q, where x = [(dimG)/2] is the smallest 
integer larger than half the dimension of G and [|m|] is the smallest integer larger 
than |m|. We refer to [RW14, Lemma 7.1] for the proof. However, if q vanishes at 
the unit element e to some order, we can impose a much better behaviour. 
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The usual Hormander classes U'(G) of pseudo-differential operators on G 
viewed as a manifold can be characterised in terms of the matrix-valued symbols. 
Here we recall that A € U™(G) means that in every local coordinate chart U C G, 
the pullback of Aly to R” is a pseudo-differential operator Ay € W7"o(R"), i.e. it 
can be written as 


Aw Aw 


Ay fle) = | ereta EFE de with FE) =f Pr *f(a)de, (2.28) 
R” n 
with symbol a = ay € Sj"p(R”), i.e. satisfying 
lof a2 a(x, €)| < Cag(1 + |E)" 


for all multi-indices a, 8, and all x, é € R”. 


The following characterisation was partly proved in [RT10a, RT13] (namely 
(A) =(C)) and completed in [RTW14] (namely (B)=>(C)= >(D)) . 


Theorem 2.2.11. Let G be a compact Lie group of dimension n. Let A be a linear 
continuous operator from C°(G) to D'(G). Then the following statements are 
equivalent: 


(A) A € UG). 


(B) For every left-invariant differential operator D € Diff} (G) of order k and 
every difference operator Ag € diff! (G) of order l the symbol estimate 
|A,Doa(e, ml ect.) < Cantr)” 


is valid. 


(C) For an admissible collection Ay,...,A¢ € diff! (G) we have 
[A3Xf oalr, m)l ea.) < Cap (my” | 
for all multi-indices a € NẸ and B € Ng. Moreover, 


sing supp Ra(a,-) C {e}. 


(D) For a strongly admissible collection A;,..., Ag € dift (6) we have 
JAEXPoa(e, n)a) S Caan) 


for all multi-indices a € N§ and B € N}. 


Motivated by Theorem 2.2.11, (D), we may define symbol classes S7";(G). 
Fixing a strongly admissible collection of difference operators 


Riis A € diff! (Ĝ), 
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we say that o4 € S'”5(G) if oa(x,-) € X satisfies 
[A3 Xfoalz, m)l ean) S Cap (ny™ Perr (2.26) 


for all (1,7) € G x G and for all multi-indices a € NÉ and 8 € NP. If p > ô, 
this definition is independent of the choice of a strongly admissible collection 
of difference operators. The equivalence (A) >(D) in Theorem 2.2.11 can be 
rephrased as 


A € U"(G) = a4 € STo(G). 


For any 0 < 6 < p < 1, the equivalence (B) (C)= >(D) in Theorem 2.2.11 
remains valid for the symbol class $/”5(G’) if we replace the symbolic conditions 
there by the condition (2.26). As we shall see later, the class 9’";(G) with different 
values of p and 6 becomes useful in a number of applications. 


Theorem 2.2.5 has analogue for (p, 6) classes: 


Theorem 2.2.12. Let 0 < 6 < p < 1 and let A be an operator with symbol in 


po(G). Then A is a bounded from H*(G) to H*~™(G) for any s E€ R. 


See [RW14, Theorem 5.1] for the proof. 


2.2.3 Symbolic calculus, ellipticity, hypoellipticity 


We now give elements of the symbolic calculus on the compact Lie group G. Here, 
we fix some strongly admissible collection of difference operators, with correspond- 
ing operators x coming from the Taylor expansion formula (2.24). We refer to 
[RT10a, Section 10.7.3] for proofs and other variants of the calculus below. We 
start with the composition. 


Theorem 2.2.13. Let mı, M2 E R and0 < ô< p. Let A,B: C” (G) > C™(G) be 
linear continuous operators with symbols o4 € S55 (G) and og € S55 (G). Then 


oap E oe) and we have 
1 
gan ~ J (Agoa)(Xon), 
a>0 ` 


where the asymptotic expansion means that for every N E€ N we have 


1 mitm — = 
OAB(&, 7) — > g (Ana) (a, 7) Xion (a, n) € Sp ale aces) 
lac N ` 


The composition formula together with Theorem 2.2.5 imply a criterion for 
the boundedness in L?-Sobolev spaces. 
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Corollary 2.2.14. Let G be a compact Lie group and let A: C® (G) + C™(G) be 
a linear continuous operator. Let m € R. Assume that the symbol o4 satisfies 


|X2oa(x,™)|l vt.) < Calm)” 


for all (x, n) € G x G, and all multi-indices a. Then A extends to a bounded 
operator from H*(G) to H*-™(G), for alls € R. 


Let us now present a construction of amplitude operators in our setting. Let 
0< p, <1. We say that a: Gx Gx G —> È is a matriz-valued amplitude in the 
class AR (G) if for a strongly admissible collection of difference operators on G 
we have the amplitude inequalities 


a m—p|a|+6| 6+ 
|ATXFX7a(x,y, T) ein) < Capra) T Mater 


for all multi-indices a, 8, y and for all (x,y, t) € Gx G x Ĝ. The corresponding 
amplitude operator Op(a) : C® (G) + D' (G) is defined by 


Op(a) f(z) = $ dr Tr (a(x) | alz, y,n)f(yyaly)*dy ). (2.27) 
neG ( l ) 


In the case a(x, y, t) = o,(x,7) independent of y, we recover the quantization 
(2.22), namely, we have Op(a) = A. 


Theorem 2.2.15. Let a € A;(G). If0 << 1 and0 < p< 1 then Op(a) is a 
continuous linear operator from C® (G) to C®(G). Moreover, if 0< 8< p< 1, 
then A = Op(a) is a pseudo-differential operator with a matriz-valued symbol 
oa E S'5(G), which has the asymptotic expansion 


I a a 
oa(x,7) Py 5 aay a(x, y, 7) |y=es 
a>0 ` 


where the asymptotic expansion means that for every N € N we have 


1 a a m—(p—d)N 
oa(x, T) — > gAX Ja(£, Y, T)|y=z eS. 5 (p—ô) (G). 
lal<N 


For the proof of this theorem we refer to [RT11]. Given the formula for the 
amplitude operators in Theorem 2.2.15, the symbol of the adjoint operator can be 
found as follows. 


Theorem 2.2.16. Let m € R and0 < ô< p. Let A: C™(G) > C™(G) be a linear 
continuous operator with symbol a4 E€ Si"s(G). Then the symbol oa» of the adjoint 
operator A* satisfies oa» E€ S1's(G), and is given by 


iL 
oa (e,r) ~ D SARK oale, n)", 
a>0 ` 
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where o,(x,7)* is the adjoint matrix to oa(x, m), and the asymptotic expansion 
means that for every N € N we have 


1 peta 
oa (z,n) - X A alen e sm UNG): 
lal<N ` 


We recall that the operator A € Y™(G) on G viewed as a manifold is elliptic 
if all of its localisations to coordinate charts are (locally) elliptic. This can be 
characterised in terms of the matrix-valued symbols. A combination of [RTW14, 
Theorem 4.1] and [RT10a, Theorem 10.9.10] yields 


Theorem 2.2.17. An operator A € Y™(G) is elliptic if and only if its symbol 
oa(x,7) is invertible for all but finitely many a € G, and for all such n satisfies 
loaz, r) emn) <C) 

for all x € G. Furthermore, in this case, assume that 
oa~ oa, Aj eu" (G). 
j=0 
Let og ~ X proB, where 
oB, (z, T) = oa (z, r) t 
for large (m), and the symbols og, are defined recursively by 


N-1N-k 


OBn = -I Bo 5 D >, Z (Ayon, (X Poa) 


k=0 j=0 |y|=N—j—k *" 


Then Op(op,) € Y-™-*(G), B = Oplog) € U~™(G), and the operators AB — I 
and BA — I are in U-~(G). 


One can also provide a criterion for the hypoellipticity in terms of matrix- 
valued symbols ([RTW14]), in analogy to the one on R” given by Hérmander 
({H6r67b]). 


Theorem 2.2.18. Let m > mo and 0 < ô < p < 1. Let A E€ Op(S5(G)) be a 
pseudo-differential operator with symbol oa € Si';(G) which is invertible for all 


but finitely many t € â, and for all such t satisfies 
loal, m) lec.) <C ™ 


for alla € G. Assume also that (for a strongly admissible collection of difference 
operators) we have 


loalx, 7) [ASX fo a(x, T] l e) < C (r) Plata 
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for all multi-indices a, 8, all x € G, and all but finitely many t € G. Then there 


exists an operator B € Op(S,5'°(G)) such that AB — I and BA — I belong to 


W-~(G). Consequently, we have 
sing supp Au = sing supp u 


for all u € D'(G). 


We finish this section with several results that are usually expected from the 
calculus. The following asymptotic expansion formula was established in [RW14]. 
Mj 


Proposition 2.2.19. Let oj € S,3(G), j € No, O < < p < 1, be a family of 


symbols with mj N, —o0. Then there exists a symbol o € S$ (G) such that 


N-1 
o— X` oj € S"N(G) 
j=0 


forall N € No. 


The functional calculus of matrix valued symbols and its operator counter- 
part have been also developed in [RW14]. A notable corollary of such functional 
calculus is the following 


Corollary 2.2.20. Let0 < ô < p < 1 and letm > 0. Assume o4 € 523 (G) satisfies 
oa(x,7) >0 and 


m 


loalz, n) lem) < Cm? 
for all x andr. Then the square root 
op(2,7) = Voa(a,7) 
in the sense of positive matrices is a symbol satisfying op € S75 (G). 
This is the corollary of the following more general result: 
Theorem 2.2.21. Let0 < < 1 and0< p< 1. Assume o4 € D(C), m > 0, is 
positive definite, invertible, and satisfies 
loaz, r) emn) <O 
for all x and for all but finitely many n. Then for any number s € C, 
ogl, T) := 0,4(a,7)° = exp(sloga,(az,7)) 
defines a symbol og € m (G), with m’ = Re (ms). 


In fact, the assumptions of Theorem 2.2.21 imply something stronger, namely, 
that the symbol o,4(2,7) is parameter-elliptic with respect to R_; we refer to 
[RW 14] for the definition of parameter-ellipticity in this setting, and for a more gen- 
eral exposition and statements of the functional calculus on compact Lie groups. 
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2.2.4 Fourier multipliers and L’-boundedness 


Here we give an overview of the L?-estimates for the Fourier multipliers and for 
non-invariant operators on compact Lie groups following [RW13, RW15]. We set 
aside the case of bi-invariant operators (or spectral multipliers) noting that there 
exist many results in this direction (see e.g. N. Weiss [Wei72], Coifman and G. 
Weiss [CW74], Stein [Ste70b], Cowling [Cow83], Alexopoulos [Ale94], to refer the 
reader to only a few). Instead, we concentrate on the case of left-invariant operators 
(or Fourier multipliers). To the best of our knowledge the literature in this case is 
much smaller, with a notable exception of a multiplier theorem for left-invariant 
operators on the group SU(2) treated by Coifman and Weiss [CW71b], Coifman 
and de Guzman [CdG71], and appearing in more detail in the monograph by 
Coifman and Weiss [CW71la]. The conditions there are formulated using specific 
explicit expressions involving Clebsch-Gordan coefficients on SU(2), but they can 
be recast in a much shorter form using the concept of difference operators. It also 
allows one to treat the case of general compact Lie groups. Finally we note that 
there exist also results for the spectral multipliers in the sub-Laplacian, also on 
SU(2), for which we refer to Cowling and Sikora [CSO1]. 


First, we discuss left-invariant operators A : C°(G) + D’(G), so that the 
matrix-valued symbol o4(2,7) = a4(7) is independent of x and can be given as 


oalr) = 1(x)"(Ar) (x) = (Ar) (e). 


The multiplier theorems that we will present can be said to be of Mthlin-Hoérman- 
der type in the sense that they provide analogues of famous multiplier theorems 
on R” by Mihlin [Mih56, Mih57] and Hormander [Hör60]. 


In order to formulate the results, we need to fix a particular collection of 
first order difference operators associated to the elements of the unitary dual G. 
Thus, for a fixed representation 7 € G, we notice that the (dro X dro)-matrix 
Tolz) — Ian, Vanishes at x = e. Consequently, we define the difference operators 


dz ; ae 
roD = (noDij); 721 associated with its elements, 
xo Diz = Ainii 


where ĝ; j is the Kronecker delta. For a family of difference operators of this type, 


Di =r, Dij D2 =n, Dinj., ---;Dm Srm Din jms (2.28) 
with nk € G, 1 < in, jp < drp, 1 < k < m, we define 
D° :=D®... Da, (2.29) 


The described difference operators rD have a number of useful properties. For 
example, they satisfy the finite Leibniz formula (while general difference operators 
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satisfy only an asymptotic Leibniz formula, see [RT10a, Section 10.7.4]). Namely, 
for any fixed mo, they satisfy 


ig(07) = (Dijo)r + o(Dij7) + X. (Diza) (Dp 37). (2.30) 


The collection of difference operators 
{ro Dij : To E€ G,1 < a,j < dro} 


is strongly admissible. Moreover, it has a finite strongly admissible sub-collection. 
Indeed, a homomorphic embedding of G into U(N) for some N is itself a represen- 
tation of G. Decomposing it into irreducible components gives the desired finite 
family of 79’s. 


We now formulate the first result on the L?-boundedness of left-invariant 
operators. 


Theorem 2.2.22. Let A : C®(G) > D'(G) be a left-invariant linear continuos 
operator on a compact Lie group G, and let k denote the smallest even integer 
such that k > dim G. Assume that the symbol o4 of A satisfies 


[D toaln) e) < Cor) | (2.31) 


for all multi-indices |a| < k and all m € Ĝ. Then the operator A is of weak type 
(1,1) and is bounded on LP (G) for alll < p < o0. 


We note that by Theorem 2.2.11, imposing conditions (2.31) for all multi- 
indices a would imply that A is a left-invariant pseudo-differential operator in 
Hörmander’s class, A € YO (G), for which the L?-boundedness would follow from 
the corresponding L?-boundedness in R” for its localisations. However, imposing 
conditions (2.31) for multi-indices |a| < k still assures that the operator A is of 
Calderón-Zygmund type (in the sense of Coifman and Weiss, see Section A.4). The 
proof of the L?-boundedness for 1 < p < 2 follows by Marcinkiewicz interpolation 
theorem (see Proposition 1.5.1) from the L?-boundedness (and hence also weak 
(2,2) type) in Theorem 2.2.5, and from weak (1,1) type, which becomes, therefore, 
the main task. 

For 2 < p < œ, the result follows by duality. Before we give an idea behind 
the proof of the weak (1,1) type, let us formulate several corollaries from Theorem 
2.2.22. We recall that the Sobolev space W” (G) on G is the usual Sobolev space 
on G as a manifold defined by requiring all the localisations to belong to the 
Euclidean space W”: (R”) = (I— Len) 8/2 L?(R”), where Le» is the Laplacian on 
R” ands E€ R. 


Corollary 2.2.23. Let A: C®(G) —> D'(G) be a left-invariant linear continuous 
operator on a compact Lie group G. Let 0 < p < 1 and let k denote the smallest 
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even integer such that k > + dim G. Assume that the symbol o4 of A satisfies 
D°oa(m)ll ecm.) S Cala) 
for all multi-indices |a| < k and all m € G. Then the operator A extends to a 


bounded operator from the Sobolev space W?:"(G) to L?(G) for any 1 < p < œ, 
with 


r=k1-p)|-—5l. 


Example 2.2.24. Let 
Lsub = x? =F y? 


be a sub-Laplacian on SU(2). Then it was shown in [RTW14] that it has a 
parametrix with the matrix-valued symbol in the class S 1 o(SU(2)). Consequently, 


for any 1 < p < œœ, Corollary 2.2.23 implies the subelliptic estimate 


Ill yeti- < Cp||Lsus fll ws (suey); 


P 2 (SU(2)) 
where the estimate is extended from s = 0 to any s € R by the calculus. We refer to 
[RTW14] for the construction and discussion of parametrices for other operators, 
including the heat and the wave operator, d’Alambertian, and some higher order 
operators, on SU(2) and on S, and to [RW13, RW15] for the corresponding LP- 
estimates. 


Example 2.2.25. Let (¢,6,wW) be the standard Euler angles on SU(2), see e.g. 
[RT10a, Chapter 11] for a detailed treatment of SU(2). Thus, we have 0 < ¢ < 27, 
0<0<7, and —2r < wv < 27, and every element 


=u day = & *) € SU(2) 


a 
is parametrised in such a way that 
2aa = 1 + cos, 2ab = iet? sind, —2ab = iet” sin. 
Conversely, we can also write 


Jeilo+¥)/2 ji gin(B)ei(o-¥)/2 


cos( (£ 
8b )e-i(e—¥)/2 arr anne € SU(2). 


isin( 


u($, 0,0) = ( 


Let X be a left-invariant vector field on G normalised in such a way that ||X|| = 
||O/Ow|| with respect to the Killing form. It was shown in [RTW14] that for y € C, 


1 
the operator X + is invertible if and only if iy ¢ 5% 
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and, moreover, for such y, the inverse (X + y)! has its matrix-valued symbol in 
the class S$ 9(SU(2)). The same conclusion remains true if we replace SU(2) by 
S3, with the corresponding selection of Euler’s angles. Then, Corollary 2.2.23 and 
the calculus imply the subelliptic estimate 


Il fllwe.9(ss) < Coll + VFI ys- 1<p<œ,s€ER. 


(s8)? 
There is an analogue of this estimate on arbitrary compact Lie groups, see [RW15]. 
Let us briefly indicate an idea behind the proof of Theorem 2.2.22. In order 


to use the theory of singular integral operators (according to Coifman and Weiss, 
see Section A.4), we first define a suitable quasi-distance on G. 


Let Ad : G — U(g) be the adjoint representation of G. Then by the Peter- 
Weyl theorem it can be decomposed as a direct sum of irreducible representations, 


Ad = (dim Z(@))1@ @ 7, 
TEOO 


where Z(G) is the centre of G, 1 is the trivial representation, and Qo is an index set 
for the representations entering in this decomposition. Then we define a smooth 
non-negative function 


r?(a) := dimG — Tr Ad(x) = X (dy —xx(2)), (2.32) 
TEOO 


which is central, non-degenerate, and vanishes of the second order at the unit 
element e € G. It can be then checked that the function 


d(x,y) = r(a~*y) 


is the quasi-distance in the sense of Section A.4. Consequently, one can check that 
the operator A satisfies Calderén-Zygmund conditions of spaces of homogeneous 
type, in terms of the quasi-distance above. Such a verification relies heavily on the 
developed symbolic calculus, Leibniz rules for difference operators, and criteria for 
the weak (1,1) type in terms of suitably defined mollifiers. We refer to [RW15] for 
further details of this construction. 


Using the function r(a), one can refine the statement of Theorem 2.2.22. 
Thus, let us define the difference operator associated with r?(a), namely, 


A := Ar = Fore) ta’, 
and we have that A € diff? (Ĝ) is the second order difference operator. 


Theorem 2.2.26. Let A: C°(G) —> D'(G) be a left-invariant linear continuous 
operator on a compact Lie group G, and let k denote the smallest even integer 
such that k > $ dim G. Assume that the symbol o4 of A satisfies 


JA oam) lea) SO(n) (2.33) 
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as well as 


[D oalr), < Cor) | (2.34) 


for all multi-indices |a| < k — 1 and all x € Ĝ. Then the operator A is of weak 
type (1,1) and is bounded on L? (G) for all 1 < p < o0. 


We note that, comparing (2.33) to the condition (2.31) in Theorem 2.2.22, 
only a single difference condition of order k is required in Theorem 2.2.26. This 
has interesting consequences, already in the case of the torus, as we will show in 
Example 2.2.27. 

Moreover, the assumption (2.34) can be refined further: namely, to form a 
strongly admissible family of first order difference operators giving D® in (2.28) 
and (2.29), it is enough to take only mk € Qo, the set of the irreducible components 
of the adjoint representation. 

In all the theorems of this section an assumption that k is an even integer is 
present. This seems to be related to the technical part of the argument, namely, 
to the usage of the second order difference operator A that is naturally related to 
the quasi-metric on G as well as satisfies the finite Leibniz formula. The latter can 
be derived from (2.30) using the decomposition 


dr 
A= 5 X > Dis; 


TEO, i=1 


which follows from the definition of r?(z) in (2.32). Thus, it satisfies 


dr 
A(ar) = (Ao)r +0(AT)- XO X (Dija) (aDjiT), 


TEOo0 i, j=1 


and becomes instrumental in establishing the relation between assumption (2.33) 
and properties of the integral kernel of A in terms of the quasi-metric. However, we 
note also that the condition on the even number of analogous expressions appears 
already in the multiplier theorem for bi-invariant operators, established by rather 
different methods by N. Weiss [Wei72]. 


Example 2.2.27. Let us consider now the case of the torus, G = T”. In this case, 
the left-invariant operators take the form 


Af(a) = D OREO with AE = f e la)an. 
Eczr = 


or, in other words, 


A 


Af(é) = olEF), €€Z". 
We take 


n 
r? (x) =n — , er 4 eo. 


j=1 
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so that 
Aa (€) = 2na(é )- Sool o(€ +e;) + o(€ —e;)), 


j=1 


where € € Z” and ej is the jt” unit vector in Z”. The appearing operator A is 
rather curious since it replaces the assumptions usually imposed on all highest 
order difference conditions as, for example, in the suitably modified toroidal ver- 
sion of Hörmander’s multiplier theorem [Hör60] (where one would need to make 
assumptions on all differences of order [2] +1), or in Marcienkiewicz’ version of 
multiplier theorem of Nikolskii [Nik77, Section 1.5.3] (where one imposes difference 
conditions up to order n). To clarify the nature of the operator A, we give the 
examples for T? and T. As a consequence of Theorem 2.2.26 we get the following 
statements. Let 1 < p < oo. Assume that 


|o()| < C and |$] [a(€ + ej) — o()] < C, 


for all € € Z? and j = 1,2, or € € Z and j = 1,2,3, respectively. Furthermore, 
assume that 


1 
IE Io(€) g= 2e (€+e;)+o(€—e))|<C for T?, 


j= 


= 


or 


3 
1 
SHUG eX (€+e;) +o(€—e;))|<C for T’, 


respectively. Then the operator A is bounded on L?(T?) or L?(T3), respectively. 


We now drop the assumption of left-invariance and consider general lin- 
ear continuous operators from C% (G) to D'(G). Then we can assure the LP- 
boundedness provided we complement the differences in m with derivatives with 
respect to x. 


Theorem 2.2.28. Let A: C°(G) > D'(G) be a linear continuous operator on a 
compact Lie group G, and let k denote the smallest even integer such that k > 
l zdim G. Let 1 < p < œ and let l > img be an integer. Assume that the symbol 
a of A satisfies 

[XE A" oale, m)l) < Ol (2.35) 


as well as 


|XfD*04(x, T) 2) < Calm)” (2.36) 


for alln € Ĝ and for all multi-indices a and B with |a| < k— 1 and |B| < l. Then 
the operator A is bounded on L? (G). 


We refer to [RW15] for the detailed proofs of all the results in this section. 
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2.2.5 Sharp Garding inequality 


The sharp Garding inequality on R” is an important lower bound for operators 
with positive symbols, finding many applications in the theory of partial differ- 
ential equations of elliptic, parabolic and hyperbolic types. The original Garding 
inequality for elliptic operators has been established by Garding in [Gar53]. It says 
that if p € S™,(IR"), 0< ô< p <1, is a symbol satisfying 


Re p(x, €) > clg|”, 


c > 0, for all x € R” and £ large enough, then the corresponding pseudo-differential 
operator 


p(æ, D) F(a) = | PTS n(x, )flOde 


n 


satisfies the following lower bound: for every s € R and every compact set K C R” 
there exist some constants co, cı such that 


Re (p(@,D)f, Firag) > colf lrag — Call rem (2.37) 


holds for all f € D(K). Its improvement, the so-called sharp Garding inequality was 
obtained by Hérmander in [H6r66]. It says that if p € S7™;(R"),0< 6 <p <1, 
is a non-negative symbol, p(x,&) > 0 for all x, € R”, then the corresponding 
pseudo-differential operator satisfies the lower bound 


Re (p(x, D)f, f) r2(an) 2 —ell fll irom /2 (Rn) (2.38) 


for all f € D(K). This inequality was further generalised to systems by Lax and 
Nirenberg {[LN66], Kumano-go [Kg81], and Vaillancourt [Vai70]. It has been also 
extended to regain two derivatives for the class S? o(R”) by Fefferman and Phong 
[FP78]. For expositions concerning sharp Garding inequalities with different proofs 
we refer to monographs of Kumano-go [Kg81], Taylor [Tay81], Lerner [Ler10], or 
Friedrichs’ notes [Fri70]. There is also an approach based on constructions in space 
variables rather than in frequency one, developed by Nagase [Nag77]. 


The situation with Garding inequalities on manifolds is more complicated. 
The main problem is that the assumption that the symbol of a pseudo-differential 
operator is non-negative is harder to formulate since the full symbol is not in- 
variantly defined. For second order pseudo-differential operators, under the non- 
negativity assumption on the principal symbol and certain non-degeneracy as- 
sumptions on the sub-principal symbol, a lower bound now known as Melin- 
H6érmander inequality has been obtained by Melin [Mel71] and Hérmander [H6r77]. 
The non-degeneracy conditions on the sub-principal symbol can be somehow re- 
laxed, see [MPPO7]. 


Nevertheless, in our setting we are assisted by the fact that the algebraic 
structure of a Lie group gives us the notion of the full symbol in (2.19). This 
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symbol, however, is not needed for the standard Garding inequality (2.37) since the 
ellipticity is determined by the principal symbol only. Thus, the standard Garding 
inequality (2.37) on compact Lie groups has been established in [BGJR89] using 
Langlands’ results for semi-groups on Lie groups [Lan60]. 


Let us first look at a possible assumption for the positivity of an operator in 
the invariant situation. If an operator A is given by the convolution Af = k * Í, 
we obtain 


(Af, Auta = (Kx f Pro = (FR Pea = Do dr Tr (Fl) Aw) Fm’), 


where we used the Plancherel identity (2.13). On the other hand, according to 
Section 1.5, A is right-invariant, and according to Example 2.2.4 its symbol is 
oa(x,7) = n(x)“ R(E)nr(x). Thus, we get that A is a positive operator if and only if 
the matrix &(m) is positive for all x € G, i.e. when (R(r)v, v)u, = 0 for all v € Hz. 
But this means that the symbol ø 4 is positive, o4(x,7) > 0 for all (2,7) € Gx G. 
Analogously, for left-invariant operators Af = f x k, one sees that 


(Af, Prao = (F * r Pro = E FP Aea = D d T (Fa) Am) fl). 


So again, A is a positive operator if and only if its symbol oa (m) = R(T) is positive. 


This motivates a hypothesis that the positivity of the matrix-valued symbol 
on G would be an analogue of the positivity of the Kohn-Nirenberg symbol on R”. 
Indeed, we have the following criterion, which for non-invariant operators becomes 
a sufficient condition: 


Theorem 2.2.29. Let A € W™(G) be such that its matrix-valued symbol o4 is 
positive, i.e. P 
oa(a,7) > 0 forall (x, n) €GxG. 


Then there exists a constant c such that 
Re (Af, Prz) = —ellflira-720) 


for all f E C®(G). 


The usual proofs of the sharp Garding inequality on R” (that is, the proofs 
not relying on the anti-Wick quantization) make use of a positive approximation 
of a pseudo-differential operator, the so-called Friedrichs symmetrisation, approx- 
imating an operator with non-negative symbol of order m by a positive operator 
modulo an error of order m — 1. This construction, indeed, allows one to gain 
one derivative needed for the sharp Garding inequality. Unfortunately, such an 
approximation in the frequency variable seems to be less useful on a Lie group G 
because the unitary dual G is not well adapted for such purpose. However, one 
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can carry out, instead, a symmetrisation in the space variables using the symbolic 
calculus of operators for the construction. In particular, it relies heavily on dealing 
with the symbol class SẸ’, (G) defined in Section 2.2.3. 

2 


As in the case of operators on R”, the sharp Garding inequality leads to sev- 
eral further conclusions concerning the L?-boundedness of operators. For example, 
pseudo-differential operators of the first order are bounded on L?(R") provided 
their matrix-valued symbols are bounded: 


Corollary 2.2.30. Let A € Y!(G) be such that its matrix-valued symbol o 4 satisfies 
loa(z, T) e) SC 


for all (a,7) € Gx G. Then the operator A is bounded from L? (G) to L?(G). 


It can be also used to determine constants as bounds for operator norms 
of mappings between L?-Sobolev spaces. For the proofs of the statements in this 
section, as well as for further details we refer the reader to [RT11]. 


In the above, we concentrated on symbol classes S7% (G') of type (1,0). How- 
ever, certain conclusions can be made also for operators with symbols of type 


(p, ô). 


Proposition 2.2.31 (Garding’s inequality on G). Let0 <6 <p<1landm> 0. 
Let A € Op S27 (G) be elliptic and such that o4(a,&) > 0 for all x and co-finitely 
many £. Then there are constants c1,c2 > 0 such that for any function f € H™(G) 
the inequality 

Re (Af, f)r2 > cillf llim — call fllz2 


holds true. 


The statement follows by the calculus from its special case m = p — 6. We 
refer to [RW14, Corollary 6.2] for the proofs. 
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Chapter 3 


Homogeneous Lie groups 


By definition a homogeneous Lie group is a Lie group equipped with a family of 
dilations compatible with the group law. The abelian group (R”,+) is the very 
first example of homogeneous Lie group. Homogeneous Lie groups have proved to 
be a natural setting to generalise many questions of Euclidean harmonic analysis. 
Indeed, having both the group and dilation structures allows one to introduce 
many notions coming from the Euclidean harmonic analysis. There are several 
important differences between the Euclidean setting and the one of homogeneous 
Lie groups. For instance the operators appearing in the latter setting are usually 
more singular than their Euclidean counterparts. However it is possible to adapt 
the technique in harmonic analysis to still treat many questions in this more 
abstract setting. 

As explained in the introduction (see also Chapter 4), we will in fact study 
operators on a subclass of the homogeneous Lie group, more precisely on graded 
Lie groups. A graded Lie group is a Lie group whose Lie algebra admits a (N)- 
gradation. Graded Lie groups are homogeneous and in fact the relevant structure 
for the analysis of graded Lie groups is their natural homogeneous structure and 
this justifies presenting the general setting of homogeneous Lie groups. From the 
point of view of applications, the class of graded Lie groups contains many inter- 
esting examples, in fact all the ones given in the introduction. Indeed these groups 
appear naturally in the geometry of certain symmetric domains and in some subel- 
liptic partial differential equations. Moreover, they serve as local models for contact 
manifolds and CR manifolds, or for more general Heisenberg manifolds, see the 
discussion in the Introduction. 

The references for this chapter of the monograph are [FS82, ch. I] and 
[Goo76], as well as Fulvio Ricci’s lecture notes [Ric]. However, our conventions 
and notation do not always follow the ones of these references. The treatment 
in this chapter is, overall, more general than that in the above literature since 
we also consider distributions and kernels of complex homogeneous degrees and 
adapt our analysis for subsequent applications to Sobolev spaces and to the op- 
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erator quantization developed in the following chapters. Especially, our study of 
complex homogeneities allows us to deal with complex powers of operators (e.g. 
in Section 4.3.2). 


3.1 Graded and homogeneous Lie groups 


In this section we present the definition and the first properties of graded Lie 
groups. Since many of their properties can be explained in the more general setting 
of homogeneous Lie groups, we will also present these groups. 


3.1.1 Definition and examples of graded Lie groups 
We start with definitions and examples of graded and stratified Lie groups. 


Definition 3.1.1. (i) A Lie algebra g is graded when it is endowed with a vector 
space decomposition (where all but finitely many of the V;’s are {0}): 


9= QV; such that [V;, Vj] C Vi+j- 


j=l 


(ii) A Lie group is graded when it is a connected simply connected Lie group 
whose Lie algebra is graded. 


The condition that the group is connected and simply connected is technical 
but important to ensure that the exponential mapping is a global diffeomorphism 
between the group and its Lie algebra. 


The classical examples of graded Lie groups and algebras are the following. 
Example 3.1.2 (Abelian case). The abelian group (R”, +) is graded: its Lie algebra 
R” is trivially graded, i.e. Vj = R”. 

Example 3.1.3 (Heisenberg group). The Heisenberg group Hn, given in Example 
1.6.4 is graded: its Lie algebra pn, can be decomposed as 


bn. =Vi@V2 where V =% RX; SRY; and V2 =RT. 


(For the notation, see Example 1.6.4 in Section 1.6.) 


Example 3.1.4 (Upper triangular matrices). The group Tn, of no X no matrices 
which are upper triangular with 1 on the diagonal is graded: its Lie algebra tn, of 
No X No Upper triangular matrices with 0 on the diagonal is graded by 


th, = Vi 9...9 Vno—1 where Vj = Ore TREY itj. 


(For the notation, see Example 1.6.5 in Section 1.6.) The vector space V; is formed 
by the matrices with only non-zero coefficients on the j-th upper off-diagonal. 
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As we will show in Proposition 3.1.10, a graded Lie algebra (hence possessing 
a natural dilation structure) must be nilpotent. The converse is not true, see 
Remark 3.1.6, Part 2. 


Examples 3.1.2—3.1.4 are stratified in the following sense: 


Definition 3.1.5. (i) A Lie algebra g is stratified when g is graded, g = 72, Vj, 
and the first stratum Vı generates g as an algebra. This means that every 
element of g can be written as a linear combination of iterated Lie brackets 
of various elements of Vj. 


ii) A Lie group is stratified when it is a connected simply connected Lie group 
8 y 
whose Lie algebra is stratified. 


Remark 3.1.6. Let us make the following comments on existence and uniqueness 
of gradations. 


1. A gradation over a Lie algebra is not unique: the same Lie algebra may 
admit different gradations. For example, any vector space decomposition of 
R” yields a graded structure on the group (R”, +). More convincingly, we 
can decompose the 3 dimensional Heisenberg Lie algebra hı as 


3 
b =QDV; with Vj =RX, V =R, V =RT. 


j=1 


This last example can be easily generalised to find several gradations on the 
Heisenberg groups Hn,, no = 2,3,..., which are not the classical ones given 
in Example 3.1.3. Another example would be 


8 
b =V; with V =RX, V =RY,, Vs =RT, (3.1) 


j=1 
and all the other V; = {0}. 


2. A gradation may not even exist. The first obstruction is that the existence 
of a gradation implies nilpotency; in other words, a graded Lie group or a 
graded Lie algebra are nilpotent, as we shall see in the sequel (see Proposition 
3.1.10). Even then, a gradation of a nilpotent Lie algebra may not exist. As a 
curiosity, let us mention that the (dimensionally) lowest nilpotent Lie algebra 
which is not graded is the seven dimensional Lie algebra given by the following 
commutator relations: 


[X1, X;] = Xj for j = 2,...,6, [X2, X3] = Xe, 
[X2, X4] = [X5, X2] = [X3, X4] = X7. 


They define a seven dimensional nilpotent Lie algebra of step 6 (with basis 
{X1,..., X7}). It is the (dimensionally) lowest nilpotent Lie algebra which 
is not graded. See, more generally, [Goo76, ch.I §3.2]. 
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3. To go back to the problem of uniqueness, different gradations may lead to 
‘morally equivalent’ decompositions. For instance, if a Lie algebra g is graded 
by g = ©F2, Vj then it is also graded by g = @F72,W; where Wo;/+1 = {0} and 
Wo; = Vj. This last example motivates the presentation of homogeneous Lie 
groups: indeed graded Lie groups are homogeneous and the natural homoge- 
neous structure for the graded Lie algebra 


g = 9321 Vj = OW; 
is the same for the two gradations. 


Moreover, the relevant structure for the analysis of graded Lie groups 
is their natural homogeneous structure. 


4. There are plenty of graded Lie groups which are not stratified, simply because 
the first vector subspace of the gradation may not generate the whole Lie 
algebra (it may be {0} for example). This can also be seen in terms of dilations 
defined in Section 3.1.2. Moreover, a direct product of two stratified Lie 
groups is graded but may be not stratified as their stratification structures 
may not ‘match’. We refer to Remark 3.1.13 for further comments on this 
topic. 


3.1.2 Definition and examples of homogeneous Lie groups 


We now deal with a more general subclass of Lie groups, namely the class of 
homogeneous Lie groups. 


Definition 3.1.7. (i) A family of dilations of a Lie algebra g is a family of linear 
mappings 
{D,, r > 0} 


from g to itself which satisfies: 


— the mappings are of the form 
D, = Exp(Al = D 
xp(Alnr) = 5o qin 
£=0 


where A is a diagonalisable linear operator on g with positive eigen- 
values, Exp denotes the exponential of matrices and In(r) the natural 
logarithm of r > 0, 


— each D, is a morphism of the Lie algebra g, that is, a linear mapping 
from g to itself which respects the Lie bracket: 


VX,Y€g,r>0  ([D,X,D,Y] =D,[X,Y]. 


(ii) A homogeneous Lie group is a connected simply connected Lie group whose 
Lie algebra is equipped with dilations. 
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(iii) We call the eigenvalues of A the dilations’ weights or weights. The set of 
dilations’ weights, or in other worlds, the set of eigenvalues of A is denoted 
by Wa. 


We can realise the mappings A and D, in a basis of A-eigenvectors as the 
diagonal matrices 


U1 r 
v2 r 


A= : and D,= 
Un r 


The dilations’ weights are v1,..., Un. 
ear 3.1.8. Note that if {D,} is a family of dilations of the Lie algebra g, then 
D, := D,a := Exp(aAlnr) defines a new family of dilations {D,, r > 0} for any 
a> 0. By adjusting a if necessary, we may assume that the dilations’ weights 
satisfy certain properties in order to compare different families of dilations and 
in order to fix one of such families. For example in [F582], it is assumed that the 
minimum eigenvalue is 1. 

Graded Lie algebras are naturally equipped with dilations: if the Lie algebra 
g is graded by 

g = Bea Vj, 


then we define the dilations 
D, := Exp(Alnr) 


where A is the operator defined by AX = jX for X € Vj. 
The converse is true: 


Lemma 3.1.9. If a Lie algebra g has a family of dilations such that the weights are 
all rational, then g has a natural gradation. 


Proof. By adjusting the weights (see Remark 3.1.8), we may assume that all the 
eigenvalues are positive integers. Then the decomposition in eigenspaces gives the 
the gradation of the Lie algebra. 


Before discussing the dilations in the examples given in Section 3.1.1 and 
other examples of homogeneous Lie groups, let us state the following crucial prop- 
erty. 


Proposition 3.1.10. The following holds: 
(i) A Lie algebra equipped with a family of dilations is nilpotent. 


(ii) A homogeneous Lie group is a nilpotent Lie group. 
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Proof of Proposition 3.1.10. Let {D, = Exp(Alnr)} be the family of dilations. 
By Remark 3.1.8, we may assume that the smallest weight is 1. For v € Wa let 
W, C g be the corresponding eigenspace of A. If v € R but v ¢ Wa, then we set 
W, := {0}. 

Thus D,X = r” X for X € W,. Moreover, if X € W, and Y € Wy then 


D,[X,Y] = [D,X, D,Y] = r?t’ [X,Y] 
and hence 
[W., Ww] C Wo+v'- 


In particular, since v > 1 for v € Wa, we see that the ideals in the lower series of 
g (see (1.18)) satisfy 

gg) C Bazz Wa- 
Since the set W4 is finite, it follows that g(;,) = {0} for j sufficiently large. Con- 
sequently the Lie algebra g and its corresponding Lie group G are nilpotent. 


Let G be a homogeneous Lie group with Lie algebra g endowed with dilations 
{Dr }r>0. By Proposition 3.1.10, the connected simply connected Lie group G 
is nilpotent. We can transport the dilations to the group using the exponential 
mapping expo = exp of G (see Proposition 1.6.6 (a)) in the following way: the 
maps 
expgo Dro expū', r>0, 


are automorphisms of the group G; we shall denote them also by D,. and call them 
dilations on G. This explains why homogeneous Lie groups are often presented as 
Lie groups endowed with dilations. 


We may write 
rz := D,(x) forr>Oanda2eG. 
The dilations on the group or on the Lie algebra satisfy 
Drs = D; Da 1,8 > 0. 


As explained above, Examples 3.1.2, 3.1.3 and, 3.1.4 are naturally homoge- 
neous Lie groups: 


In Example 3.1.2: The abelian group (R”, +) is homogeneous when equipped with 
the usual dilations D,7 = rx, r > 0, x € R”. 


In Example 3.1.3: The Heisenberg group H,,, is homogeneous when equipped with 
the dilations 


rh = (r£, ry,r’t), h= (x,y, t) E R”? x R”? xR. 
The corresponding dilations on the Heisenberg Lie algebra bn, are given by 


D,(X;)=rX;, De) =rY;, j=1,...,no, and DAT) =r" Pf. 
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In Example 3.1.4: The group Tn, is homogeneous when equipped with the dilations 
defined by 
[D,(M)| 


ij = riM] Larz] ano MET,,. 


The corresponding dilations on the Lie algebra t,, are given by 


D, (Ei j) = R By 4 1 < i< j < No- 


As already seen for the graded Lie groups, the same homogeneous Lie group 
may admit various homogeneous structures, that is, a nilpotent Lie group or al- 
gebra may admit different families of dilations, even after renormalisation of the 
eigenvalues (see Remark 3.1.8). This can already be seen from the examples in 
the graded case (see Remark 3.1.6 part 1). These examples can be generalised as 
follows. 


Example 3.1.11. On R” we can define 
DBs 0 5g) = Oy 6g 


where 0 < v1 < ... < Un, and on Hn, we can define 


1 


v v vi v’ v 
DM poxag tns Migr resting t) = (r taipat no Eng, T Ylse "Ung T t), 


where v; > 0, v; > 0 and vj + v} =v" for all j = 1,..., no. 

These families of dilations give graded structures whenever the weights vj 
for R” and vj, v}, v” for Hn, are all rational or, more generally, all in aQF for 
a fixed a € R4. From this remark it is not difficult to construct a homogeneous 
non-graded structure: on R3, consider the diagonal 3 x 3 matrix A with entries, 


e.g., 1 and 7 and 1 +7. 


Example 3.1.12. Continuing the example above, choosing the vj and v;’s rational 
in a certain way, it is also possible to find a homogeneous structure for Hn, such 
that the corresponding gradation of bn, = @f2,Vj does exist but is necessarily 
such that Vi = {0}: we choose v;,v; positive integers different from 1 but with 
1 as greatest common divisor (for instance for no = 2, take vı = 3,v2 = 2,v} 
5,v5 = 6 and v” = 8). As an illustration for Corollary 4.1.10 in the sequel, with 
this example, the homogeneous dimension is Q = 3+2+5+6+8 = 24 while the 
least common multiple is vo = 2 x 3 x 5 = 30, so we have here Q < vo. 


If nothing is specified, we assume that the groups (R”, +) and Hn, are en- 
dowed with their classical structure of graded Lie groups as described in Examples 
3.1.2 and 3.1.3. 


Remark 3.1.13. We continue with several comments following those given in Re- 
mark 3.1.6. 
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. The converse of Proposition 3.1.10 does not hold, namely, not every nilpotent 


Lie algebra or group admits a family of dilations. An example of a nine di- 
mensional nilpotent Lie algebra which does not admit any family of dilations 
is due to Dyer [Dye70]. 


. A direct product of two stratified Lie groups is graded but may be not strat- 


ified as their stratification structures may not ‘match’. This can be also seen 
on the level of dilations defined in Section 3.1.2. Jumping ahead and using 
the notion of homogeneous operators, we see that this remark may be an 
advantage for example when considering the sub-Laplacian £L = X? +Y? on 
the Heisenberg group Hı. Then the operator 


-L+ 0¥ 


for k € N odd, becomes homogeneous on the direct product Hı x R when it 
is equipped with the dilation structure which is not the one of a stratified 
Lie group, see Lemma 4.2.11 or, more generally, Remark 4.2.12. 


. In our definition of a homogeneous structure we started with dilations defined 


on the Lie algebra inducing dilations on the Lie group. If we start with a Lie 
group the situation may become slightly more involved. For example, R? with 
the group law 


xy = (aresinh(sinh(2,) + sinh(y,)), v2 + y2 + sinh(x,)y3, 73 + y3) 
is a 2-step nilpotent stratified Lie group, the first stratum given by 
X = cosh(z1) tər, Y =sinh(r,)0,, + Ors; 


and their commutator is 
T = |X, Y] =0,,. 


It may seem like there is no obvious homogeneous structure on this group 
but we can see it going to its Lie algebra which is isomorphic to the Lie 
algebra h; of the Heisenberg group Hı. Consequently, the above group itself 
is isomorphic to H, with the corresponding dilation structure. 


. In fact, the same argument as above shows that if we defined a stratified 


Lie group by saying that there is a collection of vector fields on it stratified 
with respect to their commutation relations, then for every such stratified 
Lie group there always exists a homogeneous stratified Lie group isomorphic 
to it. Indeed, since the Lie algebra is stratified and has a natural dilation 
structure with integer weights, we obtain the required homogeneous Lie group 
by exponentiating this Lie algebra. We refer to e.g. [BLU07, Theorem 2.2.18] 
for a detailed proof of this. 


Refining the proof of Proposition 3.1.10, we can obtain the following techni- 


cal result which gives the existence of an ‘adapted’ basis of eigenvectors for the 
dilations. 
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Lemma 3.1.14. Let g be a Lie algebra endowed with a family of dilations {D,, r > 
0}. Then there exists a basis {X1,..., Xn} of g, positive numbers v1,...,Un > 0, 
and an integer n! with 1 <n! < n such that 


Vt>O Wi =1,...,n Di(X;) = t Xj, (3.2) 
and 
Moreover, Xı,..., Xn generate the algebra g, that is, any element of g can be 


written as a linear combination of these vectors together with all their iterated Lie 
brackets. 


This result and its proof are due to ter Elst and Robinson (see [tER97, 
Lemma 2.2]). Condition (3.2) says that {X;}}—; is a basis of eigenvectors for the 
mapping A given by 

D, = Exp(Alnr). 
Condition (3.3) says that this basis can be chosen so that the first n’ vectors of 
this basis generate the whole Lie algebra and the others span (linearly) the derived 
algebra |g, gl. 


Proof of Lemma 3.1.14. We continue with the notation of the proof of Proposi- 
tion 3.1.10. For each weight v € W4, we choose a basis 


{You sans Yoa! , Yod! +1; e... Youd, } of We 


such that {Yv a +1,- --, Yo,a, } is a basis of the subspace 


Wy N (Span U [Wv , wr) š 


vl +u" =v 
Since g = vew, Wo, we have by construction that 
[g, g] C Span {Yv ; : v E Wa, d, +1 <j <d}. 
Let h be the Lie algebra generated by 
{Yoj : vE Wa, 1< j <d}. (3.4) 
We now label and order the weights, that is, we write 
Wa = {v1,---,Um} 


with 1 < v1 <...< Um. It follows by induction on N = 1,2...,m that D Wo; 
is contained in h and hence h = g and the set (3.4) generate (algebraically) g. 
A basis with the required property is given by 


Yoni diets s Yordi > Sok TET Soa. Yuma, for Xi, ods Ain 
and 


Yord, +15 oe 1 Yordu: . eo Yomi, +19 sae > ier for Xn 41; os eer 
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3.1.3 Homogeneous structure 


In this section, we shall be working on a fixed homogeneous Lie group G of di- 
mension n with dilations 

{D, = Exp(Alnr)}. 
We denote by v1,..., Un the weights, listed in increasing order and with each value 
listed as many times as its multiplicity, and we assume without loss of generality 
(see Remark 3.1.8) that vı > 1. Thus, 


L<vuy v<... < Un. (3.5) 


If the group G is graded, then the weights are also assumed to be integers with 
one as their greatest common divisor (again see Remark 3.1.8). 

By Proposition 3.1.10 the Lie group G is nilpotent connected simply con- 
nected. Thus it may be identified with R” equipped with a polynomial law, using 
the exponential mapping expg of the group (see Section 1.6). With this identifi- 
cation its unit element is 0 € R” and it may also be denoted by 0g or simply by 
0. 


We fix a basis {X,..., Xn} of g such that 
AX; = u;X; 


for each 7. This yields a Lebesgue measure on g and a Haar measure on G by 
Proposition 1.6.6. If x or g denotes a point in G the Haar measure is denoted by 
dx or dg. The Haar measure of a measurable subset S of G is denoted by |S]. 


We easily check that 


IDS =1°lS} fs (re)de =r? | fædre, (3.6) 
G G 
where 
Q =v +...+ 0, = TrA. (3.7) 
The number Q is larger (or equal) than the usual dimension of the group: 
n=dimG <Q, 


and may replace it for certain questions of analysis. For this reason the number Q 
is called the homogeneous dimension of G. 
Homogeneity 


Any function defined on G or on G\{0} can be composed with the dilations D,. 
Using property (3.6) of the Haar measure and the dilations, we have for any 
measurable functions f and ¢ on G, provided that the integrals exist, 


J rode) 6(@) de =r? | f(a) (G0D4)(x) de. (3.8) 
G G 
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Therefore, we can extend the map f +> f o D, to distributions via 
(foD,,¢):=r-"(f,¢0D1), fEeD(G), $ € DG). (3.9) 


We can now define the homogeneity of a function or a distribution in the 
same way: 


Definition 3.1.15. Let v € C. 


(i) A function f on G\{0} or a distribution f € D’(G) is homogeneous of degree 
v € C (or v-homogeneous) when 


foD,=r"’f for any r > 0. 


(ii) A linear operator T : D(G) > D'(G) is homogeneous of degree v € C (or 
v-homogeneous) when 


T(¢0D,-)=r"(T¢)oD, for any ġ € D(G), r > 0. 


Remark 3.1.16. We will also say that a linear operator T : E —> F, where E is a 
Fréchet space containing D(G) as a dense subset, and F is a Fréchet space included 
in D’(G), is homogeneous of degree v € C when its restriction as an operator from 
D(G) to D'(G) is. For example, it will apply to the situation when T is a linear 
operator from L?(G) to some L4(G). 


Example 3.1.17 (Coordinate function). The coordinate function x; = [x]; given 
by 

G > z = (£1, .-., Zn) —> ey = [z];, (3.10) 
is homogeneous of degree vj. 
Example 3.1.18 (Koranyi norm). The function defined on the Heisenberg group 
Ha, by 


5 1/4 
Hr, 3 (2,y,t) — (( +1) +e), 


where |x| and |y| denote the canonical norms of x and y in R”°, is homogeneous 
of degree 1. It is sometimes called the Koranyi norm. 


Example 3.1.19 (Haar measure). Equality (3.8) shows that the Haar measure, 
viewed as a tempered distribution, is a homogeneous distribution of degree Q (see 
(3.7)). We can write this informally as 


d(rz) = rdr, 


see (3.6). 
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Example 3.1.20 (Dirac measure at 0). The Dirac measure at 0 is the probability 
measure ĝo given by 


| fdo = f(0). 
G 


It is homogeneous of degree —Q since for any ¢ € D(G) and r > 0, we have 


(o 0 Dr, 6) = r° (50,0 D1) = 1 99(<0) = 7 29(0) = (r-o, 4). 


Example 3.1.21 (Invariant vector fields). Let X € g be viewed as a left-invariant 
vector field X or a right-invariant vector field X (cf. Section 1.3). We assume 
that X is in the vj-eigenspace of A. Then the left and right-invariant differential 
operators X and X are homogeneous of degree vj. Indeed, 


Ai=0 {f 0 Dy (zexpa(tX))} = O=0 {f (rz expa(r™tX))} 
= riðu- {f (raexpe(t'X))} =r (Xf)(ra), 


and similarly for X. 


X(f o Dr) (x) 


The following properties are very easy to check: 


Lemma 3.1.22. (i) Whenever it makes sense, the product of two functions, dis- 
tributions or operators of degrees vı and və is homogeneous of degree viva. 


(i) Let T : D(G) > D'(G) be a v-homogeneous operator. Then its formal adjoint 
and transpose T* and T*, given by 


[am | IT [Tha f iTo) fade), 


are also homogeneous with degree v and v respectively. 


Consequently for any non-zero multi-index a = (a1,...,an) E NẸ\{0}, the 
function 
grasa ate, (3.11) 


and the operators 


OF a ee. a ee 


are homogeneous of degree 
[a] := viar +... + Vnan. (3.12) 


Formula (3.12) defines the homogeneous degree of the multi-index a. It is usually 
different from the length of aœ given by 


loa] := ai +... + ap. 
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For a = 0, the function z®“ and the operators (2), X*, X® are defined 
to be equal, respectively, to the constant function 1 and the identity operator I, 
which are of degree [a] := 0. 

With this convention for each a € Nọ, the differential operators (È), X° 
and X“ are of order |a| but of homogeneous degree [a]. 

One easily checks for a1,a2 € NỌ that 


[oi] + [a2] = [a1 +2], lai] + |a2| = lai + a2]. 


Proposition 3.1.23. Let the operator T be homogeneous of degree vr and let f be 
a function or a distribution homogeneous of degree vp. Then, whenever Tf makes 
sense, the distribution Tf is homogeneous of degree vf — vr. 

In particular, if f € D'(G) is homogeneous of degree v, then 


Xf, X°f, O° f 
are homogeneous of degree v — |a]. 
Proof. The first claim follows from the formal calculation 
(Tf) o D, =r TT(f o Dp) =r Pr ae ee. 


The second claim follows from the first one since X°, X° f and O°f are well 
defined on distributions and are homogeneous of the same degree [a] given by 
(3.12). 


3.1.4 Polynomials 


By Propositions 3.1.10 and 1.6.6 we already know that the group law is polynomial. 
This means that each [xy]; is a polynomial in the coordinates of x and of y. The 
homogeneous structure implies certain additional properties of this polynomial. 


Proposition 3.1.24. For any j =1,...,n, we have 
[cy]; = £j + yy + 5 Cjap t y": 
a, BENG \ {0} 
[a]+[8]=v; 


In particular, this sum over [a] and [8] can involve only coordinates in x or y with 
degrees of homogeneity strictly less than vj. 


For example, 


forvi: [eyi = zı+yı, 

forvg: [eyl = z2+y2 5 Coa, p2% , 
[o]=[B]=v1 

foru3: [zy] = 23+ 43 5 C3,0,827y", 


[a]=v1, [B]=ve2 


or [a]=v9, [B]=01 
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and so on. 


Proof. Let j = 1,...,n. From the Baker-Campbell-Hausdorff formula (see Theo- 
rem 1.3.2) applied to the two vectors X = #1X1,+...+a,Xy, and Y = yı Xı + 
... +YnXn Of g, we have with our notation that 


[zy]; = xj + yj + R(x, y) 


where R(x, y) is a polynomial in 71, y1,...,%n,Yn- Moreover, R; must be a finite 
linear combination of monomials z“yf with |a| + |8| > 2: 


Rag) = Š. teeny 
a, BENG 
lal-+/8122 


We now use the dilations. Since the function x; is homogeneous of degree vj, 
we easily check 
Rj(ra,ry) = r™ R(x, y) 


for any r > 0 and this forces all the coefficients cja g with [a] + [8] # v; to be 
zero. The formula follows. 


Recursively using Proposition 3.1.24, we obtain for any a € Nj\{0}: 


(p) =e e= >) alag, (3.13) 
B1,B2ENG 
[81]+[62]=[a] 
with 
0 if8, 4a 0 ifta 
cp ola) = { 1 if, a and co, 8, (a) = { l if B, 2 a (3.14) 


Definition 3.1.25. A function P on G is a polynomial if P o expg is a polynomial 
on g. 

For example the coordinate functions z1,...,£n defined in (3.10) or, more 
generally, the monomials z“ defined in (3.11) are (homogeneous) polynomials on 
G. 

It is clear that every polynomial P on G can be written as a unique finite 
linear combination of the monomials x°, that is, 


PS) ae", (3.15) 


acNg 


where all but finitely many of the coefficients cg € C vanish. The homogeneous 
degree of a polynomial P written as (3.15) is 


D° P := max{[a]: a € Nọ with ca 4 0}, 
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which is often different from its isotropic degree: 
d° P := max{|a|: a € Ng with ca # 0}. 


For example on H,,,, 1 +t is a polynomial of homogeneous degree 2 but 
isotropic degree 1. 


Definition 3.1.26. We denote by P(G) the set of all polynomials on G. For any 
M > 0 we denote by P<m the set of polynomials P on G such that D°P < M 
and by P20, the set of polynomials on G such that d°P < M. We also define in 
the same way Pem, P=m, P>m and so on, and similarly for P**?. 


It is clear that P(G) is an algebra, for pointwise multiplication, which is 
generated by the x;’s. 


It is not difficult to see: 
Lemma 3.1.27. The subspaces Pem and Pi’, of P are finite dimensional with 
bases {x* : a € N}, [a] < M} and {x* : a € N}, |a| < M}, respectively. 
Furthermore, 
YM > 0 P<u < Pew E Pun M- 


Proof. The first part of the lemma is clear. For the second, because of (3.5), we 
have 
Va € Nọ la| < [a] < vnlal. (3.16) 


Therefore, 
YVPEP PP< D9P urd P, 


and the inclusions follow. 


By Proposition 3.1.24, [xy]; is in P<,, as a function of x for each y, and also 
as a function of y for each x. Hence each subspace P< m is invariant under left and 
right translation. This is not the case for P19, (unless P$, ~ C or G = (R", +)); 
consequently, it will not be of much use to us. 7 


3.1.5 Invariant differential operators on homogeneous Lie groups 


We now investigate expressions for left- and right-invariant operators on homoge- 
neous Lie groups. 


Proposition 3.1.28. The left and right-invariant vector fields X; and X;, for any 
j=l,...,n, can be written as 


o o o o 
X; = — + Pik = H Pik 
4 Ox; 2. I” Ox, Ox; & Ox, l 
Uj Uk Uj Uk 
23 o o 0 o 
E5 Bat De Cian T Da T De a 
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where Pjk and Qj k are homogeneous polynomials on G of homogeneous degree 
Uk — Uj > 0. 

Proof. For any x € G, we denote by Le : G — G the left-translation, i.e. L(y) = 
xy. Let j = 1,...,n. Recall that X; is the differential operator invariant under 
left-translation which agrees with nae at 0, that is, for any f € C% (G) and zo E€ G, 
we have 

of 


(Xj f) o Le, (0) = X;(foLz,)(0) and X;(f)(0) (0). 
Thus 


(Xj f)(@o) = (Xjf)° Le, (0) = X(f o Le, )(0) = al? De,)(0) 


I 
Ms 
L| 
Fe 
2 
8, 
> 


O[xot]k ð E 
dx; (0) = ax; [Tole + £k + 5 Cka BTT” > (0) 
En 
aj+[8]5Uk 


= Ojn+ 5 Cka, Bto: 
B=e;, wENG \{0} 
[a]+[B]=vx 


where e; is the multi-index with 1 in the j-th place and zeros elsewhere, and ô; , 
is the Kronecker delta. The assertion for X; now follows immediately, and the 
assertion for X; is proved in the same way using right translations. 


Proposition 3.1.28 gives, in particular, 


o 
fo n: Xn = SA 
ru Az, 
o o 
fo n—1 : Xü- = a T in-inz `: 
rU 1 t tn ly Orn 
fo X 2 Tr 
TUn—2: n— = Tt n-2,n-— n—2,n ’ 
2 2 ar, _9 2, tag A 2; a = 
so that 
o 
= Xn; 
En 
o 
= Xn- = Py nXn; 
O@n—1 i i 


= Xn, 2— Ph 2.n 1 (Xn t= Fh 1n Xn) — Pn-2,nXn, 
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and so forth, with similar formulae for the right-invariant vector fields. This shows 
that there are formulas for the x's of the same sort as for the X;’s and X;’s, 
Ki 


that is, 


ð c m 
1<k<n 1<k<n 
Uj Uk Uj <Uk 


where pjk and qj, are homogeneous polynomials on G of homogeneous degree 
Uk — Vj > 0. 


Remark 3.1.29. 1. Given the formulae above and the condition on the degree, 

it is not difficult to see that the Pj, and Qj k in Proposition 3.1.28 and the 

Pjk and q;% in (3.17), with vg > vj, are polynomials in (71,...,@,—1) and 
commute with X;, X, and ae respectively. 

2. The first part of Proposition 3.1.28 and its proof are valid for any nilpotent 

Lie group (see Remark 1.6.7, part (1)). In our setting here, the homoge- 


neous structure implies the additional property that the P;, and Q;,% are 
homogeneous. 


Corollary 3.1.30. For any a € NẸ\{0}, 


= > Pa,pX? = 5 X’ pap, 
BENG |B] Slo BENZ, |B|<la| 
[B]2 [a] [B]>[a] 
še ss y Qa BX? = y Pa 
BENG, |8|<lal BENZ, |B|<|o| 
[6]2 [a] [8]>[a] 


where Pa 8, PaB, Qab, dag are homogeneous polynomials of homogeneous degree 


[8] — [a]. 
Proof. By Proposition 3.1.28 we obtain recursively for any a € Nj\{0} that 


= Š Pag ee (3.18) 


BENG, |B|Slel 
[8]2[o] 


with Pa g homogeneous polynomial of degree [8] — [a]. Similar formulae yield X° 
in terms of the (ays, 

Recursively from (3.17), we also obtain similar formulae for (2) in terms 
of the X? or X®. 

The assertion comes form combining these formulae, with a similar argument 
for pa, g and qa,g- 
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Corollary 3.1.31. For any M > 0, the maps 


ies a ere 


(ii) P > {X°P(0)} aene, [a] <M ; 


(iii) P => {x PO} cre jajear’ 


are linear isomorphisms from P< to CiimP<m , Also, the maps 


he aTe 


(ii) P -+{X*P(0)} cen, lajm + 


iti) P ++ {XeP(o)} i 
( ) ( ) acNọý , [a] =M 
are linear isomorphisms from Pay to C#®®P=m, 

Proof. By Lemma 3.1.27, the vector subspace P< jy of P is finite dimensional, with 
basis {2* : a € NG, [a] < M}. Hence case (i) is a simple consequence of Taylor’s 
Theorem on R”. 

Note that in the formula (3.18), Po,g is a constant function when [a] = [8] 
and P,,3(0) = 0 when [a] > [6]. Hence 


9\8 
X= D Pafè) 
BENG, |B|<lal 0 


=|a 


We have similar result from the other formulae relating X°, X° and (2)*. 
Cases (ii) and (iii) follow from these observations together with case (i). The 
case of the homogeneous polynomials of order M is similar. 


We may use the following property without referring to it. 


Corollary 3.1.32. Let a, P E€ Ng. The differential operator X°X® is a linear com- 
bination of X7 with [y] € NG, h] = [a] + [4]: 


XOX? = 5 dapat. (3.19) 


YENG, lyl<lal+I8] 
[y]=[e]+[4] 


The differential operator X°X® is a linear combination of X17 with h] € NG, 
ly] < la| + |8| and [y] = [a] + [6]. 
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Proof. The differential operator X°X° is a left-invariant differential operator of 
order |a| + |8| by (3.18), and it is a linear combination of X7, |7| < |a| + |8| (see 
Section 1.3), 


avp _ / y 
X*X’ = 5 daga X. 
YENG lyl<lal+I£| 
By homogeneity, for any r > 0 and any function f € C%(G), we have on one 


hand, 
X“ XÊ(f o D,) = rte (XeX® f) o Dr, 


and on the other hand, 
X*X8(foD,) = 5 ch gX (F o Dr) 
YENG, ll Slal+4l 


E 5 ch gyr (X? f) o Dy. 
YENG, [71<lal+6l 


Choosing f suitably (for example f being polynomials of homogeneous degree 
at most [a] + [8], see Corollary 3.1.31), this implies that if [a] + [8] # [7] then 
Cag, = 0, showing (3.19). 

The property for the right-invariant vector fields is similar. 


3.1.6 Homogeneous quasi-norms 


We can define an Euclidean norm |:|p on g by declaring the X,;’s to be orthonormal. 
We may also regard this norm as a function on G via the exponential mapping, 
that is, 

It|z = |expg? a|x- 


However, this norm is of limited use for our purposes, since it does not interact in 
a simple fashion with dilations. We therefore define: 


Definition 3.1.33. A homogeneous quasi-norm is a continuous non-negative func- 
tion 
G 5 x — |z| € [0, 00), 


satisfying 
(i) (symmetric) |x7}| = |x| for all z € G, 
(ii) (1-homogeneous) |r| = r|a| for all x € G and r > 0, 


(iii) (definite) |x| = 0 if and only if x = 0. 
The |- |-ball centred at x € G with radius R > 0 is defined by 


B(x, R) := {y€ G: |e7ty| < R}. 
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Remark 3.1.34. With such definition, we have for any z, £o E€ G, R > 0, 
to B(a, R) = B(xox, R), (3.20) 
since 
z € 2,B(a,R) => 25'z € B(x, R) => |a'25'2| < R 4> z € B(zox, R). 
In particular, we see that 
B(x,r) = xB(0,r). 
It is also easy to check that 
B(0,r) = D,(B(0,1)). 

Note that in our definition of quasi-balls, we choose to privilege the left 
translations. Indeed, the set {y € G : |yx~'| < R} may also be defined as 
a quasi-ball but one would have to use the right translation instead of the left 
Xo-translation to have a similar property to (3.20). 

An important example of a quasi-norm is given by Example 3.1.18 on the 


Heisenberg group H,,,,. More generally, on any homogeneous Lie group, the follow- 
ing functions are homogeneous quasi-norms: 


diye tas tall = X les , (3.21) 


j=1 
for 0 < p < œ, and for p = oo: 
1 
\(21,---,2n)loo = ae el (3.22) 


In Definition 3.1.33 we do not require a homogeneous quasi-norm to be 
smooth away from the origin but some authors do. Quasi-norms with added regu- 
larity always exist as well but, in fact, a distinction between different quasi-norms 
is usually irrelevant for many questions of analysis because of the following prop- 
erty: 


Proposition 3.1.35. (i) Every homogeneous Lie group Œ admits a homogeneous 
quasi-norm that is smooth away from the unit element. 


(ii) Any two homogeneous quasi-norms |-| and |-|' on G are mutually equivalent: 


\|- || = ||- | in the sense that Ja,b>0 VrEeG  aļæ| < |x| < dal’. 
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Proof. Let us consider the function 
n 
W(r, x) = |D,2\% = X rig. 
j=1 


Let us fix x # 0. The function V(r, x) is continuous, strictly increasing in r 
and satisfies 
W(r,z) —>0 and ¥(r,xz) — +00. 
r—0 


r—>+oo 


Therefore, there is a unique r > 0 such that |D,2|~z = 1. We set |zlo := r7}. 


Hence we have defined a map 
G\{0} > z |a|5* € (0, 00) 


which is the implicit function for ¥(r,x) = 1. This map is smooth since the 
function U(r, x) is smooth from (0, +00) x G\{0} to (0, 00) and 0,.U(r, x) is always 
different from zero. Setting |Og|_ := 0, the map |: |o clearly satisfies the properties 
of Definition 3.1.33. This shows part (i). 


For Part (ii), it is sufficient to prove that any homogeneous quasi-norm is 
equivalent to |- |o constructed above. Before doing so, we observe that the unit 
spheres in the Euclidean norm and the homogeneous quasi-norm |- |, coincide, 
that is, 


G:={reG: |¢|p=1}={e €G : |zļo = 1}. 


Let |- | be any other homogeneous norm. Since it is a definite function (see 
(iii) of Definition 3.1.33) its restriction to G is never zero. By compactness of G 
and continuity of |- |, there are constants a,b > 0 such that 


Va eG a < |z| <b. 
For any x € G\{0}, let t > 0 be given by t™t = |z|,. We have Dix € G, and thus 


a<|Diz|<b and alz|, = tta < |2| < tb = dao. 


The conclusion of Part (ii) follows. 


Remark 3.1.36. If G is graded, the formula (3.21) for p = 2v1 . . . Un gives another 
concrete example of a homogeneous quasi-norm smooth away from the origin since 
x ++ |x|} is then a polynomial in the coordinate functions {xj}. 


Proposition 3.1.35 and our examples of homogeneous quasi-norms show that 
the usual Euclidean topology coincides with the topology associated with any 
homogeneous quasi-norm: 
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Proposition 3.1.37. If|-| is a homogeneous quasi-norm on G ~ R”, the topology 
induced by the |- |-balls 

B(x, R) := {y€ G: |x~ty| < R}, 


x E G and R > 0, coincides with the Euclidean topology of R”. 

Any closed ball or sphere for any homogeneous quasi-norm is compact. It 
is also bounded with respect to any norm of the vector space R” or any other 
homogeneous quasi-norm on G. 


Proof of Proposition 3.1.87. Tt is a routine exercise of topology to check that the 
equivalence of norm given in Proposition 3.1.35 implies that the topology induced 
by the balls of two different homogeneous quasi-norms coincide. Hence we can 
choose the norm |- |oo given by (3.22) and the corresponding balls 


Boo(a,R):= {ye G: |z7"yloo < R}. 
We also consider the supremum Euclidean norm given by 


[(@1,+-+,2n)|B,oo = ee lzi 


and its corresponding balls 
Bge œ(z, R) := {y E€ G: |- £ +ylE, œ < R}. 
That the topologies induced by the two families of balls 
{Bæ(x, R)}zec,R>o and {BE œ(x, R)}reG,R>0 


must coincide follows from the following two observations. Firstly it is easy to 
check for any R € (0,1) 


1 
Boo(0, RT) C Bg,œ(0, R) C Bæ (0, R™ ). 
Secondly for each z € G, the mappings Y, : y œ> x7 ty and Ypg z : y —z +y are 
two smooth diffeomorphisms of R”. Hence these mappings are continuous with 


continuous inverses (with respect to the Euclidean topology). Furthermore, by 
Remark 3.1.34, we have 


U,(Boo(2, R)) = Boo (0,R) and Wp,(Bg.oo(2,R)) = Be (0, R). 


The second part of the statement follows from the first and from the conti- 
nuity of homogeneous quasi-norms. 


The next proposition justifies the terminology of ‘quasi-norm’ by stating that 
every homogeneous quasi-norm satisfies the triangle inequality up to a constant, 
the other properties of a norm being already satisfied. 
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Proposition 3.1.38. If |-| is a homogeneous quasi-norm on G, there is a constant 
C > 0 such that 
Izy] < C (æl + lul)  Va,yeG. 


Proof. Let |:| be a quasi-norm on G. Let B := {x : |x| < 1} be its associated closed 
unit ball. By Proposition 3.1.37, B is compact. As the product law is continuous 
(even polynomial), the set {xy : x,y € B} is also compact. Therefore, there is a 
constant C > 0 such that 


Vz,yEB lay|<C. 


Let x,y € G. If both of them are 0, there is nothing to prove. If not, let t > 0 be 
given by t™t = |x| + |y| > 0. Then D,(x) and D;(y) are in B, so that 


tley| = |Di(zy)| = |Di (x) Diy) < C, 


and this concludes the proof. 


Note that the constant C in Proposition 3.1.38 satisfies necessarily C > 1 
since |0| = 0 implies |x| < C|z| for all x € G. It is natural to ask whether 
a homogeneous Lie group G may admit a homogeneous quasi-norm |- | which 
is actually a norm or, equivalently, which satisfies the triangle inequality with 
constant C = 1. For instance, on the Heisenberg group H,,,, the homogeneous 
quasi-norm given in Example 3.1.18 turns out to be a norm (cf. [Cyg81]). In the 
stratified case, the norm built from the control distance of the sub-Laplacian, often 
called the Carnot-Caratheodory distance, is also 1-homogeneous (see, e.g., [Pan89] 
or [BLUO7, Section 5.2]). This can be generalised to all homogeneous Lie groups. 


Theorem 3.1.39. Let G be a homogeneous Lie group. Then there exist a homoge- 
neous quasi-norm on G which is a norm, that is, a homogeneous quasi-norm | - | 
which satisfies the triangle inequality 


|cy| <|2z|+ly|  Yz,y € G. 


A proof of Theorem 3.1.39 by Hebisch and Sikora uses the correspondence 
between homogeneous norms and convex sets, see [HS90]. Here we sketch a differ- 
ent proof. Its idea may be viewed as an adaptation of a part of the proof that the 
control distance in the stratified case is a distance. Our proof may be simpler than 
the stratified case though, since we define a distance without using ‘horizontal’ 
curves. 


Sketch of the proof of Theorem 3.1.89. If y : [0,7] — G is a smooth curve, its 
tangent vector y'(to) at y(t.) is usually defined as the element of the tangent 
space T,(;,)G at y(t.) such that 


VE = SiO). fe er). 


t=to 
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It is more convenient for us to identify the tangent vector of y at y(t.) with an 
element of the Lie algebra g = ToG. We therefore define 7’ (to) € g via 


VNS) = IONE > FE C*G). 


We now fix a basis {Xj}?_, of g such that D Xj =r’? Xj. We also define 
the map |- |. : g > [0,00) by 


n 
Xle = Pia le A= DERS € g. 
j=l 
Given a piecewise smooth curve y : [0, T] > G, we define its length adapted 
to the group structure by 


F 
a) = f Old. 


If x and y are in G, we denote by d(x,y) the infimum of the lengths il~) 
of the piecewise smooth curves y joining x and y. Since two points x and y can 
always be joined by a smooth compact curve, e.g. y(t) = ((1—t)x) ty, the quantity 
d(x,y) is always finite. Hence we have obtained a map d : G x G > [0,00). It isa 
routine exercise to check that d is symmetric and satisfies the triangle inequality 
in the sense that we have for all x,y,z € G, that 


d(x,y) = d(y,x) and d(x,y) < d(a,z)+d(z,y). 


Moreover, one can check easily that &(D,(y)) = rê(y) and &(zy) = &(y), thus we 
also have for all x,y,z € G and r > 0, that 


d(zx, zy) = d(x,y) and d(ra,ry) =rd(a,y). (3.23) 


Let us show that d is non-degenerate, that is, d(x, y) = 0 => x = y. First let 
|- |z be the Euclidean norm on g ~ R” such that the basis {Xj}'_, is orthonormal. 
We endow each tangent space TyG with the Euclidean norm obtained by left 
translation of the Euclidean norm |- |m. Hence we have for any smooth curve y at 
any point to 

Yo) ry. = IF (to) |B. 


Now we see that if X = )0'_, a;Xj € g is such that 


then 
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This implies that if y : [0,7] > G is a smooth curve satisfying 
Vt € [0,T] l’(@lz,e@ <1, (3.24) 


then 
L(y) < Cly), (3.25) 


where £ is the usual length 


T 
ta) = | lle, yedi, 
0 


and C > 0 a positive constant independent of y. 
Let dg be the Riemaniann distance induced by our choice of metric on the 
manifold G, that is, the infimum of the lengths (y) of the piecewise smooth curves 
y joining x and y. Very well known results in Riemaniann geometry imply that 
dq induces the same topology as the Euclidean topology. Moreover, there exists 
a small open set 2 containing 0 such that any point in Q may be joined to 0 by 
a smooth curve satisfying (3.24) at any point. Then (3.25) yields that we have 
dg(0,x) < Cd(0, x) for any x € Q. This implies that d is non-degenerate since d 
is invariant under left-translation and is 1-homogeneous in the sense of (3.23), 
Checking that the associated map x +> |x| = d(0, x) is a quasi-norm concludes 
the sketch of the proof of Theorem 3.1.39. 


Even if homogeneous norms do exist, it is often preferable to use homogeneous 
quasi-norms. Because the triangle inequality is up to a constant in this case, we 
do not necessarily have the inequality ||xy| — |a|| < Cly|. However, the following 
lemma may help: 


Proposition 3.1.40. We fix a homogeneous quasi-norm |-| on G. For any f € 
C1(G\{0}) homogeneous of degree v € C, for any b € (0,1) there is a constant 
C=C, > 0 such that 


|f (zy) — (x)| < Cly| |x" whenever |y| < da. 


Indeed, applying it to a C'(G\{0}) homogeneous quasi-norm, we obtain 


vbe (0,1) IC=Cy>0 Va,yEeG@ ly| < d[x| = |\xy|—-|2x|| < Cly|. (3.26) 


Proof of Proposition 3.1.40. Let f € C'(G\{0}). Both sides of the desired in- 
equality are homogeneous of degree Rev so it suffices to assume that |r| = 1 
and |y| < b. By Proposition 3.1.37 and the continuity of multiplication, the set 
{xy : |x| = land|y| < b} is a compact which does not contain 0. So by the 
(Euclidean) mean value theorem on R”, we get 


|f (zy) — f(x)| < Clyla. 


We conclude using the next lemma. 
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The next lemma shows that locally a homogeneous quasi-norm and the Eu- 
clidean norm are comparable: 


Lemma 3.1.41. We fix a homogeneous quasi-norm |-| on G. Then there exist 
Cı, Co > 0 such that 


i. 
Ciļz|e < |z| < Colz|g whenever |a| <1. 


Proof of Lemma 3.1.41. By Proposition 3.1.37, the unit sphere {y : |y| = 1} is 
compact and does not contain 0. Hence the Euclidean norm assumes a positive 
maximum Cy 1 and a positive minimum Cy" on it, for some C4, Co > 0. 

Let x € G. We may assume x ¥ 0. Then we can write it as x = ry with 
|y| = 1 and r = |a|. We observe that since 


n 
rule = X yr, 
j=l 


we have ifr <1 
r’lyle < |ryle < rlyle. 


Hence for r = |x| < 1, we get 


Itle =Iryle < rlyļe <|a|Cp’ and [ele = [ryle =r" lyle > ||" Cy”, 


implying the statement. 


3.1.7 Polar coordinates 
There is an analogue of polar coordinates on homogeneous Lie groups. 


Proposition 3.1.42. Let G be a homogeneous Lie group equipped with a homoge- 
neous quasi-norm |- |. Then there is a (unique) positive Borel measure o on the 
unit sphere 


6G :={reG: |z|=1}, 
such that for all f € L1(G), we have 


[tof f teda (3.27) 


In order to prove this claim, we start with the following averaging property: 


Lemma 3.1.43. Let G be a homogeneous Lie group equipped with a homogeneous 
quasi-norm |- |. If f is a locally integrable function on G\{0}, homogeneous of 
degree —Q, then there exists a constant my € C (the average value of f) such that 
for all u € L*((0,00),r~'dr), we have 


[ feeyu(eehae = ms f u(r)r dr. (3.28) 
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The proof of Lemma 3.1.43 yields the formula for my in terms of the homo- 
geneous quasi-norm | - |, 


mf = f(a)da. (3.29) 
1<|z|<e 


However, in Lemma 3.1.45 we will give an invariant meaning to this value. 


Proof of Lemma 3.1.48. Let f be locally integrable function on G'\{0}, homoge- 
neous of degree —Q. We set for any r > 0, 


g(r) := Sicer fade ifr 1, 


z Jr<je|<a f(x)dx ifr <1. 
The mapping y : (0, o0) > C is continuous and one easily checks that 
y(rs)=9(r)+9(s) for all r,s > 0, 


by making the change of variable x œ> sa and using the homogeneity of f. It 
follows that y(r) = y(e) nr and we set 


my := (e). 


Then the equation (3.28) is easily satisfied when u is the characteristic function 
of an interval. By taking the linear combinations and limits of such functions, the 
equation (3.28) is also satisfied when u € L'((0,00),r~‘dr). 


Proof of Proposition 3.1.42. For any continuous function f on the unit sphere G, 
we define the homogeneous function f on G\{0} by 


F(a) = |e"? f(e"). 
Then f satisfies the hypotheses of Lemma 3.1.43. The map fH m F is clearly a 


positive functional on the space of continuous functions on G. Hence it is given 
by integration against a regular positive measure ø (see, e.g. [Rud87, ch. VTJ). 


For u € L!((0,00), r7 1dr), we have 
x|te)u ghdar = f(x z|u g jdt = mz N r 
[tel )u([ar|)d J foe (lela al (r)d 
= u(r peat o Ta 
= | f towo) do(y)d 


Since linear combinations of functions of the form f(|z|~'x)u(|z|) are dense in 
L! (G), the proposition follows. 


We view the formula (3.27) as a change in polar coordinates. 
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Example 3.1.44. For0<a<b< œ and a € C, we have 


—-lfpja _ pna A 
/ jel Sade = Cf i ee ae with C = 0(6). 
a<|2|<b n(2) ifa=0 

And if a € R and f is a measurable function on G such that f(x) = O(|z|*~@) 
then f is integrable either near oo if a < 0, or near 0 if a > 0. 

The measure ø in the polar coordinates decomposition actually has a smooth 
density. We will not need this fact and will not prove it here, but refer to [FR66] 
and [Goo80]}. 


Now, the polar change of coordinates depends on the choice of a homogeneous 
quasi-norm to fix the unit sphere. But it turns out that the average value of the 
(—Q)-homogeneous function considered in Lemma 3.1.43 does not. Let us prove 
this fact for the sake of completeness. 


Lemma 3.1.45. Let G be a homogeneous Lie group and let f be a locally integrable 
function on G\{0}, homogeneous of degree —Q. 

Given a homogeneous quasi-norm, let o be the Radon measure on the unit 
sphere © giving the polar change of coordinate (3.27). Then the average value of 
f defined in (3.28) is given by 


my = f fdo. (3.30) 
S 
This average value mf is independent of the choice of the homogeneous quasi- 


norm. 


Proof of Lemma 3.1.45. For any homogeneous quasi-norm, using the polar change 
of coordinates (3.27), we obtain 


f(x)dx = : _ f(rx)do(x)ro~* dr 
a<|2|<b a JG 


-= f | tedo ar= f ar f f(e)do(a) = (1m +) imp. 


This shows (3.30), taking a = 1 and b = e, see (3.29) and the proof of Lemma 
3.1.43. 


Let |- | and | - |/ be two homogeneous quasi-norms on G. We denote by 
Bp :={xeEG: |æ|<r} and Bl:={eeG: |e’ <r}, 


the closed balls around 0 of radius r for |-| and |- |’, respectively. By Proposi- 
tion 3.1.35, Part (ii), there exists a constant a > 0 such that B C Bı. We also 
have B/ C BS, C B2 and, with the usual sign convention for integration, we have 


“Town hon "hon how 
= i in _ BAB} B:\ B, 
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Using the homogeneities of f and of the Haar measure, we see, after the changes 
of variables x = 2y and x = az, that 


f i roda = f _ f(y)dy and o ra= f _ f(z)dz. 
Bo\ B}, Bi\ Bi BL \ Bt BY\B! 


Hence 
oat 
Bə\ Bı BL\ Bi 


Using the first computations of this proof, the left and right hand sides are equal to 
(Inb/a)my and (Inb/a)m’;, respectively, where mf and m’, are the average values 
for |: | and |- |’. Thus my = m}. 


3.1.8 Mean value theorem and Taylor expansion 


Here we prove the mean value theorem and describe the Taylor series on homoge- 
neous Lie groups. Naturally, the space C'(G) here is the space of functions f such 
that X,f are continuous on G for all j, etc. The following mean value theorem 
can be partly viewed as a refinement of Proposition 3.1.40. 


Proposition 3.1.46. We fix a homogeneous quasi-norm |-| on G. There exist group 
constants Co > 0 and > 1 such that for all f € C'(G) and all x,y € G, we have 


If(zy) — F(@)| < Cod) lu” nies ICGNeAI. 


In order to prove this proposition, we first prove the following property. 


Lemma 3.1.47. The map @: R” > G defined by 


O(t1,---,tn) = expg(tiX1) expg(teX2)...expg(tnXn), 
is a global diffeomorphism. 


Moreover, fixing a homogeneous quasi-norm |-| on G, there is a constant 
Cı > 0 such that 


1 


V(ti,---,tn) € RR", j= 1,...,n, lti < Cil@(t1,...,tn)I. 


The first part of the lemma is true for any nilpotent Lie group (see Remark 
1.6.7 Part (ii)). But we will not use this fact here. 


Proof. Clearly the map ¢ is smooth. By the Baker-Campbell-Hausdorff formula 
(see Theorem 1.3.2), the differential dé(0) : R” + ToG is the isomorphism 


do(0) (ti; -3 tn) = XC 5 XGlo, 
j=1 
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so that ¢ is a local diffeomorphism near 0 (this is true for any Lie group). More 
precisely, there exist ô, C” > 0 such that ¢ is a diffeomorphism from U to the ball 
Bs := {x E€ G : |x| < 6} with 


< 


@ (Bi) =U Clie agty) max ihe < C}. 
J= n 


peau 


We now use the dilations and for any r > 0, we see that 


olr” ti... rtn) = expal(r”tıXı)...expa(r”tnXn) 
(r expa(t1X1))... (r expg(tnXn)) 
= r(expga(tıXı)...expgltnXn)), 


II 


hence 
Plr tipses T Bly) = 70 (bye. 5 bn): (3.31) 


If b(t1,..-,tn) = o(51,.--, Sn), formula (3.31) implies that for all r > 0, we 
have 


O(r ty, ..., 7° tn) = b(r°'s1,..., 7°" Sn). 


For r sufficiently small, this forces t; = s; for all j since ¢ is a diffeomorphism on 
U. So the map ¢ : R” — G is injective. 
Moreover, any x € G\{0} can be written as 


2 on 
x=ry with r:= zll and y:=r ‘re Bsc o(U). 
zl 
We may write y = $(51,...8) with |s;|°7 < C” and formula (3.31) then implies 


L, 
that « = $(t1,...,tn) is in ¢(R”) with t; := r’s, satisfying |t;| "1 < C’r. Setting 
Cı = 2C" /ô, the assertion follows. 


Proof of Proposition 3.1.46. First let us assume that y = expg(tX,). Then 


f(xy) - fle) = | Berna {f(wexpg(s'X;))} ds 
0 
2 f ðs {f (æ expa (5X5) expg(s’X;))} ds 
= J, Xib expalsX;)as, 
and hence 
f(y) — f(e)| < ltl sup |X;f (e expe(8X;))| 
O<s<t 


A 


< lė] sup |X;f (22). 
lzlSlul 
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Since | expg(sX;)| = |s i i |expg X,| and hence |y| = le] a |expg X,|, setting 


C2 = max | expa X|”, 


yhang 


we obtain 


|f (zy) — F(a)| < Coly” E |X; f (z2). (3.32) 
zisSIy 


We now prove the general case, so let y be any point of G. By Lemma 3.1.47, 
it can be written uniquely as y = y142 . . -Yn with yj = expg(t;X,;), and hence 


ly; = je] a |expg X;| < CiC3ly| where C3 := a | exp Xk], (3.33) 


yatag 


and C; is as in Lemma 3.1.47. We write 
lf (zy) — f(x)| < |f (zy --- Yn) — fey. - - Yn-1)| 
+|f(ay1---Yn—1) — F(zy1 -- -Yn-2)| +... + |f (y1) — F(2)I, 
and applying (3.32) to each term, we obtain 


|f (æy) — (o)l < E Calel” i sup |X; f (2y... yj-12)l- 


F lzI<luj| 
Let C4 > 1 be the constant of the triangle inequality for |:| (see Proposition 3.1.38). 
If |z| < |y;|, then z’ = y1 ... yj;-12 satisfies 
Ca(lyn-- + ¥y—1] + lyzl) < Ca(Ca(lyn ---¥j—21 + lys—al) + lyzl) 
j—1 
< Cå (lyn ---yj—al + lyzi + lygl) < -< CL (ual + lyel +- lul) 
< Cf 'jCCslyl, 


IA 


|z" 


using (3.33). Therefore, setting 7 := CinCC3, using again (3.33), we have ob- 
tained 
Feu) — FOS CL CO” sup Xe) 


j=l le"\<nly 


completing the proof. 


Remark 3.1.48. Let us make the following remarks. 


1. In the same way, we can prove the following version of Proposition 3.1.46 for 
right-invariant vector fields: a homogeneous quasi-norm |-| being fixed on G, 
there exists group constants C > 0 and b > 0 such that for all f € C1(G) 
and all x,y € G, we have 


|f (yz) — OESS sup |(X;f)(z2)]. 


|z|<blyl 
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2. If the homogeneous Lie group G is stratified, a more precise version of the 
mean value theorem exists involving only the vector fields of the first stratum, 
see Folland and Stein [FS82, (1.41)], but we will not use this fact here. 


3. The statement and the proof of the mean value theorem can easily be adapted 
to hold for functions which are valued in a Banach space, the modulus being 
replaced by the Banach norm. 


Taylor expansion 


In view of Corollary 3.1.31, we can define Taylor polynomials: 


Definition 3.1.49. The Taylor polynomial of a suitable function f at a point x € G 
of homogeneous degree < M € No is the unique P € P<m such that 


Va EN? [al] <M -X° P(0) = X° f(z). 


More precisely, we have defined the left Taylor polynomial, and a similar 
definition using the right-invariant differential operators X®“ yields the right Taylor 
polynomial. However, in this monograph we will use only left Taylor polynomials. 


We may use the following notation for the Taylor polynomial P of a function 

f at x and for its remainder of order M: 
Puy =P and Ryley) = fey) — PU). (3.34) 
For instance, ad (0) = f(x). We will also extend the notation for negative M 


with 
PI :=0 and RP (y) := f(xy) when M <0. 
With this notation, we easily see (whenever it makes sense), the following 
properties. 


Lemma 3.1.50. For any M € No, a € NG and suitable function f, we have 


a plf) (X*f) a plf) (X*f) 
ae aS = Pi M-]o] and X°*Ri m= Ri M-a] 
Proof. It is easy to check that the polynomial P, := X apy, n , is homogeneous of 
degree M — [a]. Furthermore, using (3.19), it satisfies for every 8 € NG, such that 
[a] + [8] < M, the equality 


x®p,(0) = x?xePY) (0) 
= 5 ha E = 5 Gy pak F(E) 
lvi<lal+!6| lnl<lel-+13| 
h]=la]+8] h]=la]+6] 
= KX f(e). 


This shows the claim. 
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In Definition 3.1.49 the suitable functions f are distributions on a neigh- 
bourhood of x in G whose (distributional) derivatives X°f are continuous in a 
neighbourhood of x for [a] < M. We will see in the sequel that in order to control 
(uniformly) a remainder of a function f of order M we would like f to be at least 
(k +1) times continuously differentiable, i.e. f € C**+1(G), where k € No is equal 
to 

[M] := max{la| : a e Nọ with [a] < My; (3.35) 


this is indeed a maximum over a finite set because of (3.16). 
We can now state and prove Taylor’s inequality. 


Theorem 3.1.51. We fiz a homogeneous quasi-norm |-| on G and obtain a corre- 
sponding constant n from the mean value theorem (see Proposition 3.1.46). For any 
M € No, there is a constant Cm > 0 such that for all functions f € CIM@!+1(G) 
and all x,y E€ G, we have 


IRIS Cu X W sup [(X* Ff) (ez), 


la| <[M]+1 jersey 
[a]>M 


where RP; and [M] are defined by (3.84) and (3.35). 


Theorem 3.1.51 for M = 0 boils down exactly to the mean value theorem as 
stated in Proposition 3.1.46. Similar comments as in Remark 3.1.48 for the mean 
value theorem are also valid for Taylor’s inequality. 


Proof. Under the hypothesis of the theorem, a remainder RY i , is always C' and 


vanishes at 0. Let us apply the mean value theorem ie Proposition 3.1.46) at the 


(Xv, f) 
point 0 to the remainders RY Jis RÝ Ta Rom. Mà iA 
; ; ä 


M — (Uis +.. - + Vj) = 0; using this together with Lemma 3.1.50, we obtain 


p and so on as long as 


n 
(Xvi, f) 

E v0)| < Co 5 lyo sup |R me v YL) > 
foal lyil<nlyol 

(Xon f) Å. (Xuz, Xuz f) 

Rone, (y1) < Co D [y| sup Ry, ue aani) ? 
j=l ly2l<nlya| 
(Hug, hug, f) (Xo, Xv, f) 
Re Mi a otus, Ye) < Co 5 [yk Sup. Ry, M Mojot Vig n) UE) : 


pel lye+il<nlyel 


We combine these inequalities together, to obtain 


f k+1_ k A oe . (X Sikti X Pio f) 
[RS wo) < Co™n 2 [yoj tnt” sup R Mlo a x)|. 
je=l,...,n lye+alsn* + |yo| “0 a 


124 Chapter 3. Homogeneous Lie groups 


The process stops exactly for k = [M | by the very definition of [M |. For this value 
of k, Corollary 3.1.32 and the change of discrete variable @ := Uj) jy +- - < Ujngs Cina 
(where e; denotes the multi-index with 1 in the j-th place and zeros elsewhere) 
yield the result. 


Remark 3.1.52. 1. We can consider Taylor polynomials for right-invariant vec- 
tor fields. The corresponding Taylor estimates would then approximate f (yz) 
with a polynomial in y. See Part 1 of Remark 3.1.48, about the mean value 
theorem for the case of order 0. Note that in Theorem 3.1.51 we consider 
f(xy) and its approximation by a polynomial in y. 


2. If the homogeneous Lie group G is stratified, a more precise versions of Tay- 
lor’s inequality exists involving only the vector fields of the first stratum, see 
Folland and Stein [FS82, (1.41)], but we will not use this fact here. 


3. The statement and the proof of Theorem 3.1.51 can easily be adapted to 
hold for functions which are valued in a Banach space, the modulus being 
replaced by the Banach norm. 


4. One can derive explicit formulae for Taylor’s polynomials and the remainders 
on homogeneous Lie groups, see [Bon09] (see also [ACC05] for the case of 
Carnot groups), but we do not require these here. 


As a corollary of Theorem 3.1.51 that will be useful to us later, the right- 
derivatives of Taylor polynomials and of the remainder will have the following 
properties, slightly different from those for the left derivatives in Lemma 3.1.50. 


Corollary 3.1.53. Let f € C°(G). For any M € No anda € NG, we have 


Dad = plz fle) and X°R 


ff) _ p(X? fl) 
0,M—[a] MZR ‘ 


( 
x,M 0,M- [a] 


Proof. Recall from (1.12) that for any X € g identified with a left-invariant vector 
field, we have 


RA Foy} = Shee y)zo = Xel Fow)} 


and recursively, we obtain 


XF{f(cy)} = X2 {7 (ey)}. (3.36) 


Therefore, we have 


va plf (XP f(x-)) 
x PLAY) — Pi Mja (Y) 


= ¥5 {slow RUO) = [Xe R O) 


va Xo f(a: 
= — KR (y) + Boe (y). (3.37) 


[a] 
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By Corollary 3.1.30, we can write 


XORI (y) Qa plu) XP RY, (y) 


[l<lel, [B]2 [a] 


Qa,a(y Re? a0), 
[B|<|e|, [8]>[e] 


where each Qa,g is a homogeneous polynomial of degree [5] — [a]. 
Fixing a homogeneous quasi- an |-| on G, the Taylor inequality (Theorem 


3.1.51) applied to RÆ) ang RO 


0,M—[a] ¢,M a implies that, for |y| < 1, 


Ra vid ie Dy) < Cjy| + and ge P aY \| < Cly a. 


Hence 
RER S Ca RA, 


Going back to (3.37), we have obtained that its left hand side can be estimated as 


va XS f(a: —la 
[x PO (y) — PEE) < ClyM- et. 


But X apu D (y)— pst oy) is a polynomial of homogeneous degree at most 


M — [a]. Therefore, this polynomial is identically 0. This concludes the proof of 
Corollary 3.1.53. 


3.1.9 Schwartz space and tempered distributions 


The Schwartz space on a homogeneous Lie group G is defined as the Schwartz space 
on any connected simply connected nilpotent Lie group, namely, by identifying G 
with the underlying vector space of its Lie algebra (see Definition 1.6.8). The 
vector space S(G) is naturally endowed with a Fréchet topology defined by any of 
a number of families of seminorms. 


In the ‘traditional’ Schwartz seminorm on R” (see (1.13)) we can replace 
(without changing anything for the Fréchet topology): 


° (2)° and the isotropic degree |a| by X“ and the homogeneous degree [a], 
respectively, in view of Section 3.1.5, 
e the Euclidean norm by the norm |: |, given in (3.21), and then by any ho- 


mogeneous norm since homogeneous quasi-norms are equivalent (cf. Propo- 
sition 3.1.35). 


Hence we choose the following family of seminorms for S(G), where G is a 
homogeneous Lie group: 


IIfllsi@n = sup (1+ |a|)"|X*f(2)| (NE No), 
[a]<N, xEG 
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after having fixed a homogeneous quasi-norm |- | on G. 

Another equivalent family is given by a similar definition with the right- 
invariant vector fields X° replacing X%. 

The following lemma proves, in particular, that translations, taking the in- 
verse, and convolutions, are continuous operations on Schwartz functions. 


Lemma 3.1.54. Let f € S(G) and N EN. Then we have 


IFO sen < Catule wee, (3.38) 

WF lle. $ Orifon where Fie) = Fa), (8.39) 

If(- sew < Cy (1 +|yl) TP | Fllsca)ontnen (y € G). (3.40) 
Moreover, 


ls) - Flis, —y>00 and ||f(-y)- Flis, —>y>00. (3.41) 
The group convolution of two Schwartz functions fi, fo € S(G) satisfies 


lfi * fells, < Cn|lfillsce@),weo+illfells(ay,n- (3.42) 


Proof. Let Co > 1 be the constant of the triangle inequality, cf. Proposition 3.1.38. 
We have easily that 


Va,yEeG (1+ |x|) < Co + ly) + lyzl). (3.43) 
Thus, 


sup (Co(1 + |yl)(1 + lyzl)” |X“ F(ye)| 
[a]<N, xEG 


CS (1 + Iyl) "I fllsi@)n- 


IA 


ILU lls. 


IA 


This shows (3.38). 
For (3.39), using (1.11) and Corollary 3.1.30, we have 


lAo = T ele? Fe) 
2 Sup 3 (1+ |al)| (Qas X’ f) (x—1)| 


loISN, EG Beng, |8|<Ial 
15] > la] 
< On sup (+i ARE 
[8] <un N, rEG 


by homogeneity of the polynomials Qa,g and (3.16). 
Since f(- y) = (f(y71- )J, we deduce (3.40) from (3.38) and (3.39). 
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By the mean value theorem (cf. Proposition 3.1.46), 


tyes = sup (1+ |2|)%|X°f(yx) — X° f(x 
fy) lsi, m z|) | (yx) (x)| 
< C) iy” ae (1+ le) XX" f)(w2)| 
i=) 2eG, |zl<nlyl 
< CD ly!” fla: (3.44) 


j=1 


and this proves (3.41) for the left invariance. The proof is similar for the right 
invariance and is left to the reader. 
Since using (3.43) we have 


HINN IXA ha) < rf (1+ lol)” fa(o)| IX? foly 2) dy 
<o Í (1+ ly Aa) + WENT flu te) dy 
G 


aC) sup(1 + [2X] f (1+ WIA Ody, 
zEG G 


we obtain (3.42) by the convergence in Example 3.1.44. 


The space of tempered distributions S’(G) is the (continuous) dual of S(G). 
Hence a linear form f on S(G) is in S'(G) if and only if 


INEN, C>0 YESI) IEAI Clélson (384) 
The topology of S'(G) is given by the family of seminorms given by 


IIflls@,w = sup{|(f, 9) llls <1} F ESG), N E No. 


Now, with these definitions, we can repeat the construction in Section 1.5 
and define convolution of a distribution in S’(G) with the test function in S(G). 
Then we have 


Lemma 3.1.55. For any f € S'(G) there exist NEN and C > 0 such that 
VWeeS(G) VeeG = |(bx f)(x)| C+ |2|)"llellsc@,n- (3.46) 


The constant C may be chosen of the form C = C'||f\ls:(a),w: for some C' and 
N' independent of f. 

For any f € S'(G) and ¢ € S(G), ox f € C®(G). Moreover, if fe —0-+00 f 
in S'(G) then for any ¢ € S(G), 


Q * fe e400 $ * f 
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in C™(G). 

Furthermore, if f € S'(G) is compactly supported then d* f € S(G) for any 
ọ E€ S(G). 
Proof. Let f € S'(G) and ¢ € S(G). By definition of the convolution in Definition 
1.5.3 and continuity of f (see (3.45)) we have 


KNL = ETD) < CIb-2-Ylsc@uv 
< C+ a YOM |[dlsc@contyen (by (3.40)) 
< CU + lal) Idllsceeontyan (by (3.39)). 


This shows (3.46). Consequently 
X (px f) = (X%9) * f 


is also bounded for every a € Nọ and hence ¢ * f is smooth. The convergence 
statement then follows from the definition of the convolution for distributions. 

Let us now assume that the distribution f is compactly supported. Its support 
is included in the ball of radius R for R large enough. There exists N € No such 
that 


tena = KAaee yl <e aap (E) wer» 


lylSR, lol <N 


< Cr sup |g), 
lyl<R, [a] <un N 


using (3.16) and (3.17). By (1.11), we have 
XP {ley} = (-1)!*\(X%9)(ay™), 
and so for every M € No with M > [a], we obtain 
Šp {oled} = |X%e(ey-)| < Idlls(@y,ar(1 + ley. 
By (3.43), we have also 
(1+ |zy*|)~* < CC + lyha + leh. 
Therefore, for every M € N with M > v,,N we get 


(x fA(@)l < Cr e G +u” A + lel)“ lels), 
u= 


CR + lz)” llellsia),m- 


IA 


This shows ¢* f € S(G). 
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We note that there are certainly different ways of introducing the topology 
of the Schwartz spaces by different choices of families of seminorms. 


Lemma 3.1.56. Other families of Schwartz seminorms defining the same Fréchet 
topology on S(G) are 


© ġ > maxia] a<n ||2°X"O|lp 
e GH maxia jgn lX zello 
© bts maxigj<n |0 +|: DX’ oll 
(for the first two we don’t need a homogeneous quasi-norm) where p € (1, co]. 


Proof. The first two families with the usual Euclidean derivatives instead of left- 
invariant vector fields are known to give the Fréchet topologies. Therefore, by e.g. 
using Proposition 3.1.28, this is also the case for the first two families. 

The last family would certainly be equivalent to the first one for the homo- 
geneous quasi-norm |- |p in (3.21), for p being a multiple of v1,..., Un, since |x|f 
is a polynomial. Therefore, the last family also yields the Fréchet topology for any 
choice of homogeneous quasi-norm since any two homogeneous quasi-norms are 
equivalent by Proposition 3.1.35. 


3.1.10 Approximation of the identity 
The family of dilations gives an easy way to define approximations to the identity. 


If ¢ is a function on G and t > 0, we define ¢; by 
h :=t2ho D ie. glx) =t otr). 
If ¢ is integrable then f ¢; is independent of t. 


We denote by C,(G) the space of continuous functions on G which vanish at 
infinity: 


Definition 3.1.57. We denote by C,(G) the space of continuous function f : G — C 
such that for every e > 0 there exists a compact set K outside which we have 


|f| <e. 


Endowed with the supremum norm ||- |l = ||- ||Z-(@), Co(G) is a Banach 
space. 

We also denote by Ce(G) the space of continuous and compactly supported 
functions on G. It is easy to see that C.(G) is dense in L? (G) for p € [1, 00) and 
in C,(G) (in which case we set p = 00). 


Lemma 3.1.58. Let ¢ € L'(G) and fg =c. 
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(i) For every f € L(G) with 1 < p < œ or every f € Co(G) with p = œ, we 
have 


b+ f — cf in LP(G) or C(G), ie. |li» f- eflec z 0- 


The same holds for f * h. 
(ii) If € S(G), then for any y € S(G) and f € S'(G), we have 
pix ra? cy inS(G) and hix f z cf in S'(G). 


The same holds for Y * ġdi and f * q4. 
The proof is very similar to its Euclidean counterpart. 


Proof. Let ¢ € L! (G) and c= fg. If f € Ce(G) then 
(e* P(E) - cfle) = a £9 p(e-1y) f(y-te)dy — ef (2) 
: f (2) ((tz)2e)de — J b(2)dzf (x) 
G G 
I (2) (f((t2)-ta) — f(a) dz. 


Hence by the Minkowski inequality we have 
lers- cfle | BOE) - FI, de 


Since || f((tz)~1- y= Fl. < 2||f\lp, this shows (i) for any f € C.(G) by the 


Lebesgue dominated convergence theorem. Let f be in L?(G) or C,(G) (in this 
case p = oo). By density of C.(G), for any € > 0, we can find fe € C.(G) such 
that || f — fellp < €- We have 


Ilde* (F — Əl < Iigellall f — Fello < lellis, 


thus 


Ilo: * f — cf llp lpi * (F= fe)llp + lelll fe — Flo + lpi * fe — Cfellp 


dolla + lehe + lli * fe — cfellp- 


Since ||¢; * fe — cfe||p > 0 as t > 0, there exists 7 > 0 such that 


vt € (0,7) [pt * fe — cfellp < €. 


IA IA 


Hence if 0 < t < n, we have 


lgi * f —cfllp < Uoll + le] + Le. 
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This shows the convergence of ¢; * f — cf for any f € L(G) or C,(G). 
With the notation 7 for the operation given by g(x) = g(x~'), we also have 
(f* 9 = Gf. 
Hence applying the previous result to f and d, we obtain the convergence of 


f «be —cf. 
Let us prove (ii) for ¢, Y € S(G). We have as above 


(de * p) (x) — ep (z) = i p(z) (W((tz)*2) — Y(a)) dz, 
thus 


le * Y- cetlin < [ee W(t) = lsc, 2 


IA 


f BOCS IEA llls Nyo, d 
G = 


by (3.44). And this shows 


t 


l: * Y — cll sq, S c) IPlls(a),q+14e; llesiant t zz O- 
j=1 


Hence we have obtained the convergence of ¢; * 7 — cy. As above, applying the 
previous result to w and @, we obtain the convergence of Y * i. 


Let f € S’(G). By (1.14) for distributions, we see for any Y € S(G), that 
(f * bt, ¥) = (Fs * br) me he) 


by the convergence just shown above. This shows that f * ¢; converges to f in 
S'(G). As above, applying the previous result to f and ¢, we obtain the conver- 
gence of f * i. 


In the sequel we will need (only in the proof of Theorem 4.4.9) the follow- 
ing collection of technical results. Recall that a simple function is a measurable 
function which takes only a finite number of values. 


Lemma 3.1.59. Let Z denote the space of simple and compactly supported functions 
on G. Then we have the following properties. 


(i) The space ZB is dense in L? (G) for any p € [1, 00). 
(ii) If oE S(G) and f € B, then dx f and f x ¢ are in S(G). 
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(iii) For every f € Z and p E€ [1, ox], 


off or 


t0 


in LP (G). The same holds for f * i. 


Proof. Part (i) is well-known (see, e.g., Rudin [Rud87, ch. 1}). 
As a convolution of a Schwartz function ¢ with a compactly supported tem- 
pered distribution f € Z, f xo and ¢x f are Schwartz by Lemma 3.1.55. This 
proves (ii). 
Part (iii) follows from Lemma 3.1.58 (i) for 1 < p < oo. For the case p = ov, 
we proceed as in the first part of the proof of Lemma 3.1.58 (i) taking f not in 
C.(G) but a simple function with compact support. 


Remark 3.1.60. In Section 4.2.2 we will see that the heat semi-group associated 
to a positive Rockland operator gives an approximation of the identity h;, t > 0, 
which is commutative: 

hi * hs = hs * hi = hs 4t- 


3.2 Operators on homogeneous Lie groups 


In this section we analyse operators on a (fixed) homogeneous Lie group G. We 
first study sufficient conditions for a linear operator to extend boundedly from 
some L?-space to an L*%-space. We will be particularly interested in the case of 
left-invariant homogeneous linear operators. In the last section, we will focus our 
attention on such operators which are furthermore differential and on the possible 
existence of their fundamental solutions. As an application, we will give a version 
of Liouville’s Theorem which holds on homogeneous Lie groups. All these results 
have well-known Euclidean counterparts. 

All the operators we consider here will be linear so we will not emphasise 
their linearity in every statement. 


3.2.1 Left-invariant operators on homogeneous Lie groups 


The Schwartz kernel theorem (see Theorem 1.4.1) says that, under very mild 
hypothesis, an operator on a smooth manifold has an integral representation. An 
easy consequence is that a left-invariant operator on a Lie group has a convolution 
kernel. 


Corollary 3.2.1 (Kernel theorem on Lie groups). We have the following statements. 


e Let G be a connected Lie group and let T : D(G) > D'(G) be a continuous 
linear operator which is invariant under left-translations, i.e. 


Yro EG, f ED(G)  T(f(#o-)) = (Tf) (#0). 
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Then there exists a unique distribution k E€ D'(G) such that 
Phi fxn) =f wy) fioddy. 
G 


In other words, T is a convolution operator with (right convolution) kernel K. 
The converse is also true. 


e Let G be a connected simply connected nilpotent Lie group identified with R” 
endowed with a polynomial law (see Proposition 1.6.6). Let T : S(G) > S'(G) 
be a continuous linear operator which is invariant under left translations, i.e. 


Vto€G,fES(G)  T(f(æo:)) = (LF) (@o°). 


Then there exists a unique distribution k € S’(IR") such that 
Phi frente) =f wy) filoddy. 
G 


In other words, T is a convolution operator with (right convolution) kernel K. 
The converse is also true. 


In both cases, for any test function fı, the function T fı is smooth. Further- 
more, the map K++ T is an isomorphism of topological vector spaces. 


A similar statement holds for right-invariant operators. 


We omit the proof: it relies on approaching the kernels x(x, y) by continuous 
1 


functions for which the invariance forces them to be of the form K(y7'a). The 
converses are much easier and have been shown in Section 1.5. 
In this monograph, we will often use the following notation: 


Definition 3.2.2. Let T be an operator on a connected Lie group G which is con- 
tinuous as an operator D(G) > D’(G) or as S(G) > S'(G). Its right convolution 
kernel «, as given in Corollary 3.2.1, is denoted by 


To = K. 


In the case of left-invariant differential operators, we obtain easily the fol- 
lowing properties. 


Proposition 3.2.3. If T is a left-invariant differential operator on a connected Lie 
group G, then its kernel is by definition the distribution Tõo € D'(G) such that 


Yo € D(G) To = ¢* T ôo. 
The distribution Tõo € S'(G) is supported at the origin. The equality 
f*Tõo=Tf 
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holds for any f € E'(G), the left-hand side being the group convolution of a distri- 
bution with a compactly supported distribution. The equality 


Tio xf =Tf 


for the right-invariant differential operator corresponding to T also holds for any 
f EEG). 
The kernel of Ttôo is given formally by 


T*õo(z) = Tôo(£7t). 


If T = X°, for a left-invariant vector field X on G and £ € N, then the 
distribution (—1)'X‘do(a~") is the left convolution kernel of the right-invariant 
differential operator T. 


We can also see from (1.14) and Definition 1.5.4 that the adjoint of the 
bounded on L?(G) operator Tf = f * k is the convolution operator T* f = f * k, 
well defined on D(G), with the right convolution kernel given by 


k(x) = (a). (3.47) 


The transpose operation is defined in Definition A.1.5, and for left-invariant 
differential operators it takes the form given by (1.10). Clearly the transpose of a 
left-invariant differential operator on G is a left-invariant differential operator on 


G. 


Proof. A left-invariant differential operator is necessarily continuous as D(G) —> 
D(G). Hence it admits the kernel T’59. We have for ¢ € D(G) with ¢(x) = ¢(a7') 
that 


(1'd0,¢) = ($ * Tõo)(0) = T(0). 


So if 0 ¢ supp ¢ then (To, ¢) = 0. This shows that To is supported at 0. 
If $, Y € D(G), then 


($ * To, Y) = (Tọ, Yp) = (Q, T*y) = (ġ, w * T“ do) 
By (1.14) this shows that T*ôo = (Tdo). Furthermore, if f € D’(G), then 
(Tf, 9) = (f,T) = (F, $ * To) = (F, $ * (To0)) = (f * TS, $). 


This shows Tf = f x T ôo. 
Now we can check easily (see (1.11)) that 


Xf =—(Xfy 


and, more generally, 


Rep = (1) (xe FY 
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for £ € N. Since the equality (f * gy = g * f holds as long as it makes sense, this 
shows that 


(=1) (X5 * f = Tf. 


In fact, our primary concern will be to study operators of a different nature, 
and their possible extensions to some L?-spaces. This (i.e. the L?-boundedness) is 
certainly not the case for general differential operators. 

Assuming that an operator is continuous as S(G) + S’(G) or as D(G) > 
D'(G) is in practice a very mild hypothesis. It ensures that a potential extension 
into a bounded operator L?(G) — L4(G) is necessarily unique, by density of D(G) 
in L?(G). Hence we may abuse the notation, and keep the same notation for an 
operator which is continuous as S(G) —> S'(G) or as D(G) > D'(G) and its 
possible extension, once we have proved that it gives a bounded operator from 
L?(G) to L(G). 


We want to study in the context of homogeneous Lie groups the condition 
which implies that an operator as above extends to a bounded operator from 
L?(G) to L(G). 


As the next proposition shows, only the case p < q is interesting. 


Proposition 3.2.4. Let G be a homogeneous Lie group and let T be a linear left- 
invariant operator bounded from L?(G) to L4(G), for some (given) finite p,q € 
[1,co). If p >q then T =0. 


The proof is based on the following lemma: 
Lemma 3.2.5. Let f € LP (G) with 1 < p < œo. Then 
; 1 
Jim lf — £ -Jlle = 27 flle) 
Proof of Lemma 3.2.5. First let us assume that the function f is continuous with 
compact support E. For zo € G, the function f(x, -) is continuous and supported 


in 25 !E. Therefore, if £o is not in EET! = {yz : y € E, z € E~+}, then f and 
f(@o-) have disjoint supports, and 


lf- FoI f P+ f Ieo)? = 2A- 


Now we assume that f € LP (G). For each sufficiently small € > 0, let fe be a 
continuous function with compact support Be C {|x| < e~'} satisfying || f — fellp < 
e. We claim that for any sufficiently small € > 0, we have 


[zo| > 2 = |I|F — F(o)Ilp — 27 llflle| < (2+ 27). (3.48) 
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Indeed, using the triangle inequality, we obtain 


If — £0 Mp = 2? Flo] < IF- £@o Illy = 2° felo] + 2° fo — Ifl 
For the last term of the right-hand side we have 


llf — fle] < Ife- fllo <6, 


whereas for the first term, if xo ¢ EEJ t, using the first part of the proof and 
then the triangle inequality, we get 


If = F(@o Mp = 2° lfe] = MF- £(@o)Ilp = [Ife = Fe(o “Ilo 
SIF = flto:)) = Fe = fe(to)NIlp 
< lf — Fell, + lf (£o -) = felto olly < 2e. 


This shows (3.48) and concludes the proof of Lemma 3.2.5. 
Proof of Proposition 3.2.4. Let f € D(G). As T is left-invariant, we have 
ITA) -TF = TEE) Al < Tle, IE) Flp- 


Taking the limits as x, tends to infinity, by Lemma 3.2.5, we get 


1 1 
24 |T Fla < IITller),r6)2” If llp- 


But then oe 
IT ll egeria, ray < 2-7 ||T || Era, 


Hence p > q implies ||T|| 2(Łr(a),La{a)) = 0 and T = 0. 


As in the Euclidean case, Proposition 3.2.4 is all that can be proved in the 
general framework of left-invariant bounded operators from L?(G) to L4(G). How- 
ever, if we add the property of homogeneity more can be said and we now focus 
our attention on this case. 


3.2.2 Left-invariant homogeneous operators 


The next statement says that if the operator T is left-invariant, homogeneous 
and bounded from L?(G) to £4(G), then the indices p and q must be related in 
the same way as in the Euclidean case but with the topological dimension being 
replaced by the homogeneous dimension Q. 


Proposition 3.2.6. Let T be a left-invariant linear operator on G which is bounded 
from L? (G) to L4(G) for some (given) finite p,q € [1, 00). If T is homogeneous of 
degree v € C (and T #0), then 
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Proof. We compute easily, 
_2 
IF o Dille =€” Ifl fe L°(G), t>0. 
Thus, since T is homogeneous of degree v, we have 


Rev FIT flia = It” (TF) © Dilla = IT (F © Dilla < IT eae@c@llf ° Dellp 


_@ 
= |T| ee, rat ? Ifl 


so 
enida 
Vt>0 — |Tlegra,ray <ET? |T| erra), 
Hence we must have 
—Rev + ee! =0 
q p 


as claimed. 


Combining together Propositions 3.2.4 and 3.2.6, we see that it makes sense 
to restrict one’s attention to 


The case Rev = 0 is the most delicate and we leave it aside for the moment (see 
Section 3.2.5). We shall discuss instead the case 


-Q < Rev <0. 


Let us observe that the homogeneity of the operator is equivalent to the 
homogeneity of its kernel: 


Lemma 3.2.7. Let T be a continuous left-invariant linear operator as S(G) > 
S'(G) or as D(G) > D'(G), where G is a homogeneous Lie group. Then T is v- 
homogeneous if and only if its (right) convolution kernel is —(Q+v)-homogeneous. 


Proof. On one hand we have 


T(F(r-))(«) = i: feye ady, 


and on the other hand, 


II 


Tf (rx) f f(2)k(27trz)dz = , F(ry)s((ry)“trae)r? dy 


= 19 | flryy(no DAG ady. 


Now the statement follows from these and the uniqueness of the kernel. 
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The following proposition gives a sufficient condition on the homogeneous 
kernel so that the corresponding left-invariant homogeneous operator extends to 
a bounded operator from L?(G) to L4(G). 


Proposition 3.2.8. Let T be a linear continuous operator as S(G) — S'(G) or as 
D(G) > D'(G) on a homogeneous Lie group G. We assume that the operator T 
is left-invariant and homogeneous of degree v, that 


Rev € (—Q,0), 


and that the (right convolution) kernel k of T is continuous away from the origin. 


Then T extends to a bounded operator from L?(G) to L4(G) whenever p,q € 
(1,00) satisfy 
1 1 Rev 
q p Q` 


The integral kernel k then can also be identified with a locally integrable 
function at the origin. 


We observe that, by Corollary 3.2.1, « is a distribution (in S'(G) or D’(G)) 
on G. The hypothesis on « says that its restriction to G\{0} coincides with a 
continuous function Ko on G\ {0}. 


Proof of Proposition 3.2.8. We fix a homogeneous norm |- | on G. We denote by 
Br := {x : || < R} and G := {x : |x| = 1} the ball of radius R and the unit 
sphere around 0. By Lemma 3.2.7, Ko is a continuous homogeneous function of 
degree —(Q + v) on G\{0}. Denoting by C its maximum on the unit sphere, we 
have 


C 


Va € G\{0} |Ko(x)| < jra tRer: 


Hence «o defines a locally integrable function on G, even around 0, and we keep 
the same notation for this function. Therefore, the distribution K’ = Kk — Ko on 
G is, in fact, supported at the origin. It is also homogeneous of degree —Q — v. 
Due to the compact support of x’, |(«’, f)| is controlled by some C* norm of f on 
a fixed small neighbourhood of the origin. But, because of its homogeneity, and 
using (3.9), we get 


>00 (K, f) = tO" {k o Di, f) =t (nw, f o Di). 


Letting t tend to 0, the C* norms of f o D; remain bounded, so that («’, f) = 0 
since Rev < 0. This shows that «’ = 0 and so k = Ko. 


Note that the weak L"(G)-norm of « is finite for r = Q/(Q + Rev). Indeed, 
ifs >0, 
[erien C 


— ki 


S 


|ko(x)| > 5s => |x 
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Q 
C Q+Rev 
< CS , 
S 


-9 
Q+Rev 


The proposition is now easy using the generalisation of Young’s inequalities (see 
Proposition 1.5.2), so that we get that T is bounded from L?(G) to L4(G) for 


1 1 1 Rev 
= 1 = j 
q p r Q 


so that 


CET EDE G 


(C/s) 27e 


with c = |B,|, and hence 


Q 
lkollw-rr(a) < CCAR with r= 


as claimed. 


We may use the usual vocabulary for homogeneous kernels as in [Fol75] and 
[FS82]: 


Definition 3.2.9. Let G be a homogeneous Lie group and let v € C. 

A distribution « € D'(G) which is smooth away from the origin and homo- 
geneous of degree v — Q is called a kernel of type v on G. 

A (right) convolution operator T : D(G) — D'(G) whose convolution kernel 
is of type v is called an operator of type v. That is, T is given via 


T(b) = $*k, 
where « kernel of type v. 


Remark 3.2.10. We will mainly be interested in the LP — L‘-boundedness of 
operators of type v. Thus, by Propositions 3.2.4 and 3.2.6, we will restrict ourselves 
tov E€ C with Rev € [0,Q). 

If Rev € (0,Q), then a (v — Q)-homogeneous function in C%°(G\{0}) is 
integrable on a neighbourhood of 0 and hence extends to a distribution in D’(G), 
see the proof of Proposition 3.2.8. Hence, in the case Rev € (0, Q), the restriction 
to G\{0} yields a one-to-one correspondence between the (v — Q)-homogeneous 
functions in C'°°(G\{0}) and the kernels of type v. 

We will see in Remark 3.2.29 that the case Rev = 0 is more subtle. 

In view of Lemma 3.2.7 and Proposition 3.2.8, we have the following state- 
ment for operators of type v with Rev € (0, Q). 


Corollary 3.2.11. Let G be a homogeneous Lie group and let v € C with 
Rev € (0,Q). 


Any operator of type v is (—v)-homogeneous and extends to a bounded operator 
from L?(G) to L4(G) whenever p,q € (1,00) satisfy 
1 Rev 


1 
p q Q 
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As we said earlier the case of a left-invariant operator which is homogeneous 
of degree 0 is more complicated and is postponed until the end of Section 3.2.4. In 
the meantime, we make a useful parenthesis about the Calderén-Zygmund theory 
in our context. 


3.2.3 Singular integral operators on homogeneous Lie groups 


In the case of R, a famous example of a left-invariant 0-homogeneous operator is the 
Hilbert transform. This particular example has motivated the development of the 
theory of singular integrals in the Euclidean case as well as in other more general 
settings. In Section A.4, the interested reader will find a brief presentation of this 
theory in the setting of spaces of homogeneous type (due to Coifman and Weiss). In 
this section here, we check that homogeneous Lie groups are spaces of homogeneous 
type and we obtain the corresponding theorem of singular integrals together with 
some useful consequences for left-invariant operators. We also propose a definition 
of Calderén-Zygmund kernels on homogeneous Lie groups, thereby extending the 
one on Euclidean spaces (cf. Section A.4). 


First let us check that homogeneous Lie groups equipped with a quasi-norm 
are spaces of homogeneous type in the sense of Definition A.4.2 and that the Haar 
measure is doubling (see Section A.4): 


Lemma 3.2.12. Let G be a homogeneous Lie groups and let |- | be a quasi-norm. 
Then the set G endowed with the usual Euclidean topology together with the quasi- 
distance 


d: (2,y) + |y~*a| 


is a space of homogeneous type and the Haar measure has the doubling property 
given in (A.5). 


Proof of Lemma 3.2.12. We keep the notation of the statement. The defining 
properties of a quasi-norm and the fact that it satisfies the triangular inequality up 
to a constant (see Proposition 3.1.38) imply easily that d is indeed a quasi-distance 
on G in the sense of Definition A.4.1. By Proposition 3.1.37, the corresponding 
quasi-balls B(x,r) := {y € G : d(x,y) < r}, x € G, r > 0, generate the usual 
topology of the underlying Euclidean space. Hence the first property listed in 
Definition A.4.2 is satisfied. 

By Remark 3.1.34, the quasi-balls satisfy B(x,r) = «B(0,r) and B(0,r) = 
D,(B(0,1)). By (3.6), the volume of B(0,r) is |B(0,r)| = r®|B(0,1)|. Hence we 
have obtained that the volume of any open quasi-ball is |B(x,r)| = r@|B(0,1)]. 
This implies that the Haar measure satisfies the doubling condition given in (A.5). 
We can now conclude the proof of the statement with Lemma A.4.3. 


Lemma 3.2.12 implies that we can apply the theorem of singular integrals on 
spaces of homogeneous type recalled in Theorem A.4.4 and we obtain: 
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Theorem 3.2.13 (Singular integrals). Let G be a homogeneous Lie group and let T 
be a bounded linear operator on L?(G), i.e. 


3Co Vf el? ||Tflle < Collflle- (3.49) 


We assume that the integral kernel k of T coincides with a locally integrable 
function away from the diagonal, that is, on (G x G)\{(a@,y) © Gx G: au = y}. 
We also assume that there exist C1, C2 > 0 satisfying 


WY Yo eG J jele, y) — (e, yo)lde < Ca, (3.50) 
lys *z|>Cılyz yl 


for a quasi-norm |- |. 
Then for allp, 1 < p < 2, T extends to a bounded operator on LP because 


34p>0 VYJEL NL? |ITfllp < Apll filly: 


for p= 1, the operator T extends to a weak-type (1,1) operator since 


Ai>O YfELAL! pfx : |TF(z)| >a} saM 


the constants Ap, 1 < p < 2, depend only on Co, Cy and C2. 


Remark 3.2.14.. e The L?-boundedness, that is, Condition (3.49), implies that 
the operator satisfies the Schwartz kernel theorem (see Theorem 1.4.1) and 
thus yields the existence of a distributional integral kernel. We still need to 
assume that this distribution is locally integrable away from the diagonal. 


Since any two quasi-norms on G are equivalent (see Proposition 3.1.35), if 
the kernel condition in (3.50) holds for one quasi-norm, it then holds for any 
quasi-norm (maybe with different constants C1, C2). 


As recalled in Section A.4, the notion of Calderén-Zygmund kernels in the 
Euclidean setting appear naturally as sufficient conditions (often satisfied ‘in prac- 
tice’) for (A.7) to be satisfied by the kernel of the operator and the kernel of its 
formal adjoint. This leads us to define the Calderén-Zygmund kernels in our setting 
as follows: 


Definition 3.2.15. A Calderén-Zygmund kernel on a homogeneous Lie group G is 
a measurable function Ko defined on (G x G)\{ (x,y) € Gx G : x = y} satisfying 
for some y, 0 < y < 1, Cı > 0, A > 0, and a homogeneous quasi-norm |- | the 
inequalities 


Jno(z,y)1 < Aly ®, 
-1,/\7 

xv T L = = 
|ko(z, y) — Koly) < a if Cyla~*a"| < lyzl, 
luty 
|y~ta|e+7 


IA 


|no(z, y) — kolz, y’)| if Cily~*y'| < |y~*al. 
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A linear continuous operator T as D(G) > D’(G) or as S(G) > S'(G) is called 
a Calderén-Zygmund operator if its integral kernel coincides with a Calderón- 
Zygmund kernel on (G x G)\{(a,y) € Gx G: = y}. 


Remark 3.2.16. 1. In other words, we have modified the definition of a classical 
Calderén-Zygmund kernel (as in Section A.4) 


e by replacing the Euclidean norm by a homogeneous quasi-norm 


e and, more importantly, the topological (Euclidean) dimension of the 
underlying space n by the homogeneous dimension Q. 


2. By equivalence of homogeneous quasi-norms, see Proposition 3.1.35, the def- 
inition does not depend on a particular choice of a homogeneous quasi-norm 
as we can change the constants C1, A. 


As in the Euclidean case, we have 


Proposition 3.2.17. Let G be a homogeneous Lie group and let T be a bounded 
linear operator on L?(G). 

If T is a Calder6n-Zygmund operator on G (in the sense of Definition 3.2.15), 
then T is bounded on L?(G), p € (1,00), and weak-type (1,1). 
Proof of Proposition 3.2.17. Let T be a bounded operator on L?(G) and k : 
(x,y) + k(x, y) its distributional kernel. Then its formal adjoint T* is also bounded 
on L?(G) with the same operator norm. Furthermore its distributional kernel is 
KO) : (x,y) => K(y,x). We assume that « coincides with a Calderon-Zygmund 
kernel xo away from the diagonal. We fix a quasi-norm |- |. The first inequality in 
Definition 3.2.15 shows that xo and Ke? coincide with locally integrable functions 
away from the diagonal. Using the last inequality, we have for any y, Yo € G, 


ly~ Yol 
i |ko(£,y) — Ko(Z, Yo)|dx < A A ia alagi 
lysta|>Cilys yl lyote|>Crlyotyl lyo | 
and, using the change of variable z’ = y7 tz, we have 


1 
| aay ere ay 
lystal>Cilystyl lyo x|@r7 la |>Cilyo*y! 


< / jx’ C4) da! 
|x'|>Cilys yl 


+oo 

= al rQ) Ql dp = cilyz tyl”, 
r=Cilyo 'y| 

having also used the polar coordinates (Proposition 3.1.42) with c denoting the 

mass of the Borel measure on the unit sphere, and cı a new constant (of C1, y 

and Q). Hence we have obtained 


f solz, y) — kolz, yo)lde < c14. 
ly 


3 a|>Cilys "yl 
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Similarly for Ko, we have 


E = fal 2) — nolan 
lys*a|>Cilys ‘yl lysta|>Cilys yl 


2A lus yl 
= ty] lyo z|Q+7y 


? 


lys*a|>Cilys 


having used the second inequality in Definition 3.2.15. The same computation as 
above shows that the last left-hand side is bounded by c,;A. Hence kK, and wb) 
satisfy (3.50). Proposition 3.2.17 now follows from Theorem 3.2.13. 


Remark 3.2.18. As in the Euclidean case, Calderén-Zygmund kernels do not nec- 
essarily satisfy the other condition of the L?-boundedness (see (3.49)) and a condi- 
tion of ‘cancellation’ is needed in addition to the Calderén-Zygmund condition to 
ensure the L?-boundedness. Indeed, one can prove adapting the Euclidean case (see 
the proof of Proposition 1 in [Ste93, ch. VII §3]) that if xo is a Calderén-Zygmund 
kernel satisfying the inequality 


c>0 Va #y kolz, y) > ely t2|~@, 
then there does not exist an L?-bounded operator T having «Ko as its kernel. 


The following statement gives sufficient conditions for a kernel to be Calderón- 
Zygmund in terms of derivatives: 


Lemma 3.2.19. Let G be a homogeneous Lie group. If Ko is a continuously differ- 
entiable function on (G x G)\{ (x,y) € Gx G : x= y} satisfying the inequalities 


for eny m,y EG, AY, j=Hl,...,n, 


Jko(z,y)| < Alya, 
I(Xporolz,y)| < Alyta Et»), 
I(X;)yrol(z y) < Aly tal et»), 
for some constant A > 0 and homogeneous quasi-norm |-|, then Ko is a Calderón- 


Zygmund kernel in the sense of Definition 3.2.15 with y = 1. 


Again, if these inequalities are satisfied for one quasi-norm, then they are 
satisfied for all quasi-norms, maybe with different constants A > 0. 


Proof of Lemma 3.2.19. We fix a quasi-norm |- |. We assume that it is a norm 
without loss of generality because of the remark just above and the existence of a 
homogeneous norm (Theorem 3.1.39); although we could give a proof without this 
hypothesis, it simplifies the constants below. Let Ko be as in the statement. Using 
the Taylor expansion (Theorem 3.1.51) or the Mean Value Theorem (Proposition 
3.1.46), we have 


n 
|Ko(2", y) — Ko(z,y)| < Co 5 lemta sup |(X;)zi=zz%o(£1,9)|. 
j=1 |2|<nla-ta’| 
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Using the second inequality in the statement, we have 


sup |(Xj)e,=a240(t1,y)| <A sup |y-taz|-(@ ts), 
lzl<nla-te"| lzl<nla-te"| 
The reverse triangle inequality yields 
= = We : ie oa 
ly-*wz| > |y~*e| —|z| > z” ‘al if |z| < zl” ‘a. 


Hence, if 2n|a~'x’| < |y~!a|, then we have 
sup jy tez (ees) < 2QtYi yig Tet), 
|el<nlæ= ta] 


and we have obtained 


n 


ka= < Co) |e a ay a eres) 
j=1 
< © Sin) 0720+; |c~ta'|[yta|- (2-9, 


j=l 
This shows the second inequality in Definition 3.2.15. 
We proceed in a similar way to prove the third inequality in Definition 3.2.15: 
the Taylor expansion yields 


m 
|ko(z, y) — kolz, y| < Co X lyy” sup | (Xj) ys =yzho(2, 91) 
j=l lzl<nly~ty’| 


while one checks easily 


SUP |(Xj)=yz5olz,yı)| < A sup (yz) tet») 
lel|<nly~ty’| jai cny] 


Agetes lyte T et), 


IA 


when 2n|y~*y’| < |y~ta|. We conclude in the same way as above and this shows 
that ko is a Calderén-Zygmund kernel. 


Corollary 3.2.20. Let G be a homogeneous Lie group and let k be a continuously 
differentiable function on G\{0}. If r satisfies for any x E G\{0}, j =1,...,n, 


J«(z)] < Ala|-®, 
Xap e Ala| Or, 
\Xjx(a)| << Ale| Orr, 
for some constant A > 0 and homogeneous quasi-norm |- |, then 
Ko: (2,y) > Kly!) 


is a Calderén-Zygmund kernel in the sense of Definition 8.2.15 with y = 1. 
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Corollary 3.2.20 will be useful when dealing with convolution kernels which 
are smooth away from the origin, in particular when they are also (—Q)-homoge- 
neous, see Theorem 3.2.30. 


Proof of Corollary 3.2.20. Keeping the notation of the statement, using properties 
(1.11) of left and right invariant vector fields, we have 


(Xj)eto(t,y) = (Xjx)(y~"2), 
(Xj)yto(a,y) = —(Xjx)(y*2). 


The statement now follows easily from Lemma 3.2.19. 


Often, the convolution kernel decays quickly enough at infinity and the main 
singularity to deal with is about the origin. The next statement is an illustration 
of this idea: 


Corollary 3.2.21. Let G be a homogeneous Lie group and let T be a linear operator 
which is bounded on L?(G) and invariant under left translations. 

We assume that its distributional convolution kernel coincides on G\{0} with 
a continuously differentiable function k which satisfies 


f Kold < a, 
|a|>1/2 

sup |z|°|x(x)| < A, 

0<|2|<1 
Q+vij X, = 
sup |z| |X;K(z)| < A, j=1,...,n 
0<|a|<1 

for some constant A > 0 and a homogeneous quasi-norm |- |. Then T is bounded 


on L?(G), p € (1,00), and is weak-type (1,1). 


Proof. Let x € D(G) be [0,1]-valued function such that x = 0 on {|z| > 1} 
and x = 1 on {|z| < 1/2}. As fi,)51/.|K(2)|dx is finite, (1 — y)x is integrable 
and the convolution operator with convolution kernel (1 — x)« is bounded on 
L?(G) for p € [1,co]. Hence it suffices to prove that the kernel ko given via 
ko(x, y) = (xK)(y~ tx) is Calderén-Zygmund. 

From the estimates satisfied by «, it is clear that the quantities 


sup |z|@|(x«)(x)| and sup fal (+) |X5(xK)(2)| 
xeG\{0} xEeG\{0} 


are finite. As each X j may be expressed as a combination of X; with homogeneous 
polynomial coefficients, see Section 3.1.5, we have for any (regular enough) function 
f with compact support 


sup |e (CP) |X; f(a)|<C sup |e CHX; f(2)]. 
xEeG\{0} xeEG\{0} 
k=1,...,n 
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Consequently, the quantities sup,¢g\ {o} |x| (2+) |X; (xr) (x)| are also bounded. 
Applying Lemma 3.2.19 to ko defined above, one checks easily that it is a Calderón- 
Zygmund kernel. Applying Proposition 3.2.17 concludes the proof of Corollary 
3.2.21. 


This closes our parenthesis about the Calderén-Zygmund theory in our con- 
text, and we can go back to the study of left-invariant homogeneous operators, 
this time of homogeneous degree 0. 


3.2.4 Principal value distribution 


As we will see in the sequel, many interesting operators for our analysis on a 
homogeneous Lie group G will be given by convolution operators with (right con- 
volution distributional) kernels homogeneous of degree v with Rev = —Q. In most 
of the ‘interesting’ cases, the distribution « will be given by a locally integrable 
function away from the origin; denoting by «Ko the restriction of k to G\{0}, one 
may wonder if there is a one-to-one correspondence between « and «o. As in the 
Euclidean case, this leads to the notion of the principal value distribution and we 
adapt the ideas here to fit the homogeneous context; in particular, the topological 
(Euclidean) dimension is replaced by the homogeneous dimension Q. 


So the question is: Considering a locally integrable function xo on G\{0} 
which is homogeneous of degree v with Rev = —Q, does there exist a distribution 
k € D'(G) on G, homogeneous of the same degree v on G, whose restriction to 
G\{0} coincides with «o? that is, 


(x, f) = I coy 2a ee 


whenever f € D(G) and 0 ¢ supp f. In other words, can the functional 


D(R"\{0}) 3 fro Ko (a) f(x)dx 
G\{0} 


be extended to a continuous functional on D(R”)? 


Remark 3.2.22. 1. We observe that if such an extension exists, it is not unique 
in general. For v = —Q, the reason is that the Dirac 69 at the origin is 
homogeneous of degree —Q (see Example 3.1.20), so that if « is a solution, 
then « + cdo for any constant c is another solution. (However, see Proposi- 
tion 3.2.27.) 


2. The second observation is that the answer is negative in general: 


Example 3.2.23. Let |:| be some fixed homogeneous quasi-norm on G smooth away 
from the origin. The function defined by Kko(x) = |x|” with v = -Q + iT, 7 € R, is 
homogeneous of degree v on G\{0} but can not be extended into a homogeneous 
distribution « € D’(G) of homogeneous degree v. 
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Proof of Example 3.2.23. Indeed, let us assume that such a distribution « exists 
for this ko. Homogeneity of degree —Q + ir means that 


(k po Di) =t" (r, Y), t>0, pe DG). 


Let Bs := {x € G : |x| < ô} be the ball around 0 of radius ô. Let ¢ € D(G) be a 
real-valued function supported on D2(B5)\ Bs, such that 


[ 00- a) al eae £0. 
We now define 
(a) = lee) and f = y- 2 (yo Da), z E€ G\{O}. 
Immediately we notice that 
f(a) = lel ($z) - 4(22)) 


and, therefore, both w and f are supported inside D4(Bs)\Bs and are smooth. 
We compute 


(Ko, f) = f (o(x) — ¢(2x)) |z| 72 dz # 0 
G 
by the choice of ¢. On the other hand, 
(K, f) = (k, p) — 27 (K, Y o Da) = 0. 


We have obtained a contradiction. 


The next statement answers the question above under the assumption that 
Ko is also continuous on G\ {0}. 


Proposition 3.2.24. Let G be a homogeneous Lie group and let Ko be a continuous 
homogeneous function on G\{0} of degree v with Rev = —-Q. 

Then Ko extends to a homogeneous distribution in D'(G) if and only if its 
average value, defined in Lemmata 3.1.43 and 3.1.45, is Mp, = 0. 


Proof. Let us fix a homogeneous quasi-norm |- |. We denote by ø the measure on 
the unit sphere G = {x : |x| = 1} which gives the polar change of coordinates 
(see Proposition 3.1.42) and |o| its total mass. 

By Lemma 3.1.41, there exists c > 0 such that 


lc] <1 = > |ele < ela}. (3.51) 


First let us assume m,,, = 0. Therefore, for any a,b € [0,0o), 


b b 
Í Ko(x)dx = / | Ko(ra)do(x)r?—ldr = mg, f r’r?—ldr = 0, 
a<|x|<b r=a J © r=a 
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see Section 3.1.7. We claim that, for each f € D(G), 


WwW 


lim Ko(a)f(x)dx < œ. (3.52) 


e>0 |a|>e 


Indeed, let us check the Cauchy condition for 0 < e < ¢’. We see that 


fa. Ko(x) f(x)dx -f ko(x)f(£)dz Jaa vari 


Jaa OTO 


< f ea MOIE ~ £0) ae 


The (Euclidean) mean value theorem and the estimate (3.51) imply 
If(2) — FO) < IV Flloltle < IV Fllooela] if |x| <1. 


Since Ko is v-homogeneous with Rev = —Q, denoting by Co the maximum of |K5| 
on the unit sphere {x : |x| = 1}, we have 


Vax € G\{0} Ikol£)| < Co|a|-@. 
Hence if € < 1, 


< if IV flleocCola|*- da 
e<|a|<e’ 


|a|>e/ 


fa. PON eae — I Ko(x) f(x)dx 


= ||VfllocCo(€ — 6). 


This implies the Cauchy condition. Therefore, Claim (3.52) is proved and we de- 
note the limit by 


(k, f) := lim kolz) f(x)dx, f € D(G). (3.53) 
e>0 ja|>e 
This clearly defines a linear functional. Moreover, this functional is continuous 
since if f € D(G) is supported in a ball Br = {x : |x| < R} for R large enough, 
then, for e < 1, 


Ko(x)f(x)dz] < Ko(x) f(x)dax Ko(x) f(x)dax 
| [roles Jaat] f sere 
< ||VfllooeCo(1 — €) + Co ie ag le 
< Cr(I|VFlloo + |I flo). 
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For the converse, we proceed by contradiction: let us assume that « exists 
and that mx, 4 0. Then 


Mko 


Ko = ||” 
|a| 


is a continuous homogeneous distribution of G\{0} of degree v with mean average 


f (r-T) ote) = f nolaydo(ay — Tie f dola) 


= Meres ~ Mga = 0. 


Hence it admits an extension into a homogeneous distribution by the first part 
of the proof. But this would imply that |z|” has such an extension and this is 
impossible by Example 3.2.23. 


Remark 3.2.25. (i) In view of the proof above, the hypothesis of continuity in 
Proposition 3.2.24 (and also in Proposition 3.2.27) can be relaxed into the 
following condition: %o is locally integrable and locally bounded on G\{0}. 


This ensures that all the computations make sense and, since the unit 
sphere of a given homogeneous quasi-norm is compact, |K | is bounded there. 


We will not use this fact. 


(ii) By Lemma 3.1.45 the condition m,, = 0 is independent of the homogeneous 
quasi-norm. However, the distribution defined in (3.53) depends on the choice 
of a particular homogeneous quasi-norm. For instance, one can show that the 
function on R? given in polar coordinates by 


__ cos 40 


etre”) a 


r 


admits two different extensions « via the procedure (3.53) when considering 
the Euclidean norm (a, y) ++ (£? + y?)!/? and the é'-norm (z, y) > |a| + |yl. 


Definition 3.2.26. The distribution given in (3.53) is called a principal value dis- 
tribution denoted by 
D.U. Kolt). 
The notation is ambiguous unless a homogeneous norm is specified. 
The next proposition states that, modulo a Dirac distribution at the origin, 
the only possible extension is the principal value distribution: 


Proposition 3.2.27. Let k be a homogeneous distribution of degree v with Rev = 
—Q on a homogeneous Lie group G. We assume that the restriction of k to G\{0} 
coincides with a continuous function Ko. 

Then Ko is homogeneous of degree v on G\{0} and mę, = 0. Moreover, after 
the choice of a homogeneous norm, 


K(x) = p.v. Ko(x) + Co, 
for some constant c € C, with c =0 if v 4 -Q. 
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Proof. By Proposition 3.2.24, m,,, = 0. Then 


/ 
K i= K — p.v. Ko 


is also homogeneous of degree v and supported at the origin. 


Let f € D(G) with f(0) = 0. Due to the compact support of k’, |(K’, f)| is 
controlled by some C* norm of f on a fixed small neighbourhood of the origin. 
But, because of its homogeneity of degree v with Rev = —Q, 


VE>O Ke, f)| = l(a", fo Di) 


Letting t tend to 0, the note that the C* norms of f o D; remain bounded. Let us 
show that as t > 0, we actually have (k’, f o De) > 0. We claim that f o D; > 0 
in C*(U) for a neighbourhood U of 0. Indeed, 


X°(f o Di) =tel(x*f)oD, 30 ast0, 


provided that a # 0. On the other hand, also (f o D;)(a) = f(tx) > f(0) = 0 
as t > 0, and same for the L° norm over the set U. Thus, we have proved that 
(«’, f) =0 for any f € D(G) vanishing at 0. 

We now fix a function x € D(G) with x(0) = 1. For any f € D(G), 


(nf) = (6, F — FOX) + FOO)’, x) = FO), x), 


since f — f(0)x € D(G) vanishes at 0. This shows «’ = cdg where c = (k’, x). But 
ĉo is homogeneous of degree —Q, see Example 3.1.20, whereas «’ is homogeneous 
of degree v. So c = 0 if v 4 -Q. 


Alternatively, we can also argue as follows. By Proposition 1.4.2 we must 
have 
k! = K — p.. Ko = 5 aað“ bo 


laļ<j 


for some j and some constants ag. Now, we know by Example 3.1.20 that do is 
homogeneous of degree —Q, and by Proposition 3.1.23 that O0%d9 is homogeneous 
of degree -Q — fa]. Since «’ is homogeneous of degree —Q, it follows that all a, = 0 
for —Q — [a] # v. The statement now follows since, if v 4 —Q, we must have all 
da = 0, and if v = —Q, we take c = ao. 


Using the vocabulary of kernels of type v, see Definition 3.2.9, Proposition 
3.2.24 implies easily: 


Corollary 3.2.28. Let G be a homogeneous Lie group and let Ko be a smooth ho- 
mogeneous function on G\{0} of degree v with Rev = —Q. Then ko extends to 
a homogeneous distribution in D'(G) if and only if its average value, defined in 
Lemmata 3.1.48 and 3.1.45, is Mk, = 0. In this case, the extension is a kernel of 
type v. 
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Remark 3.2.29. Remark 3.2.10 explained the correspondence between the kernels 
of type v and their restriction to G\{0} in the case Rev € (0, Q). 

With Corollary 3.2.28, we obtain the case Rev = 0: the restriction to G'\{0} 
yields a correspondence between 


e the (v—Q)-homogeneous functions in C°(G\{0}) with vanishing mean value 
e and the kernels of type v. 


It is one-to-one if v Æ 0 but if v = 0, we have to consider the kernels of type v 
modulo Côo. 


3.2.5 Operators of type v = 0 


We can now go back to our original motivation, that is, a condition on a left- 
invariant homogeneous operator of degree 0 to obtain continuity on every L?(G). 
Our condition here is that the operator is of type 0, or more generally of type v, 
Rev = 0. 


Theorem 3.2.30. Let G be a homogeneous Lie group and let v € C with 
Rev = 0. 


Any operator of type v on G is (—v)-homogeneous and extends to a bounded op- 
erator on L? (G), p € (1,00). 


The proof consists in showing that the operator is Calderón-Zygmund (in 
the sense of Definition 3.2.15) and bounded on L?(G'). Note that the cancellation 
condition (see Remark 3.2.18), is provided by m,,, = 0, see Proposition 3.2.27. 


Proof. Let x € D'(G) be a kernel of type v, Rev = 0. We denote by «ko its 
smooth restriction to G\{0}. One checks easily that Ko satisfies the hypotheses of 
Corollary 3.2.20. Consequently, Ko is a Calderén-Zygmund kernel in the sense of 
Definition 3.2.15. By the Singular Integral Theorem, more precisely its form given 
in Proposition 3.2.17, to prove the L?-boundedness for every p € (1,00), it suffices 
to prove the case p = 2. 

Fixing a homogeneous norm |-| smooth away from the origin, by Proposi- 
tion 3.2.27, we may assume that « is the principal value distribution of Ko (see 
Definition 3.2.26). We want to show that 


fofxp.v.ko 


is bounded on L?(G). For this, we will apply the Cotlar-Stein lemma (see Theo- 
rem A.5.2) to the operators 


Tj: frof«*«K;, j EZ, 


where 
K; (x) = Ko(@)19-3<|a|<2-s+1 (x). 
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We claim that 
max (||7} Tell ¢(z2(@)) ITTE llega) < C270. (3.54) 


Assuming this claim, by the Cotlar-Stein lemma, ` j Tj defines a bounded oper- 
ator on L? (G) and its (right convolution) kernel is X` j Kj which coincides, as a 
distribution, with p.v. Ko = K. This would conclude the proof. 


Let us start to prove Claim (3.54). It is not difficult to see (see (3.47)) that 
the adjoint of the operator Tj on L?(G) is the convolution operator with right 
convolution kernel given by 


Kj (a) = Kj(a~), 


which is compactly supported. Therefore, the operators TT}, and TT; are con- 
volution operators with kernels Ay, x Kj and Ký * Kj, respectively. We observe 
that, by homogeneity of Ko, for any j € No, 


|; (x)| = 2° Ko(2 x)| and so l;la) = I| Koll z2(a)- 


By the Young convolution inequality (see Proposition 1.5.2), the operators T}, 
TT, and T;T; are bounded on L*(G) with operator norms 


Illega@) < Alla = ||Kolla, 
ZF Til eaa < ||Ke* KF ll, < || Kell AG lla = Kolf, 
IjTelleae@) < KE * Kl < AG lal All, = Kolli. 


In order to prove Claim (3.54) we need to obtain a better decay for || Ky * K7 |j 

and || Kj * K;||ı when j and k are ‘far apart’. Since || Kp * KF||1 = || Kj * Kj ||, and 

|G * KG lla = || KF * Krl|ı, we may assume k > j. Quantitatively we assume that 

C,2)-F+! < 1/2 where C1 > 1 is the constant appearing in (3.26) for b = 1/2. 
We observe that the cancellation condition m,,, = 0 implies 


Í Kp(x)dx = n Kolz)dz = Mg, In2 = 0, 
G 2-8 <|a|<2-k +1 


and so 

[Kn * Kj (a), = [Kaaa =| f. Kt) (K? (y~z) — Kł (x)) dy 
< S KOGUD -GO 
_—— Coly? |K} (a) — Kj (x)| dy, 
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where C, is the maximum of |xo| on the unit sphere {|x| = 1}. Thus after the 
change of variable z = 2*y, 


| Kx * K;(2)| < / C.|z|~? |e ((2-*z)*a) — Kž(æ)| dz. 


1<|2|<2 


We want to estimate the L!-norm with respect to x of the last expression. Hence 
we now look at 


[les (8212) — Kj (@)] de = f |K; (21 2*2) — Kyle) an, 
G G 


after the change of variable x = x7". Using K; = 2!” Ko o Dj and the change of 
variable £2 = 2/x,, we obtain 


1 |K; (zı 2"z) — K;(a1)| day =} |Ko (x2 2-*t4z) — Ko(a2)| dao. 
G G 


Let Ao = {1 < |z| < 2} be the annulus with radii 1 and 2 around 0 and write 
momentarily y~! = 2-*+3z with z € Ag. We can write the last integral as 


| |Ko(xy~*) — Ko(2)| dx =} +f +f . 
G AoN(Aoy) Ao\(Aoy) (Aoy)\Ao 


For the last two integrals, we see with a change of variable x = x’y~! that 


foo =| o@lae= foe’ DJar=f 
Ao\(Aoy) Ao\(Aoy) (Aoy)\Ao (Aoy)\Ao 


and 
| \Kol < | “ayy Coll Cae +f “yey Coll Cae. 
Ao\(Aoy) 1<|a|<2 1<|x|<2 
Thus 
| |Ko(xy7*) — Ko(2)| dz = 1 |Ko(xy™!) — Ko(a)|dx (3.55) 
G Aon(Aoy) 
-Q -Q 
+2C, Io \a|~ “dr + e je “dz 
1<|2|<2 1<|2|<2 
Since y7! is relatively small, by (3.26) we get for the two integrals above 


lzy [>2 0 fley [<1 Jo_-culyl<|al<2 J 1<|a]<14C1lyl 


1<|2|<2_* 1S |a|<2 
2 


=In 
2—C\ly| 


+ In(1 + Cily|) < Clyl, 
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(see Example 3.1.44), whereas by Proposition 3.1.40 we have for any x € Ao, 
|Ko(xy') — Ko(x)| < Cly| |£ 727, 


and so 
f (Koer ~ Kola)|ax< Cyl falar < Cy 
Aon(Aoy) 1<|z2|<2 


We have obtained that the expression (3.55) is up to a constant less than 27kti 
when C,23-*+1 < 1/2 (and y7! = 2-**3z, z € Ag). This estimate gives 


IKex ijl < Cof al-@ f [Kole 242) — Kole)| de dz 
z€Ao G 


IA 


GC. |z YCa- dee cl, 
zE€Ao 


With a very minor modification, we can show in the same way that || K% * Kj||1 < 
Cat, 
This shows Claim (3.54) and concludes the proof of Theorem 3.2.30. 


Remark 3.2.31. In view of the proof, we can relax the smoothness condition in 
the hypotheses of Theorem 3.2.30: it suffices to assume that ko E€ C1(G\{0}). 

This ensures that we can apply Propositions 3.2.27 and 3.1.40 during the 
proof. 


3.2.6 Properties of kernels of type v, Rev E€ [0,Q) 


The kernels and operators of type v have been defined in Definition 3.2.9. Sum- 
marising results of the previous section, namely Corollary 3.2.11 for Rev € (0, Q), 
and Theorem 3.2.30 for Rev = 0, we can unite them as 


Corollary 3.2.32. Let G be a homogeneous Lie group and let v € C with 
Rev € [0,Q). 


Any operator of type v on G is (—v)-homogeneous and extends to a bounded op- 
erator from L? (G) to L1(G) provided that 


1 1 Rev 
---=—, l<p<q<%. 
pq Q 
When considering kernels of type v, we have regularly used the following 
property: if « is a kernel of type v then, fixing a homogeneous quasi-norm |- | on 


G, k admits a maximum C'ẹ on the unit sphere {|x| = 1}, and by homogeneity we 
have 
Yr e G0} = |x(x)| < Cule?” e. (3.56) 
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In particular, it is locally integrable if Rev > 0 and defines a distribution on the 
whole group G in this case. In the case when Rev = 0, by Proposition 3.2.27, k 
also defines a distribution on G of the form 


K = p.v. Kı + Co, 


where «Kı is of type v with vanishing average value and c € C is a constant. 
We can also deduce the type of a kernel from the following lemma: 


Lemma 3.2.33. Let k be a kernel of type vy, with Rev, E€ (0,Q). Let T be a 
homogeneous differential operator of homogeneous degree vr. If Revy,—vr € [0, Q) 
then Tr defines a kernel of type v,, — vr. 


Proof. Clearly Tx is a (Q — vk + vr)-homogeneous distribution which coincides 
with a smooth function away from 0. 


Remark 3.2.34. We have obtained certain properties of convolution operators with 
kernels of type v in Corollary 3.2.11 for Rev € (0,Q), and in Theorem 3.2.30 for 
Rev = 0. When composing two such types of operators, we have to deal with 
the convolution of two kernels and this is a problematic question in general. In- 
deed, the problems about convolving distributions on a non-compact Lie group 
are essentially the same as in the case of the abelian convolution on R”. The con- 
volution Tı * T2 of two distributions 7,72 € D’(G) is well defined as a distribution 
provided that at most one of them has compact support, see Section 1.5. How- 
ever, additional assumptions must be imposed in order to define convolutions of 
distributions with non-compact supports. Furthermore, the associative law 


(Ti * T2) * T3 = T1 * (T2 * T3), (3.57) 


holds when at most one of the 7;’s has non-compact support, but not necessarily 
when only one of the 7;’s has compact support even if each convolution in (3.57) 
could have a meaning. 


The following proposition establishes that there is no such pathology appear- 
ing when considering convolution with kernel of type v with Rev € [0, Q). This 
will be useful in the sequel. 


Proposition 3.2.35. Let G be a homogeneous Lie group. 
(i) Suppose v € C with 0 < Rev < Q, p2 1, q > 1, andr > 1 given by 


1 1 1 Rev 
= } ii 
r p q Q 


If k is a kernel of type v, f € L®(G), and g € L1(G), then f x (g*r) and 
(f *g)*«# are well defined as elements of L" (G), and they are equal. 
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(ii) Suppose Kı is a kernel of type vı E€ C with Rev > 0 and k2 is a kernel of 
type v2 E€ C with Revz > 0. We assume Re (vı + v2) < Q. Then kı * Ke is 
well defined as a kernel of type vı + v2. Moreover, if f € LP (G) where 


1< p< Q/(Re (nı +V2)) 
then (f * k1) * Kg and f * (kı * K2) belong to L7(G), 


1 1 Re (4 +12) 


q p Q ? 


and they are equal. 


Proof. Let us prove Part (i). By Corollary 3.2.11, Theorem 3.2.30 and Young’s 
inequality (see Proposition 1.5.2), the mappings (f, g) > f * (g * K) and (f, g) => 
(f *g)* k are continuous from L?(G) x L7(G) to L” (G). They coincide when they 
have compact support, and hence in general. 


Let us prove Part (ii). We fix a homogeneous quasi-norm |- | smooth away 
from the origin. We will use the general properties of kernels of type v explained 
at the beginning of this section, especially estimate (3.56). 

Let x Æ 0 be given. We can find € > 0 such that the balls 


B(0,€) := {y : |yļ| <} and B(z,e):= {y : |xzy"| < e}, 


do not intersect. We note that these balls are different from those in Definition 
3.1.33 (that are used throughout this book) but in this proof only, it will be more 
convenient for us to work with the balls defined as above. 

If Revi, Reve > 0, then both «kı and «kə are locally integrable and 


yeg for y € B(0,€), 
[kı (ay *)2(y)| Ces! [ey Pee for y € B(a,€), 
O(|y|Peeatal—28) y € B(0,€) U Biz; <). 


Thus we can integrate «;(ry~')ko(y) against dy on B(0, €), B(x, €) and outside of 
B(0,¢) U B(a, €) to obtain the sum of three integrals absolutely convergent: 


J +f +f lyl>e Ki(zy”")2(y)dy := (2). 
ye B(0,e) ye B(a,€) a 


lay 
This defines (x) which is independent of e small enough. 


If Rev = 0, by Proposition 3.2.27, we may assume that %ə is the principal 
value of a homogeneous distribution with mean average 0 (see also Definition 3.2.26 
and (3.53)). In this case, by smoothness of xı away from 0 and Proposition 3.1.40, 


| («1 (ey7") — K1(x)) ka(y)| < Cer,elyl’"? for y € B(0,€), 
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and we obtain again the sum of three integrals absolutely convergent: 


I lae =e weo(y)dy + 
yEB(0,€) 


+ J D e Ki(zy”*)k2(y)dy =: k(x). 
ye B(a,€) 


|jey~*|>e 


This defines «(2) which is independent of e small enough. 

In both cases, we have defined a function k on G\{0}. A simple change of 
variables shows that « is homogeneous of degree vı + v2 — Q (this is left to the 
reader interested in checking this fact). 

Let us fix ¢ı € D(G) with ¢; = 1 on B(0,€/2) and ¢, = 0 on the complement 
of B(0,¢). We fix again x 4 0 and we set ¢2(y) = ¢1(ay~+). Then ¢1 and ¢2 have 
disjoint supports and for Rev > 0 it is easy to check that for z € B(x,¢/2) we 
have (z) = I, + Ig + Is, where 


E f, dı (u)r (zy) (yd, 
pe 2 daly) (zy Da (y)dy = : daly a)r ly)raly  2)dy, 


pa f, (1 — gilu) — d2(y)) m1 (zu) aly dy, 


with a similar formula for Revs = 0. The integrands of lı, I2, and Ig depend 
smoothly on z. Furthermore, one checks easily that their derivatives in z remains 
integrable. This shows that « is smooth near each point x 4 0. Since Re (v,+v2) > 
0, « is locally integrable on the whole group G. Hence the distribution «x € D'(G) 
is a kernel of type vı + 12. 

We can check easily for ¢ € D(G), 


(x, 6) = (K1, 0 * Ra) = (K2, Ř1 * $). 
So having (1.14) and (1.15) we define k1 * K2 := K. 
Let f € L?(G) where p > 1 and 
1 1 Re(y% +12) 
q p Q 
We observe that (f * k1) * K2 and f * « are in L4(G) by Corollary 3.2.11, Theo- 
rem 3.2.30, and Young’s inequality (see Proposition 1.5.2). To complete the proof, 


it suffices to show that the distributions (f * K1) * k2 and f * (K1 * k2) are equal. 
For this purpose, we write kı = K}? + KẸ with 


> 0. 


0), oo. 
Ky s= K1 lal<1 and Ki c= K1 lizj>1- 
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If r = Q/(Q — Re) then x} € L(G) and KẸ € L’**(G) for any e > 0. We 
take € so small that r — e > 1 and 


p '+(r+e)~'—Rew/Q-1>0. 
By Part (i), (f * K9) * k2 and f * (KÌ * K2) coincide as elements of L°(G) where 
st=p'+(r—6)'—Rem/Q-1. 
And (f * KẸ) * K2 and f * (KẸ * K2) coincide as elements of L’ (G) where 
tt =p '+(r+e)'—Rerm/Q-1. 


Thus (f*«1)*k2 and f*« coincide as elements of L(G) and L‘(G). This concludes 
the proof of Part (ii) and of Proposition 3.2.35. 


3.2.7 Fundamental solutions of homogeneous differential operators 


On open sets or manifolds, general results about the existence of fundamental 
kernels of operators hold, see e.g. [Tre67, Theorems 52.1 and 52.2]. On a Lie group, 
we can study the case when the fundamental kernels are of the form «(x—y) in the 
abelian case and k(y~'a) on a general Lie group, where « is a distribution, often 
called a fundamental solution. It is sometimes possible and desirable to obtain 
the existence of such fundamental solutions for left or right invariant differential 
operators. 

In this section, we first give a definition and two general statements valid 
on any connected Lie group, and then analyse in more detail the situation on 
homogeneous Lie groups. 


Definition 3.2.36. Let L be a left-invariant differential operator on a connected 
Lie group G. A distribution « in D’(G) is called a (global) fundamental solution 
of L if 

Lk = ĉo. 


A distribution & on a neighbourhood Q of 0 is called a local fundamental solution 
of L (at 0) if LA = ôo on Q. 


On (R”, +), global fundamental solutions are often called Green functions. 


Example 3.2.37. Fundamental solutions for the Laplacian A = 5> j o? on R” are 
well-known 
Er + p(x) if n>3 
G(x) = 4 celn|z| + p(x) if n=2 
F1jooo)(a)+p(z) if n=1 


where cn is a (known) constant of n, p is any polynomial of degree < 1, and | - | 
the Euclidean norm on R”. 


3.2. Operators on homogeneous Lie groups 159 


Example 3.2.37 shows that fundamental solutions are not unique, unless some 
hypotheses, e.g. homogeneity (besides existence), are added. 


Although, in practice, ‘computing’ fundamental solutions is usually difficult, 
they are useful and important objects. 


Lemma 3.2.38. Let L be a left-invariant differential operator with smooth coeffi- 
cients on a connected Lie group G. 


1. If L admits a fundamental solution x, then for every distribution u € D'(G) 
with compact support, the convolution f =u*k E€ D'(G) satisfies 


Lf =u 


onG. 


2. An operator L admits a local fundamental solution if and only if it is locally 
solvable at every point. 


For the definition of locally solvability, see Definition A.1.4. 
Proof. For the first statement, 
L(u* s) =u* Lk = u * ĝo =u. 
For the second statement, if L is locally solvable, then at least at the origin, 
one can solve L& = ôo and this shows that L admits a local fundamental solution. 


Conversely, let us assume that L admits a local fundamental solution & on 
the open neighbourhood Q of 0. We can always find a function x € D(Q) such that 
x = 1 on an open neighbourhood 9; Ç Q of 0; we define «kı € D'(Q) by kı := Xk 
and view «1 also as a distribution with compact support. Then it is easy to check 
that DK, = ĝo on Qı but that 


DK, = o + È, 


where ® is a distribution whose support does not intersect Q1. 
Let Qo be an open neighbourhood of 0 such that 


QO No = {a*y : 2,y E€ No} SM. 
We can always find a function xı E€ D(Q) which is equal to 1 on a neighbourhood 
Qb G Qo of 0. 
If now u € D'(G), then the convolution f = (x1u) * K1 is well defined and 
Lf = xiu + xiu* ®, 


showing that Lf = xıu on Qo and hence Lf = u on 1. Hence L is locally solvable 
at 0. By left-invariance, it is locally solvable at any point. 
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Because of the duality between hypoellipticity and solvability, local funda- 
mental solutions exist under the following condition: 


Proposition 3.2.39. Let L be a left-invariant hypoelliptic operator on a connected 
Lie group G. Then Lt is also left-invariant and it has a local fundamental solution. 


Proof. The first statement follows easily from the definition of L‘, and the second 
from the duality between solvability and hypoellipticity (cf. Theorem A.1.3) and 
Lemma 3.2.38. 


The next theorem describes some property of existence and uniqueness of 
global fundamental solutions in the context of homogeneous Lie groups. 


Theorem 3.2.40. Let L be a v-homogeneous left-invariant differential operator on 
a homogeneous Lie group G. We assume that the operators L and L! are hypoel- 
liptic on a neighbourhood of 0. Then L admits a fundamental solution k € S'(G) 
satisfying: 


(a) ifv < Q, the distribution k is homogeneous of degree v — Q and unique, 
(b) ifv > Q, k= ko + p(x) In|a| where 


(i) Ko E€ S'(G) is a homogeneous distribution of degree v — Q, which is 
smooth away from 0, 


(it) p is a polynomial of degree v — Q and, 
(iii) |- | is any homogeneous quasi-norm, smooth away from the origin. 
Necessarily k is smooth on G\{0}. 


Remark 3.2.41. In case (a), the unique homogeneous fundamental solution is a 
kernel of type v, with the uniqueness understood in the class of homogeneous 
distributions of degree v — Q. For case (b), Example 3.2.37 shows that one can not 
hope to always have a homogeneous fundamental solution. 


The rest of this section is devoted to the proof of Theorem 3.2.40. 
The proofs of Parts (a) and (b) as presented here mainly follow the original 
proofs of these results due to Folland in [Fol75] and Geller in [Gel83], respectively. 


Proof of Theorem 8.2.40 Part (a). Let L be as in the statement and let v < Q. 
By Proposition 3.2.39, L admits a local fundamental solution at 0: there exist a 
neighbourhood Q of 0 and a distribution & € D’(Q) such that L& = ôo on Q. Note 
that by the hypoellipticity of L, & as well as any fundamental solution coincide 
with a smooth function away form 0. By shrinking Q if necessary, we may assume 
that after having fixed a homogeneous quasi-norm, 22 is a ball around 0. So if 
x E€ Q and r € (0,1) then rz € Q. 

Folland observed that if « exists then the distribution h := & — « annihilates 
L on Q, so it must be smooth on Q, while 


K(x) = rS kre) — rS h(re) 
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yields 


V 


k(x) = lim r@-’K(ra) 


r—>0 


and 
h(a) = k(x) — lim rO k(re). 
r=0 


Going back to our proof, Folland’s idea was to define h, € D'(Q) by 
hp :=k -rko D, on Q\{0}, re (0,1), 


which makes sense in view of the smoothness of & on Q\{0}. Since for any test 
function ¢ € D(Q), 


(L(r?-"k(r-)), 6) = (r@(Lk)(r-)), 6) = (LR, G(r—1-)) = (r710) = (0), 


we have Lh, = 69 — ôo = 0. So h, is in Nz (Q) C C%(Q) where the D’(Q) and 
C™(Q) topologies agree, see Theorem A.1.6. Let us show that 


J lim h, € h € C™(Q); (3.58) 
r—0 


for this it suffices to show that {h,} is a Cauchy family in D’(Q). 


We observe that if s < r, we have 


he(z)—he(x) = re k(re)— s8” (sx) 
= re” (zea) — (=) O (Ere) ) 
= re hs(rz). (3.59) 


In particular, setting s = r? in (3.59) we obtain 
hp = r8 h, o Dy + hyp. 
This formula yields, first by substituting r by r?, 


hp = pQ-v) pg o D,2 + hp2 
pQ—-v) (r9 h, o D, o D,2 + hy © D,2) +r h, o D, +h, 
r3(Q=v) h, o D,s + r?Q=v) h, o D,2 +r” h, o Dp + hp. 


Continuing inductively, we obtain 


2-1 
h, = 5 rE) h, o Dpr. 
k=0 
This implies 
Yn € No sup |h (x)| < (1 -— ee ae sup |h,(«)|, 


xE(1—-e)Q rE(1—-«)Q 
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A £ 
and, since any s < 4 can be expressed as s = r? for some l € No and some 


r € [gg] 
1 
Vs < = sup |ks(£)| < (1-278)! sup |h (£)|. 
2 zeE(l—e€)9 a 
ISa 


Now the Schwartz-Treves lemma (see Theorem A.1.6) implies that the topolo- 
gies of D'(Q) and C% (Q) on 
Nz (Q) = {f E€ D'(Q) : TF =0} c C”(0) 
coincide. Since r > h, is clearly continuous from (0, 1] to D’(Q)N Nz (Q), {hy, r € 
l4, 4]} and {h,, r € [5, 1]} are compact in D(Q). Therefore, we have 


sup |hs(x)|< sup |As(x)| + sup |hs(2)| 
0 we (1-6) 


xE(l—e)Q xE(l—e —e 
0<s<1 0<s<4 $<s<1 
<(1-2"°9)* sup |hr(x)|+ sup |hs(x)| = Ce < 00, 
xE(1—-€)Q xE(1—-€)Q 
Perc} }<s<1 


that is, the h,’s are uniformly bounded on (1 — €)Q. But if s < r, (3.59) implies 


cup _|ha(e)—Ap(z)] < r9 sup he (r2)| < Cr?” 0. 
xE(1—-€)Q re(1-eQ ” r0 


This shows that {h,},e(0,1] is a Cauchy family of C (K) for any compact subset 
K of Q. Therefore, {h;},e(0,1] is a Cauchy family of D'(Q) and Claim (3.58) is 
proved. Let h € C™°(Q) be the limit of {hy}. Necessarily Lh = 0. We set 


k := k — h € D'(Q). 
Now, on one hand 

Lk = Lk — Lh = ôo 
and « is smooth on Q\{0}, and on the other, 


K(x) = lim r87” k(ræ), 
r—0 


so if s € (0, 1], then 


1\ Q-v 
K(sx) = lim r~” k(srz)= lim =) K(r'x) = s72 K(x). 
r—0 r/=rs>0 \ S 
By requiring that the formula «(sa) = s”~@«(zx) holds for all s > 0 and x 4 0, we 
can extend « into a distribution defined on the whole space. The homogeneity of 
L guarantees that the equation Lk = ôo holds globally. 


Finally, if kı were another fundamental solution of L satisfying (a), then 
k — kı would be (v — Q)-homogeneous with v — Q < 0; k — kı would also be 
smooth even at 0 since it annihilates L on G. Thus k — kı = 0. 
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Proof of Theorem 8.2.40 Part (b). Let L be as in the statement and let v > Q. 
Let also &, Q and h, be defined as in the proof of part (a). 

Geller noticed that Folland’s idea could be adapted by taking higher order 
derivatives. Indeed from (3.59), we have 


X*h,(x) — X°%A, (x) = p2—vt+la] yap (rz); 


if a € NO is large so that Q — v + [a] > 0, we can proceed as for hy in the proof 
of Part (a) and obtain that {X°h;},e(0,1] is a Cauchy family of C°°(Q). 

If [a] < v — Q, the C%(Q)-family {X°h,;},e(0,1) may not be Cauchy but by 
Taylor’s theorem at the origin for homogeneous Lie groups, cf. Theorem 3.1.51, 


he(x) — PS (@)| E allel sup_ (Xe) (2), 
lal<[M]+1 lalen Ia 
[la]>M 


for any x such that z and 7/™“J+!z are in the ball Q. Choosing M = v — Q and 
setting the polynomial p,(x) := Po (x) and the ball Q := n7 UMIDO, this 
shows that the C°(’)-family {hr — Pr }re(o,1] is Cauchy. We set 


C (Q) > h := lim (hr — Pr), Ko t= R-hED( M). 
Tm 
Note that Lp, = 0, since the polynomial p, is of degree v — Q and the differential 


operator L is v-homogeneous. Therefore, Lko = ôo in Q’ and Ko E C™(’\{0}). 
Furthermore, if [a] > v — Q and z € 1’\{0} then 


a" a 
=i Q-v+la] = 
(2) Kae r (x) nie) 


so if s € (0, 1], 


a Q-v+ [a] a\= , a\% 
S A ON apg. wR- 2 
-a E eooo e) a0 


One could describe this property as (2)° Ko being homogeneous on 12’\{0}. We 
conclude the proof by applying Lemma 3.2.42 below. 


In order to state Lemma 3.2.42, we first define the set W of all the possible 
homogeneous degrees [a], a € NG, 


W := {viai +... + Unan : M1,.--,An E No}. (3.60) 


In other words, W is the additive semi-group of R generated by 0 and W4. 

For instance, in the abelian case (R”, +) or on the Heisenberg group H,,,, 
with our conventions, W = No. This is also the case for a stratified Lie group or 
for a graded Lie group with gı non-trivial. 
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Lemma 3.2.42. Let B be an open ball around the origin of a homogeneous Lie 
group G equipped with a smooth homogeneous quasi-norm |- |. We consider the 
sets of functions K” defined by 


ifv ER\W KY :={f € C?(B\{0}) : f is v-homogeneous} , 
ifv eW KY c= {fe c*(B\{0}) : f=fit+p(2) na, 


where fı is v-homogeneous and p is a v-homogeneous polynomial} , 


where W was defined in (3.60), and we say that a function f on B or B\{0} is 
v-homogeneous when fo Ds = s” f on B for all s € (0,1). 

For any v E R and f E C™(B\{0}), if (2) f e kK’-l4] with [a] >v, then 
there exists pE Pey such that f =p E€ ky’. 


Recall (see Definition 3.1.26) that P< m denotes the set of polynomials P on 
G such that D° P < M. It is empty if M < 0. 


Proof of Lemma 3.2.42. By induction it suffices to prove that for any v € R and 
f € C™(B\{0}), 


olf = Ps) Ee Ki with pj E Pev—v, for all j =1,...,n 
Ox; 7 


=> f — p € K” for some p € Pe,. (3.61) 


To prove (3.61), we start by showing that for any f € C™(B\{O}), 
— E Ki for all j = 1,...,n => f — cE K” for some cE cC. (3.62) 


By convention (see Definition 3.1.26), a homogeneous polynomial of homogeneous 
degree which is not in W is 0. With this in mind we continue the proof of (3.62) in 
a unified way. We consider f € C%(B\40}) satisfying the hypothesis of (3.62): for 
each j = 1,..., n, a € K”~*s and there exists p; € P=,—», such that f—p; ln] | 
is a v-homogeneous function on \{0}. We define 


A(r,xv) := f(ra)—r’ f(z), «Ee B, re (0,1). 


We see that 


OA(r,@) | T Of 
Bay = f an, (ra) —r -(z) 


= ripj(re)ln|re|— r”p;(x)ln |z| = r”p;(x)lnr. 


Note that for any j,k we have 


Op; _ pk ð o 0 ə 
Or, Ox; OXp OX; 7 
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Because of this observation we can adapt the proof of the Poincaré Lemma to 
construct the polynomial 


n= cy URE RPE (2), (3.63) 
which is v-homogeneous and satisfies 


ð z o 
“i z cD vera p(x) 


cOr=1 (p;(tx)) + cvjp;(x) = c(v — v;)p;(x) + cv;p; (a) 
Pj (x), 


+ cu;p;(x) = c Up A e + cu;p;(£) 


by choosing c = v™t if v 4 0; if v = 0, the polynomials p; and q are zero. So we 
have 
aa (A(r, x) — q(x)r” Inr) =0 forall j =1,...,n 


Therefore, 
A(r,x) = q(x)r” nr+a(r) for some a € C™((0, 1)). 
Replacing f by f — (r” nr) q we may assume that q = 0 in all the cases, so that 
Yr € (0,1, £E B f(rx)—r’ f(x) =a(r). (3.64) 
Now if 0 < r,s < 1, then using the formula just above twice, we get 


a(rs) = f(rsa) —(rs)" f(x) = alr) +r” f(sx) — (rs)" f(x) 
H r” (a(s) + s” f(x)) — (rs) F(x) 


= a(r)+r”a(s). 


Il 
Q 
= 
3 
na’ 
| 


Solving this functional equation and setting 


fo(x) := f(x) — allel) (æ € G\{0}), 
for a particular solution a, we check easily that f, is v-homogeneous: 


e Ifv = 0, then a satisfies the functional equation 


a(rs) = a(r) +a(s) 


and must, therefore, be of the form a(r) = C ln(r) for some constant C € C. 
Using (3.64) we obtain 


fo(ra) = f(ra) — a(|ra|) = f(a) + a(r) — a(|ra|) = f(x) — Cln|a| = folz). 
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e Ifv £0, then a satisfies the functional equation 
a(r) + r”a(s) = a(s) + s“a(r) 


and must therefore be of the form a(r) = C(1— r”) for some constant C € C. 
Using (3.64) we obtain 


fo(rz) = f(rx)—C(L—|ra|”) =r" f(a) +O -= r”) — CU -= |ra|”) 
= (f(a) — CU — |al")) = r” fol). 


Hence (3.62) is proved and we can now go back to showing the main claim, that 
is, the one given in (3.61). Let f and p; be as in the hypotheses of (3.61). 

First we see that if v < 0, then all the polynomials p; are zero and, inspired 
by the construction of q above, we check easily that 


thus f and v~! yy Ukte pe must coincide so (3.61) is proved in this case. 
Let us assume v > 0. We claim that 


Ope _ OP; 


VW7,k=1,... = x 
Js , > x; Oxy, 


(3.65) 


This is certainly true if v — vj — Uk < 0 since both are zero in this case. If instead 
V — Uj — Uk = 0 then the polynomial 


Op, Op; Ə of a) = oF 
Oz; Ox, On; Pk Ox, Oxy, Pj ate)” 


is in K’~%—"* and thus must be zero. Indeed if a polynomial p is in some K% then 
either a ¢ W and then p = 0, or a E€ W and p(rz) is a polynomial in r of degree 
< a with r~“p(raz) unbounded unless p = 0; in both cases, p = 0. 


Therefore, we can construct q as above by (3.63) so that ot = pj. Then 


af=q) oF a 
= P v—vi fi Ugs la 
a; Bi p; EK or all j E tts 


so f — q E€ K” by (3.62). 
This concludes the proof of Claim (3.61) and of Lemma 3.2.42. 


Remark 3.2.43. The class of functions K” defined in Lemma 3.2.42 is also used in 
the definition of the calculus by Christ et al. [CGGP92]. 

As an application of Theorem 3.2.40, let us extend Liouville’s Theorem to 
homogeneous Lie groups. 
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3.2.8 Liouville’s theorem on homogeneous Lie groups 
Let us consider the following statement and proof of Liouville’s Theorem in R”: 


Theorem 3.2.44 (Liouville). Every harmonic tempered distribution is a polynomial. 
This means that if f € S'(R”) and Af = 0 in the sense of distributions where 
A is the canonical Laplacian, then f is a polynomial on R”. 


Proof. Let f € S’(R") with Af = 0. Then |€|?f = 0 where F is the Euclidean 
Fourier transform of f € S’(R”) on R”. Hence the distribution f is supported at 


the origin and must be a linear combination of derivatives of the Dirac distribution 
at 0, see Proposition 1.4.2. Consequently f is a polynomial. 


Liouville’s Theorem and its proof given above are also valid for any homo- 
geneous elliptic constant-coefficient differential operator on R”. We now show the 
following generalisation for homogeneous Lie groups: 


Theorem 3.2.45 (Liouville theorem on homogeneous Lie groups). Let L be a ho- 
mogeneous left-invariant differential operator on a homogeneous Lie group G. We 
assume that L and L’ are hypoelliptic on G. If the distribution f € S'(G) satisfies 
Lf =0 then f is a polynomial. 

The rest of this section is devoted to the proof of Theorem 3.2.45. We follow 
the proof given by Geller in [Gel83]. 

Let ~ denote the Euclidean Fourier transform on R” (cf. (2.25)). In view of 
the proof of Theorem 3.2.44, we want to show that the distribution fis supported 
at 0. For this purpose, it suffices to show that any test function ¢ € S(G) whose 
Euclidean Fourier transform is supported away from 0, that is, supp $ 3% 0, can be 
written as L'y for some Y € S(G). Indeed, denoting momentarily (x) = —2x for 
x € G identified with R”, and by * the inverse Fourier transform on R”, we have 
b= ob o., so that supp ¢ = supp d, and 


(fd) = A = (Ff, L'v) = (fy) = 0. 
The set of functions ¢ with 0 ¢ supp $ is contained in 
So(R”) := fo € S(R”) : E) $0) =0, Ya € na} . 


We observe that the space So(R”) can be also described in terms of the group 
structure using the identification of G with R”, as 


S,(R") = S,(G) = {¢ € S(G) : f, 2°o(x)de = 0, Vo € NB}. 


Indeed fga t°O(a)dx = Cou %)*H(0) with ca a known non-zero constant. Here dx 
denotes the Lebesgue measure on R” and the Haar measure on G since these two 
measures coincide via the identification of G with R”. 
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By Theorem 3.2.40, the operator Lt has a fundamental solution « € S’(G) 
satisfying Part (a) or (b) of the statement. Thus we need only showing that for 
any  € S,(G), the function Y := ¢*« is not only smooth (cf. Lemma 3.1.55) but 
also Schwartz. This is done in the following lemma: 


Lemma 3.2.46. If o E€ S,(G) is a Schwartz function and k E€ S'(G) is a homo- 
geneous distribution smooth away from the origin or a distribution of the form 
k = p(x) ln |x| where p is a polynomial and |-| a homogeneous quasi-norm smooth 
away from the origin, then d* r € S(G). 


The end of this section is devoted to the proof of Lemma 3.2.46; this relies 
on consequences of the following versions of Hadamard’s Lemma for S(R") and 
So(R”): 


Lemma 3.2.47 (Hadamard). Let f € S(R”) with f f =0. Then f can be written 
as 


f= 3 with fj € S(R”) 


In addition, if f € So(R”), m function f; can be also taken in So(R”). 


Proof of Lemma 3.2.47. We fix Xo E€ D(R”) such that y,(€) = 1 if |E| < 1 and 
Xo(E) = 0 if || > 2. Since f f = 0 we have f (0) = 0 and 


FE) = xof +- xo)f = (xof) — (xof)(0) + (1 — x0) f. 


We can write 


XAO- AON = | a(x) (48 -5af — Wel g jdt, 
and n 
(= xo) fi o Ft) (here e? = 8). 
We set 


del Otel) oe 5p 0g. AO 
O= f GeP ugar + ge Fo), 


The first term is compactly supported (in the ball of radius 2), whereas the second 
one is well defined and is identically 0 on the unit ball. Since both terms are 
smooth, h; € S(R”). We have obtained f= Xy oily. We define fj € S(R”) such 


that f = cjhj where the constant c; is such that ô; = =c,€;. Hence f =o, oe 


j Ox;* 


we see that if f € S,(R”) then fj E€ S,(R”). 


Moreover, since 
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We will use the following consequence of Lemma 3.2.47 (in fact only the 
second point): 


Corollary 3.2.48. œ Jf f € S,(R"), then for any M € No, 


f= >, (2) fa with fa € So(R”). 


ja/=M 


e If f € So(G) where G is a homogeneous Lie groups, then for any M > 1, we 
can write f as a finite sum 


f= 5 X“ fa 


[a]>M 


with fa € S(G). 


Proof of Corollary 3.2.48. Both points are obtained recursively, the first one from 
Lemma 3.2.47 and the second from the following observation: if f € So(G), there 
exists gj € S,(G) such that f = ) 3- Xj;g;. Indeed writing f as in Lemma 3.2.47 
and using (3.17) with Remark 3.1.29 (1), we set 


93:=f;+ >> (Pisti) 
1<k<n 
Uj Uk 


and we see that gj € S,(G). 


We can now prove Lemma 3.2.46. 


Proof of Lemma 3.2.46. Let k be a distribution as in the statement. We can always 
decompose « as the sum of kọ + Kœ, where kp has compact support and kK, is 
smooth. Indeed, let xy € D(G) be identically 1 on a neighbourhood of the origin 
and define ko by 

(ro, $) := (K, x6). 


Then 


Koo I= K — Ko 


coincides with (1 — x)xo, where Ko is a smooth function on G\{0} either homo- 
geneous or of the form p(x) 1n |x|; we denote by v the homogeneous degree of the 
function «Ko or of the polynomial p. 


Let ¢ € So(G). Since the distribution «xo is compactly supported, we get, by 
Lemma 3.1.55, that ¢ * ko € S(G). Since, by Corollary 3.2.48, we can write ¢ as 
a (finite) linear combination of X“ f with f € S,(G) and [a] as large as we want. 
We observe that 

(XP) * ko = f 2X" hag 
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and that for [a] larger that |v| + N +1 for N € No fixed, we have 
[ikat] < Cw ( + fel) -%. 


Thus 


(XP) * Koo(#)| 


If * ¥%00(2)| = | [tern tayay 


IA 


Í FOCON + lyzl) dy 


IA 


CwON (1+ |e)” f, ILOG + Iyl)” dy, 


by (3.43). This shows that ¢ * ko € S(G). 


Hence Lemma 3.2.46 and Theorem 3.2.45 are proved. 
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Chapter 4 


Rockland operators and Sobolev 
spaces 


In this chapter, we study a special type of operators: the (homogeneous) Rockland 
operators. These operators can be viewed as a generalisation of sub-Laplacians to 
the non-stratified but still homogeneous (graded) setting. The terminology comes 
from a property conjectured by Rockland and eventually proved by Helffer and 
Nourrigat in [HN79], see Section 4.1.3. 


First, we discuss these operators in general. Subsequently, we concentrate on 
positive Rockland operators and study the heat semi-group, the Bessel and Riesz 
potentials and the Sobolev spaces naturally associated with a positive Rockland 
operator. Most results concerning the heat semi-group are known [FS82, ch.3.B]. 
To the authors’ knowledge, however, this chapter is the first systematic presenta- 
tion of the fractional powers and the homogeneous and inhomogeneous Sobolev 
spaces associated with a positive Rockland operator on a graded Lie group. 


In fact, this appears to be the greatest generality for such constructions, since 
the existence of a Rockland (differential) operator on a homogeneous Lie group 
implies that the group must admit a graded structure, see Proposition 4.1.3. In 
the case of stratified Lie groups, Sobolev spaces have been developed by Folland 
[Fol75] for 1 < p < ~, for the Rockland operator being a sub-Laplacian (see also 
[Sak79]). Since sub-Laplacians are not always available on graded Lie groups, our 
constructions are based on general positive Rockland operators. In particular, this 
allows one to still cover the case of stratified Lie groups, but permitting taking 
Rockland operators other than a canonical sub-Laplacian. 


Although we define Sobolev spaces using a fixed Rockland operator, The- 
orem 4.4.20 shows that these spaces are actually independent of the choice of a 
homogeneous positive Rockland operator. 
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4.1 Rockland operators 


We start with the discussion of general Rockland operators, giving definitions, 
examples, and then relating them to the hypoellipticity questions. 


4.1.1 Definition of Rockland operators 


The first definition of a Rockland operator uses the representations of the group. 
We use the notation which has become quite conventional nowadays in this part 
of the theory of group representations and which is explained in Section 1.7. In 
particular, Œ denotes the unitary dual of Œ and H> the smooth vectors of a 
representation 7 € ey see Definition 1.7.2. For a left-invariant differential operator 
T we will denote q(T) := d(T), see Definition 1.7.4. 


Definition 4.1.1. Let T be a left-invariant differential operator on a Lie group G. 
Then T satisfies the Rockland condition when 


(R) for each representation 7 € G, except for the trivial representation, 


the operator 7(T’) is injective on H®, that is, 


W € He mT)v=0 = v=0. 


There is a similar definition of the Rockland condition for right-invariant 
differential operators, and also for left or right-invariant L?(G')-bounded operators 
(for the latter, see Głowacki [Gto89, Gto91]). See also Section 4.4.8. 


Definition 4.1.2. Let G be a homogeneous Lie group. A Rockland operator R on 
G is a left-invariant differential operator which is homogeneous of positive degree 
and satisfies the Rockland condition. 


Some other authors may define non-homogeneous Rockland operators as op- 
erators of the form R = )iaj<,CaX® with the ‘main’ term )//,j~, CaX® satis- 
fying the Rockland property given in (R). Here we have chosen to assume that a 
Rockland operator is homogeneous to study directly the main term. 


We will give examples of Rockland operators in Section 4.1.2. Before this, 
we show that their existence on a homogeneous Lie group implies that the group 
is graded and that the weights could be chosen in N. This property influences 
the examples we can produce, and the subsequent development of the theory of 
pseudo-differential operators. 


Proposition 4.1.3. Let G be a homogeneous Lie group. If there exists a Rockland 
operator on G then the group G is graded. 
Furthermore, the dilations’ weights v1,...,Un satisfy 


QU, =... = nUn 


for some integers a1,..., an- 
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This property was shown by Miller in [Mil80], with a small gap in the proof 
later corrected by ter Elst and Robinson (see [tER97]). 


Proof of Proposition 4.1.8. Let G be a homogeneous Lie group. Its Lie algebra g is 
endowed with the dilations D, = Exp(InrA). Let the number n’ and {X1,..., Xn} 
be the basis described in Lemma 3.1.14. We assume that there exists a v-homo- 
geneous Rockland operator R which we can write as 


R= 5 Car, 
[a]=v 


We fix an integer j < n’. Let 6 : g — R be the linear functional such that 
(Xk) = ðj k, that is, 6(X;) = 1 while ¢(Xx) = 0 for any k Æ j. Since X; ¢ [g, g], 
@ is identically zero on |g, g]. We set for any X € g: 


m(expg X) := exp (iġ(X)). 


This defines a one-dimensional representation m of G. Indeed, if x,y € G, we can 
write £ = expg X and y = expg Y and we have 


zy = expg X expe Y = expa(X +Y + Z) 


with Z € [g,g] by the Baker-Campbell-Hausdorff formula (see Theorem 1.3.2). 
Thus, ¢(Z) = 0 and we obtain 


mary) = exp(i¢(X +Y + Z)) = exp (i9(X) + ig(Y)) 
= exp (i@(X)) exp (i@(Y)) = m(a)r(y). 


So m is a one-dimensional representation of G and we see that 
m(Xz) = om (e'**) = Ax exp (id(tX_)) = po exp (ito(X,)) = 10 5 k- 


As 7 is a non-trivial one-dimensional representation of G and R satisfies the 
Rockland condition, 


mR) = X` car X*) 


[aJ=v 


must be non-zero. We see that 1(X°) is always zero unless a is of the form ae, for 
a € N where e; is the multi-index with 1 in the j-th place and zeros elsewhere; in 
this case [a] = vja. So v must be of the form v = vja for some integer a = a; € N 
which may depend on j. And this is true for any j = 1,...,n’. 

Since X1,..., Xn generate the Lie algebra g, the other weights are linear 
combinations with coefficients in No of the v;’s, j < n’. This shows that the oper- 
ators D!. = Exp(® A) are dilations over g with rational weights. By Lemma 3.1.9, 
the group G is graded. 
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Remark 4.1.4. Proposition 4.1.3 and Remark 3.1.8 imply that the natural context 
for the study of Rockland operators is a graded Lie group endowed with a family 
of dilations with integer weights. 

One may further assume that the weights have no common divisor other than 
1 but we do not assume so unless we specify it. 


From the proof of Proposition 4.1.3, we see: 


Corollary 4.1.5. Let G be a graded Lie group and let {X1,...,Xn} be the basis 
described in Lemma 3.1.14. We keep the notation of the lemma. 
The homogeneous degree of any Rockland operator is a multiple of v1,...,Un’- 
If R is a Rockland operator satisfying R' = R then its homogeneous degree 
is even. 


4.1.2 Examples of Rockland operators 


On (R”, +), it is easy to see that Rockland differential operators are exactly the op- 
erators P(—i0,,...,—i0,) where P is a polynomial which is homogeneous (for the 
standard dilations) and does not vanish except at zero. For instance homogeneous 
elliptic operators on R” with constant coefficients are Rockland operators. More 
generally, let us prove that sub-Laplacians on a stratified Lie group are Rockland 
operators. First let us recall their definition. 


Definition 4.1.6. If G is a stratified Lie group with a given basis Z),..., Zp for the 
first stratum of its Lie algebra, then the left-invariant differential operator on G 
given by 

Zi+...4+Z3 


is called a sub-Laplacian. 
For example, the canonical sub-Laplacian of the Heisenberg group Hn, is 
X? +YP +... +X +¥?, 
see Examples 1.6.4, 3.1.2 and 3.1.3 for our notation regarding the Heisenberg 
group. 


Lemma 4.1.7. Any sub-Laplacian on a stratified Lie group is a Rockland operator 
of homogeneous degree 2. 


This could be seen as a consequence of famous powerful theorems, namely 
from combining Hörmander’s sums of squares and Helffer-Nourrigat (see Theo- 
rems A.1.2 and 4.1.12 in the sequel) but we prefer to give a direct and easy proof. 


Proof. Let 
R=Z} +... +Z 


be a sub-Laplacian on the stratified Lie group G, where Z1, ..., Zp is a given basis 
for the first stratum V of the Lie algebra of G. 
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Clearly R is a homogeneous left-invariant differential operator of degree 2. 
Let m € G\{1} and v E€ H®& be such that 7(R)u = 0. Then 


0 = (n(R)v,v)u, = (T(Z1) v, v)u, +... + (t(Zp)?v, v)u, 
= —(n(Z1)v,7(Z1)u)H, —...— (t(Zp)v, t(Zp)v) 41, 
= —[lr(Zi)oll%, —---— lr(Zp ell, 
and hence 
n(Zıw =... = a(Z,)v = 0. 


Since {Z1,..., Zp} generates linearly the first stratum V; of g and V; generates 
g as a Lie algebra, we see that 7(X)v = 0 for any vector X € g. But since 7 is 
non-trivial and irreducible, this forces v to be zero. 


Looking at the proof of Lemma 4.1.7, it is not difficult to construct the 
‘classical’ Rockland differential operators on graded Lie groups G: 


Lemma 4.1.8. Let G be a graded Lie group of dimension n, i.e. G ~ R”. We denote 
by {D,}rso the natural family of dilations on its Lie algebra g, and by v1,..-,Un 
its weights. We fix a basis {X1,..., Xn} of g satisfying 


DX; =r aK J=1,...,n, 7 > 0. 


If vo is any common multiple of v1,...,Un, the operator 
n p 22o 
XO) cX,” with cj>0, (4.1) 
j=1 


is a Rockland operator of homogeneous degree 2vo. 


Proof. The operator R given in (4.1) is clearly a homogeneous left-invariant dif- 
ferential operator of homogeneous degree 2v,. Let 7 € G\{1} and v € H& be such 
that 7(R)v = 0. Then 


j=1 


n 
do csll(X5)* olla, 
j=l 


II 


and hence T(X;) 5 v = 0 for j =1,...,n. 
Let us observe the following simple fact regarding any positive integer p and 
any Z € U(g): the hypothesis 7(Z)?v = 0 implies that 


e if p is odd then 7(Z)?t1u = r(Z)x(Z)Pu = 0, 
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e whereas if p is even then 
0 = (n(Z)?Pv, v)u, = (—1)?/? (n(Z) 2v, 1(Z) 20) 4, = (1P || (Z) vll. 
and hence 1(Z)?v = 0. 


Applying this argument inductively on Z = X; and p = Vo/Vj, Vo/2v;,..., 
we obtain that 7(X,;)v = 0 for each j. Hence v = 0. 


Remark 4.1.9. By Proposition 4.1.3 and its proof, if a homogeneous Lie group G 
admits a Rockland operator, then, up to rescaling the dilations (cf. Remark 3.1.8), 
we may assume that the group G is graded and endowed with its natural family 
of dilations {D,.},s9. Lemma 4.1.8 gives the converse: on such a group, we can 
always find a Rockland operator. 

The proof of Lemma 4.1.8 can easily be modified using an adapted basis 
constructed in Lemma 3.1.14 to obtain 


Corollary 4.1.10. Let G be a graded Lie group endowed with a family of dilations 
{Dr }r>0. Let {X1,...,Xn} be a basis of g as in Lemma 3.1.14. In particular, the 
vectors X1,...,Xn generate the Lie algebra g. 


If vo is any common multiple of v1,...,Un’, the operator 
(xs, (4.2) 


is a Rockland operator of homogeneous degree 2vo. 


If the group G is stratified, the vectors X1,..., Xn’ span linearly the first 
stratum and we obtain the sub-Laplacian if we choose vo = v1. 


From one Rockland operator, we can construct many since powers of a Rock- 
land operator or its complex conjugate operator are Rockland: 


Lemma 4.1.11. Let R be a Rockland operator on a graded Lie group G endowed 
with a family of dilations with integer weights. Then the operators RE for any 
k €N and R are also Rockland operators. 


The operator R as an element of L(g) was defined in (1.8). 


Proof. It is clear that R and RY are left-invariant homogeneous differential oper- 
ators on G. 
Let m € G\{1}. We have 


T(R) = 7(R). 


This holds in fact for any left-invariant differential operator viewed as an element 
of (g). Therefore, R is Rockland. For the case of R}, let v € HL be such 
that 7(R*)v = 0. Applying recursively the simple fact explained in the proof of 
Lemma 4.1.8, we obtain 7(R)v = 0 and this implies v = 0 because R is Rockland. 
Therefore, R? is also Rockland. 
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4.1.3 Hypoellipticity and functional calculus 


The analysis of left-invariant homogeneous operators on a nilpotent graded Lie 
group has played a very important role in the understanding of hypoellipticity. 
We refer the interested reader on this subject to the lecture notes by Helffer and 
Nier [HNO5]. For the definition of hypoellipticity, see Section A.1. 


In [Roc78], Rockland showed that if T is a homogeneous left-invariant dif- 
ferential operators on the Heisenberg group H,,,, then the hypoellipticity of T 
and T* is equivalent to the Rockland condition (see Definition 4.1.1). He also 
asked whether this equivalence would be true for more general homogeneous Lie 
groups. Just afterwards, Beals showed [Bea77b] that the hypoellipticity of a homo- 
geneous left-invariant differential operator on any homogeneous Lie group implies 
the Rockland condition. At the same time he also showed that the converse holds 
in some step-two cases. Eventually in [HN79], Helffer and Nourrigat settled what 
has become Rockland’s conjecture by proving the following equivalence: 


Theorem 4.1.12. Let R be a left-invariant and homogeneous differential opera- 
tor on a homogeneous Lie group G. The hypoellipticity of R is equivalent to R 
satisfying the Rockland condition. 


In this case, any operator of the form 


R+ 5 Ca X“, 
[a]<v 
where v is the degree of homogeneity of R and Ca any complex number, is also 
hypoelliptic. 


The proof of Theorem 4.1.12 relies on the description of Ĝ via Kirillov’s orbit 
method. 


Remark 4.1.13. 1. The hypotheses of Theorem 4.1.12 with the existence of a 
Rockland operator imply that the family of dilations of the group may be 
rescaled to have integer weights and consequently that the group may be 
viewed as graded, see Proposition 4.1.3. When describing properties of a 
Rockland operator R on a homogeneous Lie group G, unless stated otherwise, 
we will always assume that the group G is graded in such a way that the 
operator R is homogeneous for the natural family of dilations (with integer 
weights). 


2. Combining the theorems of Hellfer-Nourrigat and of Hörmander (see Theo- 
rems 4.1.12 and A.1.2) gives another proof that the sub-Laplacians are Rock- 
land operators, see Lemma 4.1.7. 


3. If R is a Rockland operator formally self-adjoint, i.e. R* = R as elements of 
U(g), then Rt = R must also be Rockland by Lemma 4.1.11. Hence Theorem 
4.1.12 implies that any formally self-adjoint Rockland operator satisfies the 
hypothesis of Theorem 3.2.40 and thus admits fundamental solutions. It also 
satisfies the hypothesis of the Liouville theorem as in Theorem 3.2.45. 


178 Chapter 4. Rockland operators and Sobolev spaces 


4. Let us also mention an alternative reformulation of the Hellfer-Nourrigat 
theorem given by Rothschild [Rot83]: a left-invariant homogeneous operator 
R on a graded Lie group G is hypoelliptic if and only if there is no non- 
constant bounded function f on G such that Rf = 0 on G. The proof of 
this relies on the Liouville theorem from Section 3.2.8. Essentially, in one 
direction this is Beals’ result as above, while in the other it will follow from 
Corollary 4.3.4. 


Along the proof of Theorem 4.1.12 (see [HN79, Estimate (6.1)]), Helffer and 
Nourrigat also showed the following property which will be used in the sequel. 


Corollary 4.1.14. Let G be a graded Lie group endowed with a family of dilations 
with integer weights. Let R be a Rockland operator G of homogeneous degree v. 
Then there exists C > 0 such that 


YOES(G) E IX*4 2a) <C (IRAR + llao) 
[a]=v 


After developing the Sobolev spaces on G, we will be actually able to prove 
its D?-version, see Lemma 4.4.19. 


The following property of Rockland differential operators is technically im- 
portant and relies on hypoellipticity. 


Proposition 4.1.15. Let R be a Rockland operator on a graded Lie group G. We 
assume that R is formally self-adjoint. Let m be a strongly continuous unitary 
representation of G. 

Then the operators R and 7(R) densely defined on D(G) C L?(G) and HX C 
Hr, respectively, are essentially self-adjoint. 


That R is formally self-adjoint means that R* = R as elements of the uni- 
versal enveloping algebra L(g), see (1.9). 


Before we prove it, let us point out its consequences: 


Corollary 4.1.16 (Functional calculus of Rockland operators and their Fourier 
transform). Let R be a Rockland operator on a graded Lie group G. We as- 
sume that R is formally self-adjoint as an element of U(g). Then R is essentially 
self-adjoint on L?(G) and we denote by Ro its self-adjoint extension on L(G). 
Moreover, for each strongly continuous unitary representation t of G, m(R) is 
essentially self-adjoint on Hr and we keep the same notation for its self-adjoint 
extension. Let E, E, be the spectral measures of Ro and 7(R): 


Ra= | MEO) and a(R) = f MBA). 


For any Borel subset B C R, the orthogonal projection E(B) is left-invariant 
hence E(B) € Z, (L?(G)). The group Fourier transform of its convolution kernel 
E(B)do € K(G) is 

Fa(E(B)60)(7) = Ex(B). 
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If ọ is a measurable function on R, the spectral multiplier operator ¢(R2) is 
defined by 
(Ra) = f o0)dB0), 


and its domain Dom(¢(Rz2)) is the space of function f € L?(G) such that the 
integral fe |@(A)/?d(E(A)f, f) is finite. It satisfies for all f € Dom(¢(R2)) and 
r>0: 


f(r-) € Dom((r = R2)) and (R2)f = ARa) (f(r) (7+). (4.3) 


If mı is another strongly continuous representation such that mı ~r 7, that 
is, T is a unitary operator satisfying Tm, = nT, then TE,, = ErT and we have 
for any measurable function @ the equality 


To(m(R)) = ¢(T(R))T. (4.4) 


Let p E€ LY (R) be any measurable bounded function. Then the spectral mul- 
tiplier operator d(Rz) is in Yr (L7(G)), that is, it is bounded on L?(G) and left- 
invariant. Its convolution kernel denoted by $(R2)do is the unique tempered dis- 
tribution @(R2)do € S'(G) such that 


Vf ES(G) (Re) f = f * O(Re)do. 
In fact d(R2)oo E€ K(G) and its group Fourier transform is 
F(O(Ra)5oMn) = ATR) = f PAEO): (4.5) 
Consequently, for any f € L?(G), 
F{o(Ra)f}(m) = (a(R) FC). (4.6) 
We have for anyr >0 anda €G: 
P(r’ R2)6o(x) = rL b(Rz)do(r7* 2). (4.7) 
For any ġ € L®(R), 
{@(R2)do}* = O(R)do, where {Ø(R2)ðo}" (2) = O(R2)do0(a). (4.8) 


If ¢ is also real-valued, then (R2) is a self-adjoint operator and its kernel satisfies 
O(R2)ĝo = (P(R2)5o)*, that is, in the sense of distributions, 


$(R2)6o(x) = $(R2)d0(x"). 


If ọ is real-valued and furthermore if R! = R, then $(R2)bo is real-valued 
(as a distribution). 
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Remark 4.1.17. For any measurable function ọ : R —> C such that for every 
Tı € RepG, the domain of ¢(71(R)) contains HZ, the corresponding G-field of 
operators {¢(7(R)) : HZ —> Hr} is well defined in the sense of Definition 1.8.13 
because of (4.4). This is the case for instance if ¢ is bounded since in this case 


$(71(R)) is a bounded and therefore defined on the whole space Hy. 


The rest of this section is devoted to the proof of Proposition 4.1.15 and 
Corollary 4.1.16; it may be skipped at first reading. Proposition 4.1.15 follows 
from a Theorem by Nelson and Stinespring [NS59, Theorem 2.2] regarding elliptic 
operators on Lie groups as well as the adaptation of its proof due to Folland and 
Stein [FS82, ch.3.B] to our case. Let us sketch briefly the ideas for the sake of 
completeness. Nelson and Stinespring’s Theorem can be reformulated here as the 
following: 


Proposition 4.1.18. Let R be a Rockland operator on a graded Lie group G. We 
assume that R is formally self-adjoint as an element of U(g). 

If n is a strongly continuous unitary representation of G, then the closure of 
m™(R*) is the adjoint of 7(R). 
Proof of Proposition 4.1.18. Let v E€ Hr be orthogonal to the range of 7(R) + I. 
Then for all ¢ € D(G), 


0 = (T(R) + Dr (pv, v)u, = | (R+Do(x) (a(x) v, v)y de. 
G 
In other words, the continuous function f, defined by 


fal) = (x(x)*v, vy, =(u,m(x)v)qy , LEG, 


is a solution in the sense of distributions of the partial differential equation (R + 
I)f = 0. By Theorem 4.1.12, the operator R+I is hypoelliptic. Hence fy is smooth 
on G and the equation (R + I)f, = 0 holds in the ordinary pointwise sense. We 
observe that for any X € L(g) identified with a left-invariant vector field we have 


T 


X f(x) = Oxo {lonley} = (v, n(x)n(X v)u _- 


Thus, 
(R +D) fr(x) = (v, (x) m(R)v)ay + w, alz)v)y, - 


Therefore, (R + I) f,(0) = 0 implies 
(v, m(R)v)y, = =, vH, = -lloll 


If R can be written as S*S for some non-constant S € U(g), then the left-hand 
side is equal to ||7($)v||? so v = 0. In the general case, we apply the argument 
above to R*R = R? which is also a Rockland operator by Lemma 4.1.11, and we 
obtain the desired conclusion thanks to the following lemma applied to T = 7(R), 
T' =7n(R*) and D =H. 
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Lemma 4.1.19. Let D be a dense vector subspace of a Hilbert space H. Let T and 
T’ be two linear operators on H, whose domains are D and whose ranges are 
contained in D such that T' is contained in the adjoint of T. If T'T is essentially 
self-adjoint then the closure of T' is the adjoint of T. 


Proof of Lemma 4.1.19. We denote by T, the adjoint of T. Let (u, v) be an element 
of the graph of T, which is orthogonal to the graph of T”. This means 


v=T,u and YweD (u, w)y + (v, T’w)y = 0. 
In particular, for w = Tx with x € D, we obtain 
0 = (u,Tx)y + (v,T’Txr)y = (v,2)y + (v,T/Tx)y, «ED. 


But it is not difficult to see that I+ T’T has a dense range. Consequently v = 0. 
So (u, w) = 0 for all w € D and therefore u = 0. This shows that the graph of 
T, contains no non-zero element orthogonal to the graph of T’; hence the closure 
of T’ is T}. 


Proof of Proposition 4.1.15. We apply Proposition 4.1.18 to the left regular action 
on L?(G) and the strongly continuous unitary representation 7 of G. 


Proof of Corollary 4.1.16. Applying the spectral theorem to the self-adjoint op- 
erators Ry and T(R) (see, e.g., Rudin [Rud91, Part III]) we obtain the spectral 
measures FE and Ep together with the definition of the spectral multipliers. 

For each x, € G and r > 0 we set for any Borel set B C R and any function 


fe L?(G), 


E>) (B) f (E(B)) (f(@o0-)) (£71), 
EO (B)f = (E(r-’B)) (f(r) (r+), 
where the dilation of a subset of R is defined in the usual sense. It is not difficult 


to check that this defines new spectral measures Ee) and EC) and, that for any 
function f € S(G), 


[ AME) (A) f = | Ad (E(A)) (f(@o:)) (5! +) = Ra (F (ao) (@5") 
R R 
R(f (#0) (wo 1+) = Rf = Raf, 
fona (EAN (f(r) (071) =r” Ra (Fr -)) 971) 
= REG DO) a ei a Raf, 


| AdE™ (A) f 
R 


since R is left-invariant and v-homogeneous. By density of S(G) in L?(G), we have 
obtained for any f € L?(G) that 


| AdE™)(\)f =Rof and | ACE") (A) f = Rəf. 
R R 
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By uniqueness of the spectral measure of R2, the spectral measures Ee), pO) 
and E coincide. For E”) this implies (4.3). 


For Ele) this means that for each Borel subset B C R, the projection E(B) 
is a left-invariant operator on L?(G). By the Plancherel theorem (see Section 1.8.2) 
the group Fourier transform of its convolution kernel E(B)d9 € K(G) satisfies 


VfE L(G) (E(B) f) = 1(E(B)o0)n(f). (4.9) 


It is not difficult, using the uniqueness of the group Fourier transform, to check 
that 
F : B> n(E(B)oo) =: F(B), 


is a spectral measure on H+. Equality (4.9) can be rewritten for any f € L?(G) as 


Fo ( f eaters) @ = ([ sF) fim, (4.10) 


with ¢ = 1p, that is, the characteristic function of a Borel subset B C R. Hence 
Equality (4.10) also holds for a finite linear combination of characteristic functions, 
and then, passing through the limit carefully, for any ¢ € L (R) with f € L?(G) 
and (A) = A for f € S(G). The latter yields 


( Í MFO) oer ( f MdE(A) s) (1) 
= Fe(Raf)(t) = t(R) f(r). 


Since the space HX of smooth vectors is linearly spanned by elements of the form 


Aa 


f(a)u, f € S(G), v E€ Hr (see Theorem 1.7.8), we have on HX 


J AdF(X) = 7(R). 

R 

The uniqueness of the spectral measure E, shows that 
E,(B) = F(B) = nr(E(B)ôo). 


Equality (4.5) follows from (4.10) for @ € L® (R). 
If mı ~r 7, then we set BP := TE,,T~1, where E,, denotes the spectral 
measure of mı (R). We check easily that ES” is a spectral measure on H, and that 


| MEM) =T | AdE, T = Tm (R)T! = TmT! (R) =a(R). 
R R 


The property of the spectral measure E,,, that is, its uniqueness and the functional 
calculus, shows that ES” = E, and that (4.4) holds. 

The rest of the statement follows from the Schwartz kernel theorem (see 
Corollary 3.2.1) and basic properties of the convolution. 
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4.2 Positive Rockland operators 


In this section we concentrate on positive Rockland operators, i.e. Rockland oper- 
ators which are positive in the operator sense. Positive Rockland operators always 
exist on a graded Lie group, see Remark 4.2.4 below. Among Rockland operators, 
positive ones enjoy a number of additional useful properties. In particular, in this 
section, we analyse the heat semi-group associated to a positive Rockland operator 
and the corresponding heat kernel. 


4.2.1 First properties 


We shall be interested in Rockland differential operators which are positive in the 
sense of operators: 


Definition 4.2.1. An operator T on a Hilbert space H is positive when for any 
vectors vV, v1, v2 E H in the domain of T, we have 


(Tvi, v2)H = (v1, Tv2) and (Tv,v)y > 0. 


In the case of left-invariant differential operator, this is easily equivalent to 


Proposition 4.2.2. Let T be a left-invariant differential operator on a Lie group G. 
Then T is positive on L?(G) when T is formally self-adjoint, that is, T* = T in 
U(g), and satisfies 


Vf € D(G) | OTi >0. 


For the definition of T*, see (1.9). 
The following properties of positive operators are easy to prove: 


Lemma 4.2.3. 1. A linear combination with non-negative coefficients of positive 
operators is a positive operator. 


2. If X is a left-invariant vector field and p € 2No, then the operator (—1)2 X? 
is positive on G. 


3. IfT is a positive differential operator on G then for any k € N the differential 
operator T! is also positive. 


Proof. The first property is clear. 

The second is true since each invariant vector field is essentially skew-sym- 
metric, see Section 1.3. 

Let us prove the third property. Let T be a positive differential operator and 
k € N. Clearly T* is also formally self-adjoint and we obtain recursively if k = 2é: 


k F(x) = £ G T £ = £ x E T. 
[ T* f (2) Fla)de = L TfT TE) ? |T’ f(æ)|? dz, 
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which is necessarily non-negative, whereas if k = 2€+ 1, 


J T* F (0) F@de = | T(T*f (2) TF @de, 
G 


G 


which is non-negative since T is positive. 


We observe that the signs of the coefficients of a positive differential operator 
can not be guessed, as the example —(0 + 02)? on R? shows. 


Remark 4.2.4. By Lemma 4.2.3, Parts 1 and 2, we see that the examples in Section 
4.1.2 yield positive Rockland operators. For instance, on stratified Lie groups, 
the sub-Laplacians give operators —R with R positive and Rockland. Also, the 
operators in (4.1) and (4.2) give positive Rockland operators. In particular, this 
shows that any graded Lie group admits a positive Rockland operator. 


We may obtain other positive Rockland operators as powers of those since a 
direct consequence of Lemma 4.1.11 and Lemma 4.2.3, Part 3, is the following 


Lemma 4.2.5. Let R be a positive Rockland operator on a graded Lie group G. 
Then R* for every k E€ N and R = Rt are also positive Rockland operators. 


We fix a positive Rockland operator R. By Proposition 4.2.2, R is essentially 
self-adjoint and we may adopt the same notation as in Corollary 4.1.16. Since R 
is positive, the spectrum of Rə is included in [0,00) and we have 


Ro = [ \dB()). 


Proposition 4.2.6. Let R be a positive Rockland operator on a graded Lie group G. 
If x € G, then the operator x(R) is positive. Furthermore, if n is non-trivial and 


(w(R)v,v)n, = 0 
then v = 0. 
Proof. By Proposition 4.1.15, 7(£(B)) = E,(B). Since E is supported in [0, co) 
then so is E; and the operator 7(R) is positive: 
wers  (n(R)v,v)y, = | NBO aa SO. 
0 


If (r(R)v, v)u, = 0 then the (real non-negative) measure (F,(A)v,v)3, is con- 


centrated on {A = 0} and this means that v = E,(0)v is in the nullspace of a(R). 
Thus v = 0 since R satisfies the Rockland condition and 7 is non-trivial. 
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4.2.2 The heat semi-group and the heat kernel 


In this section, we fix a positive Rockland operator R which is homogeneous of 
degree v € N. 
By the functional calculus (see Corollary 4.1.16), we define the multipliers 


a= =| e “dE(A), t>0. 
0 


We then have 


lle? || zaza < oup le) =1 and ete sf: = eT tS) R2, 
>0 


since ee” = e~ (+9), Thus {e7*®2},59 is a contraction semi-group of oper- 
ators on L?(G) (see Section A.2). This semi-group is often called the heat semi- 
group. The corresponding convolution kernels h, € S’(G), t > 0, are called heat 


kernels. We summarise its main properties in the following theorem: 


Theorem 4.2.7. Let R be a positive Rockland operator on a graded Lie group G. 
Then the heat kernels h, associated with R satisfy the following properties. 
Each function hy is Schwartz and we have 


Vs,t >0 ht x hs = hers; (4.11) 
Vee G,t,r>0 hpi(re) = rehe), (4.12) 
vre G hilz) = hyl t); (4.13) 
f hi(a)dx = 1. (4.14) 
G 


The function h : G x R —> C defined by 


_ f hlæ) ift>0 andzEeG, 
ee) =i 0 ift<0andzrEG, 


is smooth on (G x R)\{(0,0)} and satisfies 
(R + O)h = 00,0, 


where 60,0 is the delta-distribution at (0,0) E€ Gx R. 
Having fixed a homogeneous norm |-| on G, we have for any N € No, a € Nọ 
and L € No, that 


JC = Cane >0 Vte(0,1] sup |OfX%h,(x)| < Cant”. (4.15) 


|z|=1 


The proof of Theorem 4.2.7 is given in the next section. We finish this section 
with some comments and some corollaries of this theorem. 
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Remark 4.2.8. 1. If the group is stratified and R = —£ where £ is a sub- 
Laplacian, then R is of order two and the proof relies on Hunt’s theorem 
[Hun56], cf. [FS82, ch1.G]. In this case, the heat kernel is real-valued and 
moreover non-negative. The heat semi-group is then a semi-group of contrac- 
tion which preserves positivity. 


2. The behaviour of the heat kernel in the general case is quite well understood. 
For instance, it can be extended to the complex right-half plane. Then the 
heat kernel h, with z € C, Rez > 0 decays exponentially. See [Dzi93, DHZ94, 
AtER94]. 


3. Since Rə is a positive operator, only the values of ¢ € L°°(R) on [0,00) are 
taken into account for the multipliers ¢(R2). But in fact, the value at 0 can 


be neglected too, as a consequence of the property of the heat kernel. Indeed, 
from hy € S(G) and (4.12), it is not difficult to show 


II f * hellz2(ay => 9, 
first for f € D(G) and then by density for any f € L?. This shows 
-tR» 
lle" flire) => 0, 


and therefore we have 
if dE(A)||r2(a) — 0. 
0 «0 


4. Another consequence of the heat kernel being Schwartz, proved in [HJL85], 
is that the spectrum of 7(7) is discrete and lies in (0,00) for any 7 € G\{1}. 
Indeed, it is easy to see that 7(R) is the infinitesimal generator of the semi- 
group {r(e~'®)}is9 in Hr and that r(e~®) = r(hz) is a compact operator 
since hy € S(G) (for this last property, see [CG90, Theorem 4.2.1]). 

Moreover, strong properties of the eigenvalue distributions of 7(7) are 
known, see [tER97]. 

Theorem 4.2.7 shows that the functions h; provide a commutative approx- 
imation of the identity, see Remark 3.1.60. We already know that {e7 ‘P2 },>0 is 
a strongly continuous contraction semi-group. Moreover, we have the following 
properties for any p: 

Corollary 4.2.9. The operators 
f= fxh, t>0, 


form a strongly continuous semi-group on L? (G) for any p € [1,00) and on C,(G). 
Furthermore, for any f E€ D(G) and any p € [1, co] (finite or infinite), we have 
the convergence 


= 0, (4.16) 
Pp 


[Euem-n-Re 
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Finally, we formulate a simple but useful corollary of Theorem 4.2.7. 


Corollary 4.2.10. Setting r = t? in (4.12), we get 


VzEG,t>0  hi(z) =t h(t >z) (4.17) 
and 
O pe) as t => œ 
0 d, X hitt) = ” i 4.18 
POE AUER A R eN n as t — 0. a 


Inequalities (4.18) are also valid for any x in a fixed compact subset of G\{0}. 


4.2.3 Proof of the heat kernel theorem and its corollaries 


This section is entirely devoted to the proofs of Theorem 4.2.7 and Corollaries 4.2.9 
and 4.2.10. This may be skipped at first reading. The proofs essentially follow the 
arguments of Folland and Stein [FS82, Ch. 4. B]. 

Since h is the convolution kernel of the R2-multiplier operator, Corollary 
4.1.16 yield that hy € S’(G) is a distribution which satisfies Properties (4.12) and 
(4.13) for each t > 0 fixed. Note that (4.12) easily yields (4.17). 

By the Schwartz kernel theorem (see Corollary 3.2.1), since (0,00) 3 t > 
e *R®2 € Y(L?(G)) is a strongly continuous mapping, the function (0,00) 3 t > 
ht € S’(G) is continuous. Consequently the mapping (t,x) ++ h(a) is a distribu- 
tion on (0,00) x G. 

By the properties of semi-groups (cf. Proposition A.2.3 (4)), we have 


VPED(G),t>0, — Ble Tp) = —Ro(e Tp) = —R(e*™ 4). 
Taking this equation at 0g shows that (t,x) +> h(x) is a solution in the sense of 
distributions of the equation (3; + R)f = 0 on (0,00) x G. 


The next lemma is independent of the rest of the proof and shows that 0; +R 
can be turned into a Rockland operator: 


Lemma 4.2.11. Let R be a positive Rockland operator on a graded Lie group G. 
We equip the group H := G x R (which is the direct product of the groups G and 
(R, +)) with the dilations 


D, (x,t) :=(ra,r’t), «© EG,teR. 
The group H has become a homogeneous Lie group and the operators R + ôi 
and R — ð, are Rockland operators on H. 
Proof of Lemma 4.2.11. The dual of H is easily seen to be isomorphic to GxR: 


eifteGand\e R, we can construct the representation p = pr, of H on 
Hp = Hr by p(z,t) := e*n(x); 
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e conversely, any representation p € H can be realised into a representation of 
the form p,,y. 


Let p = px, € H. We observe that H? = HX, p(R) = T(R), and p(Q;) = id. 
If v € HX is such that p(R + 0;)v = 0 then 


0=(p(R+ div, v)u, = (T(R)v, v)u, + iA(v, v)u, = (T(R)v, v)u, + iAllvl|Zy, - 


Since, by Proposition 4.2.6, (m(R)v,v),, > 0, the real part of the previous equal- 
ities is ((R)v,v)4, = 0. Again by Proposition 4.2.6, necessarily v = 0. 


Remark 4.2.12. A similar proof implies that R + ðk for k € N odd is a Rockland 
operator on the group G x R endowed with the dilations D, (x,t) = (ra,r’/*t). 


Corollary 4.2.13. The distribution (t,x) 4 h(x) is smooth on (0,00) x G and 
satisfies the equation 


(+R) f = 0. 
Furthermore, for any t > 0, hy € L?(G) and 


[ince de=? | ale) dx < 00. (4.19) 


Proof. The operator 0; + R is Rockland on G x R by Lemma 4.2.11, therefore 
hypoelliptic by the Hellfer-Nourrigat theorem (see Theorem 4.1.12). Since the 
distribution (t, x) + h(x) is a solution of the equation (0,+R) f = 0 on (0, 00) x G, 
it is in fact smooth. 

Since R is a positive Rockland operator, Rt is also a positive Rockland 
operator (see Lemma 4.2.5) and we can apply Lemma 4.2.11 to both. Therefore, 
R + 0; and its transpose are Rockland and thus hypoelliptic on G x R. By the 
Schwartz-Treves theorem (see Theorem A.1.6), the distribution topology on G x 
(0,00) and the C'°-topology agree on the the nullspace of R + 0; 


N ={f €D'(Gx (0,0)) : (R+0;)f =O}. 


Since (0,00) 3 t + hy € S'(G) is continuous and (t,x) ++ h(x) is smooth on 
(0,00) x G, the mapping T defined via 


Tolz, t) = (e*®24)(x) = [ hed, pE L(G), EG, t>0, 


is continuous from L?(G) to D'(G x (0,00)). Furthermore, the semi-group prop- 
erties imply that the range of T lies in M. Therefore, the mapping 


L? (G) > ¢— T¢(0,1) = Í olx)hı(x)dz, 
G 
is a continuous functional. Hence hı must be square integrable. 


By homogeneity (see (4.17)), for any t > 0, we see that h; € L?(G) as a 
consequence of Corollary 4.2.10 and (4.19) must hold. 
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We now define the function h : G x R —> C as in the statement of Theorem 
4.2.7 by 
_ f h(x) ift>O0andreG, 
h(e.t) = { 0 ift<OandveG. 
By Corollary 4.2.13, the function h is smooth on G x (R\{0}) and satisfies the 
equation (R + 0:)h = 0 on G x (R\{0}). However, it is not obvious that it is a 
distribution on G x R. Our next goal is to prove that it is indeed a distribution 
and that it satisfies the equation (R + 0;)h = 0 on Gx R. 


It is easy to prove that h is a distribution under the assumption v > Q/2 
since it is then locally integrable: 


Lemma 4.2.14. Ifv > Q/2, then h is locally integrable on G x R. 


Proof of Lemma 4.2.14. We assume v > Q/2. We see that for any € > 0 and 
R > 0, using the homogeneity property given in (4.19), 
1 
2 
; ldz | dt 
|z|<R 


L f, „PE Plat [ (J. oa) 


|B(0, 1)|2 R2/? (/ OKJ [ta 
G 0 


= CRO, 


NIK 


IA 


IA 


since we assumed v > Q/2. This shows that h is locally integrable on G x R and 
hence defines a distribution. 


If we know that h is a distribution, being a solution of (R + j)h = 60,0 is 
almost granted: 


Lemma 4.2.15. Let us assume that h E€ D'(G x R) is a distribution and that 
o either hy € L?(G) and v > Q/2, 
e or hy € L(G) (without restriction on v > Q/2). 

Then h satisfies the equation 


(R + On)h = 50,0 


as a distribution. 


The proof of Lemma 4.2.15 will require the following technical property which 
is independent of the rest of the proof: 


Lemma 4.2.16. Let R be a positive Rockland operator on a graded Lie group G ~ 
R” with homogeneous degree v. If mv > [5], the functions in the domain of R™ 
are continuous on Q, i.e. 


Dom(R™) c C(Q), 
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where C(Q) denotes the space of continuous functions on Q. Furthermore, for any 
compact subset Q of G, there exists a constant C = Ca R,G,m such that 


Vo € Dom(R™) oe lo(x)| < C (ollz + IR” llzz) - 


This is a (very) weak form of Sobolev embeddings. We will later on obtain 
stronger results in Theorem 4.4.25. The proof below uses Corollary 4.1.14 showed 
by Helffer and Nourrigat during their proof of Theorem 4.1.12. 


Proof of Lemma 4.2.16. By the classical Sobolev embedding theorem on R”, see 
e.g. [Ste70a, p.124], if ¢ € L? (R”) together with 0°¢ € L?(R”) for any multi-index 
a satisfying |a| < [3], then ¢ may be modified on a set of zero measure so that 
the resulting function, still denoted by ¢, is continuous. 


Furthermore, for any compact subset Q of G, we may choose a closed ball 
B(0, R) strictly containing Q, and there exists a constant C = Co,r independent 
of ¢ such that 


Sup el ae 5 3z ell r2 (B0,2))- 


lal<[ 3] 


As the abelian derivatives may be expressed as linear combination of left- 
invariant ones, see Section 3.1.5, there exists another constant C = Cpr such that 


5 ləzvllr2(B0,r) < C 5 [X“4]lz2(B0,8) 


lal<[ 3] lal<[ 3] 


for any w such that the right-hand side makes sense. By the corollary of the Helffer- 
Nourrigat theorem applied to R™ (see Corollary 4.1.14, see also Lemma 4.2.5), 
there exists C = Cr,m > 0 such that 


Vy € S(G) XO Xlr) < C (IR Yre) + IVllz2@) - 


[la] < mv 


The last two properties yield easily 


5 OF r2(B0,R)) < C (IR” Yll + lvl), 


lal<[ 3] 


for any function 7 € L?(G) for which the right-hand side makes sense, for some 
constant C = CR R,m independent of Y, as long as my > [5]. Together with 
the embedding property recalled at the beginning of the proof, this shows Lemma 
4.2.16. 


We can now go back to the proof of the heat kernel theorem, and more 
precisely, the proof of Lemma 4.2.15. 
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Proof of Lemma 4.2.15. If we set for each e > 0 and (x,t) € G x R, 


š h(x,t) ift>e, 
Kla = { A ) oe 


it is clear that this defines a distribution h € D/(GxR) and that {h°)} converges 
to h in D'(G x R) as € tends to 0. To prove that 


(R + 0O;:)h = 6000, 


it suffices to show that (R + 0,)h© converges to 59,9 in D'(G x R) as e tends to 
0; this means: 


VOEDGXR) (HO, (R! — 9))6) = (R + Hh, 4) Z> 4(0). 


Using the translation of the group H = G x R which is the direct product of the 
groups G and (R, +), this is equivalent to the pointwise convergence in H: 


Y$ E€ D(H), (et) H  (R+4)(G*hO) (x,t) — 4(z,t), (4.20) 
since 
(R + A1)(o* hO (x,t) = d * (R + INKO) (x,t) = (R + A)RO, l(et): 7). 


The above convolution is in H, given by 


(6+ hO) (rt) = f f ply, u) h((y,u) (2, t))dydu 


t—e 
1 J ly, u) h(y™ tz, —u + t)dydu. 
G Ju=—oo 
We see that 
t—e 
REOOO) = f f Ayu) (Re + Ahe, -u + t)dydu 
G =—o0o 


+ I ply, t — €) h(y~ 12, €)dy, 


and the first term of the right hand side is zero since (R + 0;)h = 0 on G x (0,00) 
and R + O; is left-invariant on H. Hence 


(R+&)(¢* h©) (x,t) = o(-,t — ©) *h.-(2), (4.21) 


using the convolution in H and G for the left and right hand sides respectively. 


We now fix t and set ¢.(y) := ¢(y,t — €). Then 


olt — €) * he = Qe * he, 
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and we can write 


Qe * he — go = (Qe B ġo) * he — (ġo * he — Qo). (4.22) 


For the first term in the right-hand side of (4.22), we need to separate the case 
hı € L?(G) with v > Q/2 from the case hı € L! (G). Indeed if hı € L? (G) with 
v > Q/2, then by (4.19), 


-Q 
[hell2 = €% [Palle 
and the Cauchy-Schwartz inequality yields 
II(Ge = G0) * Relloo < [le — ġoll2llell2- 
We easily obtain |/¢. — doll2 < Ce as 6 € D(G x R). Thus 


II(e — go) * helloo < C'T —+e40 0, 


since we assumed v > Q/2. If hy € L'(G), then by (4.19), ||hella = ||h1||1 and the 
Holder inequality yields 


(be — bo) * hello < lle = Pollool|Mrella = IlPall1 Ile — vollo- 
Again ||ġe — dolla < Ce as ¢ € D(G x R) thus 
(Qe on ġo) * Welles < C'e — 30 0. 

For the second term in the right-hand side of (4.22), the functional calculus 

of Ro yields the convergence in L?(G) 
po * he = € T? po — eo $o: 
As Rə commutes with the R2-multiplier e7“?2 and since ġo € D(G), Rado = Roo, 
we know that ġo * he = e72 ġo € Dom(R2) and moreover 
=E —ER2 L? (G 
(Roo) * he = (Rado) * he = eF Rago = Roe T? ho L eae 

More generally, for any m € N, ġo * he = e72 ġo € Dom(RY') and 


2 
—eR L*(G) 
Rye ©? po — e0 Ro Qo- 


By Lemma 4.2.16, this implies that ġo * he — ġo is continuous on G. Furthermore, 
for any compact subset Q of G ~ R” and any m € N with mv > | 4], we have 


sup [bo * he — Go| < C (|]b0 * he — olla + ||R'" (po * he — o)ll2) —%e0 0. 


Hence we have obtained that both terms on the right-hand side of (4.22) 
go to zero for the supremum norm on any compact subset of G. Therefore, the 
expression in (4.21) tends to 


(R+&)(b* bh) (x,t) eso o(-,t — ©) * he (2), 


for t fixed, locally in x. This is even stronger than the pointwise convergence in H 
we wanted in (4.20) and concludes the proof of Lemma 4.2.15. 
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Corollary 4.2.17. Under the hypothesis of Lemma 4.2.15, h is smooth on (G x 
R)\{(0,0)} and satisfies (4.15) and (4.18). Moreover, each function h; is Schwartz 


on G and 
| hi(x)dx = 1. 
G 


Proof of Corollary 4.2.17. By Lemma 4.2.15, the distribution h annihilates the 
hypoelliptic operator R +0; on (G x R)\{0}, and thus h is smooth on (G x R)\{O}. 
Since h(a, t) = 0 for t < 0, this implies that h(x, t) vanish to infinite order as t > 0: 


Va €G\{0}, NEN) Fe>0, C>0 WEE (0,€) |A(z,t)| < Ctr. 


We can choose e = 1 since h is smooth on G x (0, 00). In fact this estimate remains 
true for any x-derivatives (&)h(z, t). It is also uniform in x when gx runs over a 
fixed compact set which does not contain 0. Choosing this compact set to be the 


unit sphere of a given quasi-norm |- |, we have 


VNEN) JC>0 VtE(0,1] sup 


|z|=1 


i 


ð Q 

—) h(x, t)| < cer. 
(2) me] < 
We may replace the abelian derivatives (8) by the left-invariant ones, see Section 
3.1.5. This implies (4.15). 


Using the homogeneity of h (see Property (4.12) which was already proven 
and Proposition 3.1.23), we have 


YreG,r>0  X°%h(2,t) =r el XR 4 (ra), 
and so, in particular, if |x| > 1 then we obtain, because of (4.15), that 
|X*hr(a)| = |x| PFN Xha (lela) < Canal tN, 


Since hı is smooth on G, this shows that hı is Schwartz. This is also the case for 
hi by homogeneity, see (4.17). Note that the same homogeneity property together 
with (4.15) implies (4.18). 

Since each function h; satisfies the homogeneity property given in (4.17) and 
is integrable, the functions h; form a commutative approximation of the identity, 
see Remark 3.1.60. In particular, 


o * hi —0 c$ in L?(G), 
with c = fg hı(x)dx. Since we know 
Qx hi = e72 —e0 $ in L*(G), 


this constant c must be equal to 1. By homogeneity, 


Vt > 0 J ra= f E TEE 
G G 
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Lemmata 4.2.14 and 4.2.15 imply Theorem 4.2.7 and Corollary 4.2.10 under 
the assumption v > Q/2. We now need to remove this assumption. For this, we will 
use the following formula which is a consequence of the principle of subordination: 


Lemma 4.2.18. For any y > 0, we have 


Co —s 2 
a= Tae d. (4.23) 


Sketch of the proof of Lemma 4.2.18. We follow [Ste70a, p.61]. We start from the 
well known identity 


co eV 
Te T = / — dr, (4.24) 
Zœ L +r? 
which is an application of the Residue theorem to the function 
el 
=> =. 
z2? +1 


In (4.24) we replace 1 + z? using 


1 co 
— = | e7 +ta’)u du, 
1 + r2 0 


and we obtain the double integral 


foe) N Co 2 
me =| ene | etr dy dex. 
—oo 0 


One can show that it is possible to invert the order of integration: 


[0.6] [0.6] . 2 
Te? =|} a ee” “dx du. 
0 —0o 


It is well known that the inner integral in dx is equal to 


x2 


e€ 4u 


vru) 


And this shows (4.23). 


We can now finish the proofs of Theorem 4.2.7 and Corollary 4.2.10. 


End of the proofs of Theorem 4.2.7 and Corollary 4.2.10. Since the case v > Q/2 
is already proven, we may assume v < Q/2. 


For any m € No, R?” is a positive Rockland operator (see Lemma 4.2.5), 
with homogeneous degree 2”v. We denote by Km the function on G x R giving 
its heat kernel in the sense that if t > 0, Km(-,t) € S'(G) is the kernel of e~!®? 
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and if t < 0 then Km(z,t) = 0 for any x € G. This is possible since, by Corollary 
4.2.13, Km is smooth on G x (0,00). By homogeneity, it will always satisfy 


VzEG,t>0 Kyp(z,t)=t 2" Km(t 2,1). (4.25) 


In (4.23), replacing y by tA?” , one finds that 
gona" 


gm—1 n eS 
eu = ——e t ds. 
o VTS 


Using the functional calculus on R, that is, integrating against the spectral mea- 
sure dE(A) of R2, we obtain formally that for any non-negative integer m € No 
and t > 0, 


m—1 Co ps {2 m 
eR <__e- ER ds, (4.26) 
o VTS 
and for the kernels of these operators, 
em) [ Ce ta (4.27) 
m—1\%, = = Amr, 7— S. . 
: o Vs 4s 


It is not difficult to see that Formulae (4.26) and (4.27) hold as operators and con- 
tinuous integrable functions respectively when, for instance, Km (+, t) is integrable 
on G for each t > 0 and 


co es t? 
— || Km, — ds < œ. 
[lent D laod < oe 
Indeed under this hypothesis, K,,—1(-,t) is integrable on G for any fixed t > 0 and 


oo es t? 
E a Ej G . 4.2 
Kaabel h lK ip leod <o (428) 


It is then a standard procedure to make sense of (4.26) by first integrating À over 
[0, N] and then letting N tend to infinity. 


We first assume that 2™v > Q/2, so that the conclusion of Theorem 4.2.7 
holds for Km. In particular, Km(-, 1) € S(G) and by homogeneity, the Lt-norm of 
Km, t) is 


J Knæ Olde = | Knle, Dide, 


is finite and independent of t. Therefore 


o0 es t oo es 
Km(x,—)|dads = | |Km(x,1)|d ds, 
| S [Ke pleds =f Kale Dide [Tas 
is finite. Consequently Formula (4.27) holds and by (4.28), 


=g 


ù e 


Jrs 


ds < œ. 


|Km-1 t, Jlle) < f Kale, Dde f 
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By homogeneity, fo |Km-—1(a,t)|dx must also be independent of t > 0, while it is 
identically zero if t < 0. This implies that K,,_1 is locally integrable on G x R 
and that Km-1(,1) € L'(G). By Lemmata 4.2.14 and 4.2.15, Km_1 satisfy the 
properties of the heat kernel described in Theorem 4.2.7 and Corollary 4.2.10. 


Now we can repeat the same reasoning with m replaced successively by m — 
l,m — 2,...,2,1. Since Ko = h, this concludes the proofs of Theorem 4.2.7 and 
Corollary 4.2.10. 


We still have to show Corollary 4.2.9. 


Proof of Corollary 4.2.9. Since the heat kernels h+, t > 0, form a commutative 
approximation of the identity (see Theorem 4.2.7 and Remark 3.1.60 in Section 
3.1.10), the operators f +> f * hi, t > 0, form a strongly continuous semi-group 
on L?(G) for any p € [1,co) and on C,(G), see Lemma 3.1.58. It is naturally 
equibounded by ||h|| since 


If * hello SNF llpllPella and [hella = Ilall: 


Let us prove the convergence in (4.16) for p = co. Let f € D(G). By Lemma 
4.2.16, for any compact subset 0 C G, 


7 (fh P-R 


sup 
Q 


<o(|Fiten -RI 


| 12” (Fahy —f)— RU 
2 t 


J 


where m is an integer such that mv > [5]. Since D(G) C Dom(R) and 
etRa f= fa he, 
we have for any integer m’ € No that 
ER” (fah R= ORY earr- Hy 
= (RP JRP sf) -RF Pg= (Reh — RF) ROE 
— yg 0 in L?(G). 


Therefore, 


1 
pup 7 (fhe N-R — +0 0. 

We fix a quasi-norm |- |. By Part 2 of Remark 3.2.16 and the existence of a 
homogeneous norm (Theorem 3.1.39), without loss of generality, we may assume 
|-| to be also a norm, that is, the triangular inequality is satisfied with constant 1; 
although we could give a proof without this hypothesis, it simplifies the constants 
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below. Let Br be a closed ball about 0 of radius R which contains the support of 
f. We choose O = Bor the closed ball about 0 and with radius 2R. If x ZO, then 
since f is supported in Br C Q, 


1 1 1 = 
Girth DRI) Dhe f oaas, 
hence 
1 Ifl aig, — flle ae 
preno s HE f hoaa le fl Pals 


as hy satisfies (4.17). Note that {z : |at»z7!| < R} C {z: |t7z| > R/2} since 
al A] 2 _y 3 
|tvz| < R/2 = > |atez | > lal — |tez |> 5. 


Therefore 


| : In(alde < f i |hi(z)|dz. 
jatv z—1|<R |jz|>t v R/2 


Since hı is Schwartz, we must have 


AC Yze GO} |hi(z)| < Clz|7*, 


for a = Q + 2v for instance. This together with the polar change of variable (cf. 
Proposition 3.1.42) yield 


|hi(z)|dz < C foo era O'P. 
1 L 
|z|>t7 v R/2 r=t v R/2 


Consequently, denoting by QF the complement of Q in G, we have 


1 
sup ifam- A-R < C't — 1-40 0. 
Qe 


This shows the convergence in (4.16) for p = oo. 


We proceed in a similar way to prove the convergence in (4.16) for p finite. 
As above we fix f € D(G) supported in Br. We decompose 


5 he -Rf 


1 1 
<z * he — f) = Rf lle (Bony + GF * he F) REIG 


For the first term, 


1 
t 


IŽ * h = f) — RÍ||Le(Ban) < |Bor|? || (f * he - f) — R fllo = 0, 
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as we have already proved the convergence in (4.16) for p = oo. For the second 
term, we obtain for the reasons explained in the case p = oo that 


1 1 
IF x hi — f) — R| Le(Bsr) = alle * hille (Bgn) 


1 p \F 
“Ef or i) 
2 Ty ly)|-¢ i z£ : 
EA fume’ Fy) as) is 


< Ce 1-2 +8)) fy), J (z| - R) Pde), 
|z|>2R 


where we have used that the reverse triangle inequality 


/ FU) ha(y72)dy 
ly|<R 


lye] = |x| — |yl = lel- 


Consequently we obtain the convergence in (4.16) for p finite if we choose a large 
enough. 


4.3 Fractional powers of positive Rockland operators 


In this section we aim at defining fractional powers of positive Rockland operators. 
We will carry out the construction on the scale of L?-spaces for 1 < p < oœ, 
with L(G) substituted by the space C,(G) of continuous functions vanishing at 
infinity. The extension of a positive Rockland operator R to L?(G) will be denoted 
by Rp, and first we discuss the essential properties of such an extension. Then we 
define its complex powers. Before studying the corresponding Riesz and Bessel 
potentials, we will show that imaginary powers are continuous operators on L?, 
p€ (1,00). 


4.3.1 Positive Rockland operators on L? 
We start by defining the analogue Rp of the operator R on L(G). 


Definition 4.3.1. Let R be a positive Rockland operator on a graded Lie group G. 
For p € [1, 00), we denote by Rp the operator such that —R, is the infinites- 
imal generator of the semi-group of operators f > f x hi, t > 0, on L?(G). 
We also denote by Ro, the operator such that —R., is the infinitesimal 
generator of the semi-group of operators f > f x hz, t > 0, on C,(G). 


For the moment it seems that Rə denotes the self-adjoint extension of R on 
L?(G) and minus the generator of f + f * h;, t > 0, on L?(G). In the sequel, in 


4.3. Fractional powers of positive Rockland operators 199 


fact in Theorem 4.3.3 below, we show that the two operators coincide and there 
is no conflict of notation. 


The case p = œo is somewhat irrelevant and will be often replaced by p = cp, 
especially when using duality. The next lemma aims at clarifying this point. 


Lemma 4.3.2. e If p€ (1,00), any bounded linear functional on LP (G) can be 
realised by integration against a function in LP (G), where p' is the conjugate 
exponent of p, that is, i + “a = 1. Consequently, the dual LP (G)! of LP (G) 
may be identified with L” (G) and the corresponding norms coincide. 

e If p = 1, any bounded linear functional on L'(G) can be realised by inte- 
gration against a bounded function on G. Consequently, the dual L! (GY of 
L! (G) may be identified with L°(G) and the corresponding norms coincide. 
In particular, L!(G)! contains Co(G'). 


e If p = &o, any bounded linear functional on Co(G) can be realised by in- 
tegration against a regular complex measure. Consequently, the dual C,(G)' 
of Co(G) may be identified with the Banach space M(G) of regular complex 
measures endowed with the total mass ||- || (q@) as its norm, and the cor- 
responding norms coincide. With this identification, Co (G)! contains L'(G) 
and the corresponding norms coincide. 


Proof. See, e.g., Rudin [Rud87, ch.6]. 


We can now describe the properties of Rp. 


Theorem 4.3.3. Let R be a positive Rockland operator on a graded Lie group G. 
In this statement, p € [1,00) U {ooo}. 


(i) The semi-group {f > f * he}eso is strongly continuous and equicontinuous 
on LP (G) if p € [1,00) or on Co(G) if p = wo: 


Vt > 0, Vf € L(G) or CG) [lf * hillo < [lPallillfllp- 


Consequently, the operator Rp is closed. The domain of Rp contains D(G), 
and for f € D(G) we have Rpf =Rf. 


(ii) The operator Rp is the infinitesimal generator of the strongly continuous 
semi-group {f > f *he}iso on L?(G). 


(iti) We use the identifications of Lemma 4.3.2. If p € (1,00) then the dual of Rp 
is Rp. The dual of Roo, restricted to L'(G) is Ri. The dual of Ry restricted 
to Co(G) C L® (G) is Ro,- 


(iv) If p € [1, 00), the operator Rp is the maximal restriction of R to L? (G), that 
is, the domain of Rp consists of all the functions f € L?(G) such that the 
distributional derivative Rf is in L*(G) and Rp>f =Rf. 


The operator Roo, is the maximal restriction of R to C,(G), that is, 
the domain of Roo, consists of all the functions f € Co(G) such that the 
distributional derivative Rf is in Co(G) and Rpf =Rf. 
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(v) If p € [1, 00), the operator Ry is the smallest closed extension of R\pq) on 
L(G). For p= 2, Roa is the self-adjoint extension of R on L?(G). 


Proof. Part (i) is a consequence of Corollary 4.2.9, see also Section A.2. 

Part (i) implies, intertwining with the complex conjugate, that {f => fx 
hi}tso is also a strongly continuous semi-group on L?(G). On D(G), its infinites- 
imal operator coincide with R = R! which is a positive Rockland operator (see 
Lemma 4.2.5) and it is easy to see that 


YE ED(G), t>0 ec t2paet*Reg=gxhy =o* hi. 


This shows Part (ii). 
For Part (iii), we observe that using (1.14) and (4.13), we have 


Vfi, f2 E D(G) (fi * he, fo) = (ft, fo * ht). (4.29) 
Thus we have for any f,g € D(G) and p € [1, 00) U {ooo} 
_ 1 = 
(P(e f — fho) = FU he ho) = U9 he — 9) = Eeg- 9). 


Here the brackets refer to the duality in the sense of distributions or, equivalently, 
to the duality explained in Lemma 4.3.2. Taking the limit as t — 0 of the first and 
last expressions proves Part (iii). 


We now prove Part (iv) for any p € [1,0o) U {ooo}. Let f € Dom(R») and 
$ € D(G). Since R is formally self-adjoint, we know that Rt = R, and by Part 
(i), we have Ra% = Rọ for any q € [1, 00) U {oo,}. Thus by Part (iii) we have 


(Ropf, Q) = (f, Rp d) = (f, R'¢) = (Rf, Q), 
and Rp f = Rf in the sense of distributions. Thus 
Dom(R,) C {f E L(G) : Rf € L(G)}. 


We now prove the reverse inclusion. Let f € LP (G) such that Rf € L?(G). 
Let also ¢ € D(G). The following computations are justified by the properties of 
R and h; (see Theorem 4.2.7), Fubini’s Theorem, and (4.29): 


(f*hi—f,¢) 


aT pe a FANT 

0 
= ff, f Rh als) =, i (6+ h,)ds) 
z -rs f bxheds) =- | (Rfoxh,)ds 


t 


-f (Rf) * he dds = -f (Rf) * heds, 4). 
0 0 
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Therefore, 
t 
fafa | (Rf) * hsds. 
0 


Let us recall the following general property: if t + a; is a continuous mapping 
from [0,co) to a Banach space æ, then L x,ds converges to xo in the strong 
topology of ¥ as t + 0. We apply this property to ¥ = LP’ (G) and t (Rf) «hy; 
the hypotheses are indeed satisfied because of the properties of the heat kernel, 
see Theorem 4.2.7. Hence we have the following convergence in L?(G): 


i 1 f 
fee = -7 | (RA hds = -RI 


This shows f € Dom(R,) and concludes the proof of (iv). 

Part (v) follows from (iv). This also shows that the self-adjoint extension 
of R coincides with Ro as defined in Definition 4.3.1 and concludes the proof of 
Theorem 4.3.3. 


Theorem 4.3.3 has the following couple of corollaries which will enable us to 
define the fractional powers of Rp. 


Corollary 4.3.4. We keep the same setting and notation as in Theorem 4.3.3. 


(i) The operator Rp is injective on LP (G) for p € [1,00) and Reo, is injective 
on Co(G), namely, 


for p € |1, œ) U {000} : Yf € Dom(Rp) R pf =0 = f =0. 


(ii) If p € (1,00) then the operator Rp has dense range in LP” (G). The operator 
Roo, has dense range in Co(G). The closure of the range of Ri is the closed 
subspace {ġ € L'(G) : fe = 0} of L(G). 


Proof. Let f € Dom(R,) be such that Rpf = 0 for p € [1,00) U {oo,}. By 
Theorem 4.3.3 (iv), f € S'(G) and Rf = 0. In Remark 4.1.13 (3), we noticed that 
any positive Rockland operator satisfies the hypotheses of Liouville’s Theorem for 
homogeneous Lie groups, that is, Theorem 3.2.45. Consequently f is a polynomial. 
Since f is also in L? (G) for p € [1, o0) or in Co (G) for p = œ, f must be identically 
zero. This proves (i). 


For (ii), let Ų be a bounded linear functional on L?(G) if p € [1,00) or on 
Co(G) if p = oo, such that Y vanishes identically on Range(R,). Then Y can be 
realised as the integration against a function f € L”’ (G) if p € [1,00) or a measure 
also denoted by f € M(G) if p = co,, see Lemma 4.3.2. Using the distributional 
notation, we have 


V) = (f.p) Woe L(G) or Yọ E€ CQ(G). 
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Then for any ¢ € D(G), we know that ¢ € Dom(R,) and Rpd = Rọ by Theo- 
rem 4.3.3 (i) thus 


0 = U(Rp(9)) = (fF, R(O)) = (RF), 


since Rt = R. This shows that Rf = 0. Applying again Liouville’s Theorem, this 
time to the positive Rockland operator R (see Lemma 4.2.5), this shows that f is 
a polynomial. For p € (1,00), f being also a function in L” (G), this implies that 
f = 0. For p = œ%, f € M(G), this shows that f is an integrable polynomial on G 
hence f = 0. For p = 1, f being a measurable bounded function and a polynomial, 
f must be constant, i.e. f = c for some c € C. This shows that if p € (1,00)U {000} 
then Y = 0 and Range(Rp) is dense in LP” (G) or Co(G), whereas if p = 1 then 
UW: L(G) 3 ġ > c fg $. This shows (ii) for p € (1,00) U {ooo}. 


Let us study more precisely the case p = 1. It is easy to see that 
f Xedos | Hae eo 
G G 
holds for any ¢ € L1(G) such that Xo e L+(G). Consequently, for any ¢ € 


Dom(R1), we know that ¢ and Rọ are in L'(G) thus fe Rid = 0. So the range 
of Ra is included in 


S := {oe ro) : f6 =0} > Rangera). 


Moreover, if Y4 a bounded linear functional on S such that Yı is identically 0 
on Range(R1), by the Hahn-Banach Theorem (see, e.g. [Rud87, Theorem 5.16}), 
it can be extended into a bounded linear function Y on L1(G). As W vanishes 
identically on Range(R,) C S, we have already proven that Y must be of the form 


Y: LG 
G)aervef g 


for some constant c € C and its restriction to S is Yı = 0. This concludes the 
proof of Part (ii). 


Eventually, let us prove that the operator R, is Komatsu-non-negative, see 
hypothesis (iii) in Section A.3: 


Corollary 4.3.5. For p € [1,00) U{oo,}, and any u > 0, the operator pI + Rp is 
invertible on LP (G), p € [1,00), and Co (G) for p = œo, and the operator norm of 
(ul +R,)~! is 

(“I + Rp) "|S hallu. 


Proof. Integrating the formula 


(+A) = f ede 
0 
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against the spectral measure dE(A) of R2, we have formally 


(ul + R2)! =| e HI+Ra) dt, (4.30) 
0 


and the convolution kernel of the operator on the right-hand side is (still formally) 
given by 


Ky (a) = f ~” h (a) 


From the properties of the heat kernel h; (see Theorem 4.2.7 and Corollary 
4.2.10), we see that the function x, defined just above is continuous on G and 


that 
Co CO h 
leuh < f e= hallide = Wall f tug — lal o o 
0 i M 


As K, € L! (G), it is a routine exercise to show that the operator 


— e~ tI+R2) dqt 
0 


is bounded on L?(G) with convolution kernel «,, (it suffices to consider integration 
over [0, N] with N —> 00). Moreover, Formula (4.30) holds in #(L?(G)). 


For any ¢ € D(G) and p € [1, 00) U {000}, Theorem 4.3.3 (iv) implies 
(uI + Rp)d = (ul + R) = (ul + R2)b E€ D(G), 


thus 
((ul sfe Ry)¢) * Ky = ((ul + R2)¢) * Ky, = Q. 


This yields that the operator (uI + R,)~! : 6+ $* ku is bounded on L?(G) if 
p € [1,co) and on C,(G) if p = oo. Furthermore, its operator norm is 


ICHI + Rp) < lelli < Wallet, 


completing the proof. 


4.3.2 Fractional powers of operators R, 


We now apply the general theory of fractional powers outlined in Section A.3 to 
the operators Rp and I + Rp. 


Theorem 4.3.6. Let R be a positive Rockland operator on a graded Lie group G. 
We consider the operators Rp defined in Definition 4.3.1. Let p € [1,00) U {ooo}. 


1. Let A denote either R orI+R. 
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(a) For every a € C, the operator AZ is closed and injective with (Ag)~! = 
Az”. We have A} =I, and for any N E€ N, AN coincides with the usual 
powers of differential operators on S(G) and Dom(AN) N Range(AY ) 
is dense in Range(A,). 
(b) For any a,b € C, in the sense of operator graph, we have As A? C An, 
If Range( Ap) is dense then the closure of AGAL is Agt. 
(c) Let ag E€ Cx. 
e If ọ € Range( Ape) then 6 € Dom( Ap) for alla € C with 0 < 
—Rea < Rea, and the function a œ> Apo is holomorphic in {a€ 
C: —Rea, < Rea < 0}. 
e If € Dom( Aze) then ¢ E€ Dom(A}) for alla € C with 0 < Rea < 
Rea, and the function a œ> Apo is holomorphic in {a € C : 0 < 
Rea < Reao}. 


(d) For every a € C, the operator Ap is invariant under left translations. 


(e) If p € (1,00) then the dual of Ap is Ap. The dual of Aco, restricted to 
L! (G) is Ay. The dual of A, restricted to C, (G) C L®(G) is As,- 


(f) Ifa,b€ C, with Reb > Rea, then 


Rea Rea 


C=Cap>0 YE E Dom(Ap) IAZA < CIAT E Apol E . 
(g) For any a € C4, Dom( A5) contains S(G). 


(h) If f € Dom(AZ)NL(G) for some q € [1, 00) U{ooo}, then f E€ Dom( Ag) 
if and only if Ap f € L(G), in which case Ap f = Agf- 


U 


2. For each a € C}, the operators (I+ Rp)" and Rọ are unbounded and their 


domains satisfy for all e > 0, 


Dom [(I + Rp)*] = Dom (R; ) = Dom [(Rp + €1)*]. 


. IfO < Rea < 1 and ọ € Range(Rp) then 


zap l 
Ro $= Tia) 


in the sense that limy—soo i converges in the norm of LP (G) or C,(G). 


o0 
J tte tPreodt, 
0 


. Ifa € Cx, then the operator (I+ Rp)~* is bounded and for any ọ € X with 


X = LP (G) or C.(G), we have 


-aj 1 E a—1 p —t(I+Rp) 
(I+ Rp) s= ae dt, 


in the sense of absolute convergence: 


| 40-1 let Re) dll dt < 00. 
0 
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5. For any a,b € C, the two (possibly unbounded) operators RE and (I+ Rp)? 
commute. 


6. For anya € C, the operator RẸ is homogeneous of degree va. 


Recall (see Definition A.3.2) that the two (possibly unbounded) operators A 
and B commute when 


x € Dom(AB) N Dom(BA) => ABr = BAr, 


and that the domain of the product AB of two (possibly unbounded) operators A 
and B on the same Banach space ¥ is formed by the elements x € ¥ such that 
x € Dom(B) and Ba € Dom(A). 


Proof. The operator R, is closed and densely defined by Theorem 4.3.3 (i), it is 
injective by Corollary 4.3.4 and Komatsu-non-negative in the sense of Section A.3 
(iii) by Corollary 4.3.5. Therefore, R, satisfies the hypotheses of Theorem A.3.4. 
Moreover, I+ Rp also satisfies these hypotheses by Remark A.3.3, and — (I + Rp) 
generates an exponentially stable semi-group: 


je |] < ee" >| < |[Aallne 


Most of the statements then follow from the general properties of fractional 
powers constructed via the Balakrishnan formulae recalled in Section A.3. More 
precisely, from the Balakrishnan formula, for any N € N, Ap coincides with the 
usual powers of differential operators on S(G) and Part (1a) follows from Theorem 
A.3.4 (1) and (2) and Remark A.3.1. 

The duality properties explained in Part (le) for p € (1,co) hold for the 
Balakrishnan operators hence they hold for their maximal closure. The cases of 
p =1,c, are similar and this proves Part (le). The properties in Parts (1d), (5) 
and (6) hold for the Balakrishnan operators hence they hold for their maximal 
closure and these parts are proved. 

Part (1b) follows from Theorem A.3.4 (4). 

Part (1c) follows from Theorem A.3.4 (5). 

Part (1f) follows from Theorem A.3.4 (6). 

Part (1g) follows from Parts (la) and (1c). 

Part (1h) is certainly true for any f € S(G) and Rea > 0 via the Balakrish- 
nan formulae. By analyticity (see Part (1c)) it is true for any a € C. The density 
of D(G) in L*(G) (or Co(G) if p = oo) together with the maximality of Aj and 
the uniqueness of distributional convergence imply the result. 

Part (2) follow from Theorem A.3.4 (8). 

Parts (3) and (4) follows from Theorem A.3.4 (10). 

This concludes the proof of Theorem 4.3.6. 
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4.3.3 Imaginary powers of R, and I + R, 


In this section, we show that imaginary powers of a positive Rockland operator 
R as well as 1+ R are bounded operators on LP (G), p € (1,00). We prove this 
as a consequence of the theorem of singular integrals on homogeneous groups, see 
Section 3.2.3. 


We start by showing that if R is a positive Rockland operator, then the 
imaginary powers of I + Rp are bounded on L? (G): 


Proposition 4.3.7. Let R be a positive Rockland operator on a graded Lie group G. 
For any T ER and p € (1,00), the operator (I + Rp) is bounded on L?(G). For 
any p € (1,00), there exists C = Cpr > 0 and 0 > 0 such that 


YWER — ICR legra < Cee. 


For any p € (1,00) and a € C, Dom((I+ R,)*) = Dom((I + Rp)™° °). 


The following technical result will be useful in the proof of Proposition 4.3.7 
and in other proofs (see Sections 4.3.4 and 4.4.4). 


Lemma 4.3.8. Let R be a positive Rockland operator on a graded Lie group G. Let 
hı be its heat kernel as in Section 4.2.2. 


1. For any homogeneous quasi-norm |-|, any multi-inder a € Nj, and any real 


< Qla] 


number a with O <a , there exists a constant C > 0 such that 


I i? Xie) dt < Cla os, 
0 


For any homogeneous quasi-norm |- |, any multi-inder a € NG, there 
exists a constant C > 0 such that 


| |X*he(a)|e~*dt < Cla 271, 
0 


2. For any homogeneous quasi-norm |-|, any multi-index a € NG, and any t > 0, 
we have 


Bieg 
I, |X%he(x)|da < t7 || X°ha||z1- 
x|>1/2 


3. For any homogeneous quasi-norm |- |, any multi-indec a € NG, any N € N 
and any t € (0,1), there exists a constant C > 0 such that 


| |X “hi (x) |dax < Ct”. 
|2|>1/2 
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Proof of Lemma 4.3.8 . Let us prove Part 1. We write 
oo |x|” oo 
i t°—"|X hy (a) |dt = | +f : 
0 0 |x|” 
For the second integral, we use the property of homogeneity of h; (see (4.12) or 


(4.17)) 
J = J t2-1- 252) Kon, (t? 2) dt 
|a|” |x|” 


(LH ayi xh oolalY e- 


Q+lal) 


As hy € S(G), ||X“hi||.0 is finite. For the first integral, we use again (4.12) to 


obtain 
|æ” |x|” 
J J telg (Qla) [Keter (=) | dt 
0 0 |z| 


2g a, 
where Ci := supiyj=1,0<¢,<1 |X “het, (y)| is finite by (4.15). Combining the two 
estimates above shows the estimates for the first integral in Part 1. We proceed in 
the same way for the second one: 


oo |z|” oo 
1 [xehta = | +f ; 
0 0 æl” 


We have (with C4 as above) 


II 


|z|” 7 |æ” a v 
| < Cile 0-2% | atop = Cile 0-2% Da — ell ) 
0 0 
< Cile e D, 
whereas 
J < W tat SA eta = la D 
|x|” |x|” 
< | X*Arlloolx| Cre. 


We conclude in the same way as above and Part 1 is proved. 


Let us prove Part 2. The property of homogeneity of h; (see (4.17)) together 
with hı € S(G) imply 


- IX hy (a) |dex 
|x| >1/2 


II 


"T Xeni (a)lda! <” f |X“, 
G 


1 
tv |x!|>1/2 
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having used the change of variable x’ = = trx. This shows Part 2. 
Let us prove Part 3. The properties of the heat kernel, especially (4.12) and 
(4.15), imply 
|X*he(a)| = [a] E Xhaja tE) < Cla 9 (le| “ay” 


if |æ] > 1/2 and t € (0,1) where C = oT is finite. 
Hence 


I |X“hi(x)|dx < ap |z|- ]-Q-N qg, 
|jx|>1/2 \x|>1/2 


This shows Part 3 and concludes the proof of Lemma 4.3.8. 


Proof of Proposition 4.3.7. By Theorem 4.3.6 (1), to show that (I + Rp)’ is 
bounded on L” (G) for some p € (1,00) and 7 € R, it suffices to show that (LER) 
can be extended to an L?-bounded operator. To do this, we will show that Corol- 
lary 3.2.21 can be applied to (I + Rọ)“. 

By functional calculus, (I + R2)” is bounded on L?(G). Part 1 of Lemma 
4.3.8 together with the formula 


iT __ À ae ee 
VA>O A -ayl teat, 


and the functional calculus of Rə imply that the right convolution kernel of (I + 
Ro)'* is the tempered distribution & which coincides with the smooth function 
away from 0 given via 


1 j —iT —t 
ne il, (14 R)hla)e tdt, 2£0. (431) 


r(1— ir 


Using this formula, we have 


I |k(x£)|dæ < |[T(1 —ir)|7 7 i (|he(x)| + |Rhi(x)|)e7 dxdt. 
|x|>1/2 0 J |a|>1/2 


By Part 2 of Lemma 4.3.8, (and hı being Schwartz), the integrals 


I J |hi(x)|e ‘dxdt and I |Rhi(x)|e ‘dxdt, 
t=0 J |z|>1/2 t=1 J |x|>1/2 


are finite. By Part 3 of Lemma 4.3.8, the integral 


1 1 
1 / |Rh;(x)\e~'dadt < cf tdt = 
t=0 J |2|>1/2 t=0 


is finite. This shows that J ja|>1/2 |#(£)|dæx is finite. 
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Using (4.31), we also obtain easily that 


sup ||P!) XK (x) < |E(1 —ér)|-" sup alert f |X he (ax)| + |X°RAi (x) dt, 
0<|a|<1 0<|a2|<1 0 


and the right-hand side is finite by Lemma 4.3.8. Note that if we denote by « = 
Krr the kernel of (I+ R2)'7, then we have 


— 


KR (x *) = k_r R(T), 
using the formula in (4.31) and 


((I+ R)he) (17?) = (C — Jhe) (17?) = (C - 2h) (2) 
= (T= O)he) (£) = (I+ R)h:) (2), 


where we have used (4.13). Hence we also have that each quantity 


sup |2|?+!|X%«(@)| = sup |z| tX. R(E) 
0<ļæ|<1 0<|a|<1 


is finite. 

The estimates above show that « satisfies the hypotheses of Corollary 3.2.21 
and therefore the operator (I+ R2)’” is bounded on L?(G), p € (1,00). The prop- 
erties of the semi-group (see Theorem A.3.4 (3)) imply the rest of the statement 
in Proposition 4.3.7. 


Let us now prove the homogeneous case, that is, that the imaginary powers 
of a positive Rockland operator are bounded on L?(G): 


Proposition 4.3.9. Let R be a positive Rockland operator on a graded Lie group 
G. For any T ER and p € (1,00), the operator RẸ is bounded on L?(G). For any 
p E€ (1,00), there exists C = Cpr >0 and 0 > 0 such that 


YER IRẸ ee) < Cel”. 


For any p € (1,00) anda € C, Dom(R4) = Dom(R}° °). 


Proof of Proposition 4.3.9. Let p € (1,00) and 7 € R. Let us denote by R,;, the 
(possibly unbounded) operator given as the strong limit in L?(G) of (e + Rp) ġ 
as € + 0, for ¢ € Dom((e + R,)’7) for any € € (0, €o) for some small eo > 0 and 
such that this strong limit exists. The domain of Rp,ir is naturally the space of 
all those functions ¢. Note that the homogeneity of R implies 


(€+ Rp)" =e (1+ Rp) = E7 (1+ Rp) (He) He”), 
for any € > 0 and any ¢ € LP (G) such that 


le!) € Dom((I+ Re) |: 
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By Proposition 4.3.7, Dom((I + R,)'") = L?(G) and the operator (I + R,)’” is 
bounded. Therefore for all ¢ € L?(G) and e > 0, ¢ is in Dom((e + Rp)'”) and we 
have 


ee pE A Ne ines 

= PW |+ Rp) {Hl oe 

e- || + Rp)” ecrane Jew 
= ||I+ Rp)” |l 2r) lPllze(@)- 


Consequently, Rp,ir extends to a bounded operator on L?(G). By Theorem 
A.3.4 (9), this implies that RiT is also a bounded operator on L?(G) as Rp has 
dense range and domain by Corollary 4.3.4. As in the inhomogeneous case, the 
properties of the semi-group (see Theorem A.3.4 (3)) imply the rest of the state- 
ment in Proposition 4.3.9. 


II(e + Rp) || Loa) 


IA 


Given the proof of Proposition 4.3.7, one would be tempted to study the 
convolution kernel of the operator Rİ in order to show the L?-boundedness in 
the proof of Proposition 4.3.9. Indeed, following the same arguments as in the 
proof of Proposition 4.3.7, one shows that the kernel of RiT coincides away from 
the origin with the smooth function 


1 ~ —iT 


However, this function can not be in general a kernel of type ir: already for the 
usual Laplacian on (R”, +) it is not the case. Indeed, in the Euclidean case, this 
function is radial and non-zero and its average on the sphere can therefore not 
vanish. 

In the stratified case, Folland proved the L?-boundedness of imaginary powers 
of the sub-Laplacian —£ and I+ (—£) using general properties of semigroups pre- 
serving positivity together with the Laplace transform see [Fol75, Proposition 3.14 
and Lemma 3.13]. More precisely, the boundedness follows from the Littlewood- 
Paley theory and the study of square functions associated with the semi-group. 
Note that in the case of a sub-Laplacian, the proof in [Fol75] yields a bound of 
the operator norm by |['(1 —ir)|~! up to a constant of p. 

In our case, we applied a consequence of the theorem of Singular Integrals via 
Corollary 3.2.20 to obtain the L?-boundedness of the imaginary powers of I+ R 
and we have shown 


Re Izara < I+ Rp) leara) € (1,00), 


in the proof of Proposition 4.3.9. We can follow the constants in the proof of the 
theorem of Singular Integrals (see Remark A.4.5 (2)) as well as in our application 
to show that ||(I+ Rp)" ||.2(1r(a)) is bounded up to a constant of p, by 


G\{0}> z> 


(1+ |E —ér)|-!)2!e- 21. 
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However, we do not need these precise bounds as the bounds obtained from 
the general theory of semigroups as stated in Propositions 4.3.7 and 4.3.9 will 
be sufficient for our purpose in the proofs of interpolation properties for Sobolev 
spaces in Theorem 4.4.9 and Proposition 4.4.15. 


4.3.4 Riesz and Bessel potentials 
We mimic the usual terminology in the Euclidean setting, to define the Riesz and 
Bessel potentials associated with a positive Rockland operator. 


Definition 4.3.10. Let R be a positive Rockland operator of homogeneous degree 
v. We call the operators R~*/” for {a € C, 0 < Rea < Q} and (I+ R)~*/” for 
a E€ C}, the Riesz potential and the Bessel potential, respectively. 


In the sequel we will denote their kernels by Za and Ba, respectively, as 
defined in the following: 


Corollary 4.3.11. We keep the setting and notation of Theorem 4.3.8. 
(i) Leta € C with 0 < Rea < Q. The integral 
Talx) : f| Eno 
alt) = Tay d tT 
a) Jo 


converges absolutely for every x #0. This defines a distribution Ta which is 
smooth away from the origin and (a — Q)-homogeneous. 


For any p € (1,00), if 6 € S(G) or, more generally, ifo € L1(G)NL?(G) 


where q € [1,00) is given by i — i = o then 


¢€Dom(Rp”) and R3”ġ= ¢*Ta € L(G). 
Consequently, 


YE S(G) Rede L(G) and ¢= (RŽ ¢)* Ta. 
(ii) Leta € Cy. The integral 


B,(2) := : T t» leth, (x) dt 


T(2) Jo 
converges absolutely for every x £ 0 and defines an integrable function Ba on 
G. The function Ba is always smooth away from 0. 

If Rea > Q, Ba is also smooth at 0. 

If Rea > Q/2, then Ba is square integrable: Ba € L?(G). 
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All the operators (I+ Rp)~*/”, p € [1,00) U {009}, are bounded convo- 
lution operators with the same (right convolution) kernel Ba. 


If a,b € C}, then as integrable functions, we have 


Bä x Ba = Ba+o. 


Remark 4.3.12. In other words for Part (i), Za is a kernel of type a and 
R ° ôo = Ta. 


This shows that if v < Q, Tı is a fundamental solution of R, in fact, the unique 
homogeneous fundamental solution (cf. Theorem 3.2.40). 


Note that we will show in Lemma 4.5.9 that more generally X°B, € L?(G) 
whenever Rea > [a] + Q/2, as well as other L'-estimates. 


Proof of Corollary 4.3.11. The absolute convergence and the smoothness of Za 
and B, follow from Lemma 4.3.8. 

For the homogeneity of Za, we use (4.12) and the change of variable s = r~“t, 
to get 


1 


a, ty hy(ra)dt 
1 


= (r’s)”—1r-@h,(x)r’ds = r*—°T, (2). 
D(a/v) i 
Hence Ta is a kernel of type a with 0 < Rea < Q (see Definition 3.2.9). 
By Lemma 3.2.7, the operator S(G) > G++ ¢ * Ta is homogeneous of degree 
—a, and by Proposition 3.2.8, it admits a bounded extension L4(G) + L?(G) 
1 1 _ Re(a) 
when p = q = “O° ; 
Let ¢ € R°(S(G)). By Theorem 4.3.6, the function a œ> R, ’¢ is analytic 


on the strip {z € C,0 < Rez < Q} and coincides there with 


Talre) 


1 [ üj 
Qirra ty op x hdt. 
r($) 0 ‘ 


But since the integral defining Za(x) is absolutely convergent for all x € G\{0}, 
we have 


1 cae 
Va E€ C, Rea €E (0,Q), co. ty lox hidt = ¢ * Ta, 
v) JO 


and a > dx Ta is analytic on the strip {0 < Rea < Q}. 
Hence we have obtained that 


Rp" b=$*I1aq 
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holds for Rea € (0,Q) and for any ¢ € R@(S(G)). Note that R?(S(G)) is dense 
in any L” (G), r € (1,00) as it suffices to apply Corollary 4.3.4 (ii) to the positive 
Rockland operator RE. Then Corollary 3.2.32 concludes the proof of Part (i). 


By Theorem 4.2.7, 
f h= f |hi| < œ 
G G 
for all t > 0, so 


pel et r(2es =) 
[Bete ibe < Tray my ft [me dsdi = eral, (432) 


and Ba is integrable. 

By Theorem 4.3.6 Part (4), the integrable function Ba is the convolution 
kernel of (I+ Rp). 

Let us show the square integrability of Ba. We compute for any R > 0: 


(a/v)! [IB dx = J, TOETAB 


el | Ptethy(a)at [ s?—le-*h,(x)ds dx 
|z|<R 0 
-f [= vT gaem hi(x)hs(x)dz dtds. 
|z|<R 


From the properties of the heat kernel (see (4.13) and (4.11)) we see that 


/ h(2)ħs(2)dz = J h(ayha(a!)de — he * ha(0), 


al|<R z|<R 
and hy * hs(0) = hips (0) = (t + 8)~ = h1 (0). 


Therefore, 


ZE ede ru To Teal T ig a Tids 
a/V 


hi (0) A i 2-1 f =ü plea 
= sY (l-s ds’ e " ) z+ du, 4.33 
“Toe oO a 


after the change of variables u = s + t and s’ = s/u. The integrals over s’ and u 

converge when Rea > Q/2. Thus Ba is square integrable under this condition. 
The rest of the proof of Corollary 4.3.11 follows easily from the properties of 

the fractional powers of I+ R. 


The proof of Corollary 4.3.11 implies: 


Corollary 4.3.13. We keep the notation of Corollary 4.3.11 and hı denotes the 
heat kernel at time t = 1 of R. 
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a 


1. For any a € Cx, the operator norm of (I+ Rp)» on L? (G) if p € [1,00) or 
on Co(G) if p = œo is bounded by ||Bal|ı and we have 


IBellove) < Rello 


2. If Rea > Q/2, 


2Rea—Q 1/2 
|Ballz2(a) = (no Cats . 


3. Ifp € (1,2) anda > Q(1- 5) then Ba € LP (G). 


Proof. The first statement follows from (4.32). 
For the second part, Estimate (4.33) yields 


llBall2 = hi (0)Ca, 


where 
1 a co 
Ca = (a/v) H Pacsa e 2Rea 2 1u 
T(£)r(¢ 2 = 
= re (4) Orq Rea 2), 
v TEFA v 


thanks to the properties of the Gamma function (see equality (A.4)). We notice 
that 


a Gy Q\ ay an 19 
rr =r(rQ = ee. 
Thus the constant Ca simplifies into 
T 2Rea—Q 
g- 
ie +S) 


This shows the second part. 
The third part is obtained by complex interpolation between Parts 1 and 2. 


More precisely, we fix a > 0 and b > Q/2 and we consider the linear functional 
defined on simple functions in L1(G) via 


To= | Basson (2)0(2) 


for any z € C, Rez € [0,1]. We have 


IT-$| < |Baz+oa-z)lall Aloo. 
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Before applying Part 1 to ||Byz+4o(1-z|l1, let us mention that the Stirling 
formula (A.3) implies that for any w € C4, 


(Rew) [To Ee)" 
Pw) ~ VRew |(2)"| 
Rew Rew- $ 
s (T) wr 
w 
Rew—5 
Rew z 
( ful ) exp (|Im w] In |w]). 


This together with Part 1 then yield 
In|T-4| < (|Baza -2)llillðlloo) $ (+ [Im 2|) In(1 + [Im2]), 


thus {T.} is an admissible family of operator (in the sense of Section A.6). The 
same arguments also show that 


—241 
ITi+iy] S (1+ |y) °F? exp (ely| n(1 + lyl)) Iblloo, 


where c is a constant of a,b, v. 
The Cauchy-Schwartz estimate and Part 2 yield 


[Tiy] < Baiy+oc—iyyllall olla, 


and Part 2 implies that the quantity 


1/2 
H) 
[Baiy+oa-iv)ll2 = (mos 


is independent of y. Hence we can apply Theorem A.6.1 to {T}: T; extends to an 
L%-bounded operator where t € (0,1) and = = I. Therefore Bai+oa—t) E LH 


where q; is the dual exponent to q@, i.e. 2 + a = 1. This shows Part 3 and 
t 


concludes the proof of Corollary 4.3.13. 


We finish this section with some technical properties which will be useful in 
the sequel. The first one is easy to check. 


Lemma 4.3.14. IFR is a positive Rockland operator with Ba being the kernel of the 
Bessel potential as given in Corollary 4.3.11, then R is also a positive Rockland 
operator and Ba is the kernel of the Bessel potential associated to R. 


Lemma 4.3.15. We keep the notation of Corollary 4.3.11. If a € C4, then the 
function 
ary |z|" Ba (a) 
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is integrable on G, where |-| denotes any homogeneous quasi-norm on G and N 
is any positive integer. Consequently, for any @ E€ S(G), the function ¢ * Ba is 
Schwartz and 


= p * Ba 
acts continuously from S(G) to itself. 
Note that we will show in Lemma 4.5.9 that, more generally, 
|c|?X°B, € L'(G) for Rea+b> [a], 


and that 
X°B, € L7(G) for Rea > [a]+Q/2. 


Proof of Lemma 4.3.15. Let |- | be a homogeneous quasi-norm on G and N € N. 
We see that 


[let's a)|dx < NE ral’ piei e |x| |he(x)|dex dt, 


and using the homogeneity of the heat kernel (see (4.17)) and the change of vari- 


ables y = trr, we get 
2 N 
f, e|" h (2)]de = i. mieua. 


where cy = |||y|“hi(y)||z1(ay) is a finite constant since hı € S(G). Thus, 


f erig x)|dz < rE mf t™ lE e tdt < oo, 


and z > |z| Ba(x) is integrable. 


Let Co > 1 denote the constant in the triangle inequality for |-| (see Proposi- 
tion 3.1.38 and also Inequality (3.43)). Let also € S(G). We have for any N € N 
and a € NỌ: 


(1+ la)” [X* [6 + Ba] (2)] = (1+ lal)” [X29 « B,(2)| 
* (Bal (a) 

* [Q + | D” Ba(2)| (2) 

| WA +1 DY Ball ces 


< (1+ l2)” [Xe 


(1+ |-[)"x%¢ 


< 


(1+|-|)*X*¢ 


This shows that that ¢* Ba E€ S(G) and that ¢+> ¢ x Ba is continuous as a map 
of S(G) to itself (for a description of the Schwartz class, see Section 3.1.9). 
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Corollary 4.3.16. We keep the notation of Corollary 4.3.11. 
For anya € C and p € [1,00)U {200}, Dom(I+ R,)* D S(G) and, moreover, 


(I+ Rp)*(S(G)) = S(G). (4.34) 


Furthermore on S(G), (I+ Rp)* does not depend on p € [1,00) U {o0,} and acts 
continuously on S(G). 
Ifa E€ C}, we have 


(I+ Rp)" (Q * Bav) = (I+ Rp)"$)* Bar =% (pE [1,00) U{ooo}). (4.35) 


Proof. Formula (4.35) holds for each p € [1, 00) U {00,} by Theorem 4.3.6 and 
Corollary 4.3.11. 

Let us show (4.34) in the case of a = N € N. By Theorem 4.3.6 (1a), we have 
the equality (I+ Rp) ¢ = (I + R)” ọ for any ¢ € S(G) and p € (1,00). Hence 
(I+ Rp) (S(G)) = (1+ R)*(S(G)). The inclusion (I + R)*(S(G)) c S(G) is 
immediate. The converse follows easily from Lemma 4.3.15 together with (4.35). 
This proves (4.34) for a = N € N. This implies that for any N € N, S(G) is 
included in 

Dom [(I + Rp)” ] N Range [(I+ Rp) ] 


and we can apply the analyticity results (Part (1c)) of Theorem 4.3.6: fixing ¢ € 
S(G), the function a+ (I + Rp)*¢ is holomorphic in {a €C: —N < Rea < N}. 
We observe that by Corollary 4.3.11 (ii), if -N < Rea < 0, all the functions 
(I+ Rp)" coincide with ¢@ * Ba, for any p E [1,00) U {200}. This shows that for 
each a € C fixed, (I+ R,)*¢ is independent of p. Furthermore, it is Schwartz. 
Indeed if Rea < 0 this follow from Lemma 4.3.15. If Rea > 0, we write a = a, +a’ 
with a, € N and Rea’ < 0 and we have in the sense of operators 


(+R) (+R) c 1+R)% 


The operator (I+ R)*° is a differential operator, hence maps S(G) to itself, and 
the operator (I+ R)“ maps S(G) to itself by Lemma 4.3.15. Thus in any case 
(I+ R,)*¢ € S(G) and is independent of p. 


We have obtained that (I+R,)*(S(G)) C S(G) for any p € (1,00), a € C. As 
{(I+R,)*}~! = (I1+R,)~* by Theorem 4.3.6 (La), this proves the equality in (4.34) 
for any a € C. Lemma 4.3.15 says that this action is continuous if Rea < 0. This 
is also the case for Rea > 0 since we can proceed as above and write a = a, + a' 
with a, € N and Rea’ < 0, the action of (I+ R)*° being continuous on S(G). This 
concludes the proof of Corollary 4.3.16. 


Corollary 4.3.16 implies that the following definition makes sense. 


Definition 4.3.17. Let R be a positive Rockland operator of homogeneous degree v 
and let s € R. For any tempered distribution f € S’(G), we denote by (I+ R)*/" f 
the tempered distribution defined by 


(IERS o =(f, + R)/"0), 6 € S(G). 
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4.4 Sobolev spaces on graded Lie groups 


In this section we define the (homogeneous and inhomogeneous) Sobolev spaces 
associated to a positive Rockland operator R and show that they satisfy similar 
properties to the Euclidean Sobolev spaces and to the Sobolev spaces defined 
and studied by Folland [Fol75] on stratified Lie groups. In Section 4.4.5, we show 
that the constructed spaces are actually independent of the choice of a positive 
Rockland operator R on a graded Lie group with which we start our construction. 
In Section 4.4.7, we list the main properties of our Sobolev spaces. 


4.4.1 (Inhomogeneous) Sobolev spaces 
We first need the following lemma: 


Lemma 4.4.1. We keep the notation of Theorem 4.3.6. For any s E€ R and p € 
[1, 00) U {oo,}, the domain of the operator (I+Rpy)” contains S(G), and the map 


fo 1+ Rp)? flire) 


defines a norm on S(G). We denote it by 


IIfllzz¢a) = IE + Rp)” fllzo@: 
Moreover, any sequence in S(G) which is Cauchy for || - ||p2(q) is convergent in 
S'(G). 
We have allowed ourselves to write ||: ||z=(6) = || + ||zæ0 (6) for the supremum 
norm. We may also write ||- ||o>o or || - llos- 


Proof. By Corollary 4.3.16, the domain of (I+ Rp)? contains S(G). Since the 
operator (I+ Rp)” is linear, it is easy to check that the map f + ||(I+ Rp)” fllp 
is non-negative and satisfies the triangle inequality. Since (I + Rp) */ Y is injective 
by Theorem 4.3.6, Part (1), we have that || f||,2(¢) =0 implies f = 0. 

Clearly ||- ||z2(@) = Il- Ilp, so in the case of s = 0 a Cauchy sequence of 
Schwartz functions converges in L?-norm, thus also in S’(G). 

Let us assume s > 0. By Corollary 4.3.11 (ii), the operator (I+ Rp)? is 
bounded on L?(G). Hence we have 


Il -IIzec@) < Cll - Ilze 


on S(G). Consequently a ||- ||z2(a)-Cauchy sequence of Schwartz functions converge 
in L-norm thus in S’(G). 

Now let us assume s < 0. Let {febeccn be a sequence of Schwartz functions 
which is Cauchy for the norm ||- || ;2(q). By (4.35) we have 


fe = (I+ Rp)” fe) * Bs. 
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Furthermore, if 6 E€ S(G) then using (1.14) and (4.13), we have 

[Oade | (TRE) (@) (0B) ade (4.36) 
By assumption the sequence {(I+ Rp)” fe}cen is ||- ||ze(a)-Cauchy thus convergent 
in L?(G). By Lemma 4.3.15, 6 x Bs € S(G). Therefore, the right-hand side of 


(4.36) is convergent as £ — oo. Hence the scalar sequence (fe, ¢) converges for any 
~ € S(G). This shows that the sequence {fe} converges in S’(G). 


Lemma 4.4.1 allows us to define the (inhomogeneous) Sobolev spaces: 


Definition 4.4.2. Let R be a positive Rockland operator on a graded Lie group 
G. We consider its L?-analogue Rp and the powers of (I+ R,)* as defined in 
Theorems 4.3.3 and 4.3.6. Let s € R. 


If p € [1,00), the Sobolev space LË rR(G) is the subspace of S'(G) obtained 
by completion of S(G) with respect to the Sobolev norm 
Ifl (a) = E+ Rp)* file, f ESG). 


If p = Odo, the Sobolev space LXR (G) is the subspace of S’(G) obtained by 
completion of S(G) with respect to the Sobolev norm 


Iflg) = E+ Ræ)” flle») f ESG). 


When the Rockland operator œR is fixed, we may allow ourselves to drop the 
index R in Lt 2(G) = L2(G) to simplify the notation. 


We will see later that the Sobolev spaces actually do not depend on the 
Rockland operator R, see Theorem 4.4.20. 


By construction the Sobolev space L? (G) endowed with the Sobolev norm is 
a Banach space which contains S(G) as a dense subspace and is included in S’(G). 
The Sobolev spaces share many properties with their Euclidean counterparts. 


Theorem 4.4.3. Let R be a positive Rockland operator of homogeneous degree v 
on a graded Lie group G. We consider the associated Sobolev spaces L®(G) for 
p€[1,0o) Ufoo,} ands ER. 


1. Ifs =0, then L}(G) = L?(G) for p € [1, 00) with ||- Lea) = ||- ||zecqy, and 
Ly? (G) = Co (G) with ||- |Iz-¢¢a) = Il Ilz~(@- 


2. If s >Q, then for any a € C with Rea = s, we have 
L(G) = Dom [(I+ Rp)*] = Dom(R¥) ¢ L?(G), 


and the following norms are equivalent to ||- ||z2(@): 


fi |fe + IA + Rp)? fllre(@) f+ |lflle + IRE Flle. 
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3. Lets ER and f E€ S'(G). 


e Given p E (1,œ0), we have f € L®(G) if and only if the tempered dis- 
tribution (I + Rp)*/"f defined in Definition 4.3.17 is in L? (G), in the 
sense that the linear mapping 


S(G) >> (L+R) F, d) = (f 0+ Rp)” 9) 
extends to a bounded functional on L? (G) where p' is the conjugate 
exponent of p. 
o f € L(G) if and only if (I+ R1)” f € L(G) in the sense that the 
linear mapping 
S(G) > $ (I+ RY’ f, p) = (F, (E+ Rooe)!"6) 
extends to a bounded functional on Co(G) and is realised as a measure 
given by an integrable function. 
o f € L&(G) if and only if (I+ Roo,)*/”f € Co(G) in the sense that the 
linear mapping 
S(G) > $ (I+ RY" F g) = (f+ R1)” 9) 
extends to a bounded functional on L1(G) and is realised as integration 
against functions in C, (G). 
4. Ifa,bE R with a < b and p € [1,œ0) U {coo}, then the following continuous 
strict inclusions hold 
S(G) G L(G) LilG) G S'(G), 


and an equivalent norm for L} (G) is 


b—a 


L(G) > fro IFlizec) + IRo” filzz(e- 


5. For p € [1,00) U {œ0} and any a,b,c E R witha < c < b, there exists a 
positive constant C = Ca b,c such that for any f € LR, we have f € Le A L? 
and 

Iflg < CIF Wize: 
where 0 := (c — a)/(b — a). 


In Theorem 4.4.20, we will see that the definition of the Sobolev spaces and 
their properties given in Theorem 4.4.3 hold independently of the chosen Rockland 
operator R. 

From now on, we will often use the notation L}(G) since this allows us not to 
distinguish between the cases L(G) = L” (G) when p € [1, 00) and L§(G) = C,(G) 
when p = œv. 

In the proof of Part (2) of Theorem 4.4.3, we will need the following exercise 
in functional analysis: 
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Lemma 4.4.4. Let Ti and T> be two linear operators between two Banach spaces 
X — Y. We assume that T; and To are densely defined and share the same domain. 
We also assume that they are both closed injective operators and that To is bijective 
with a bounded inverse. Then the graph norms of Ti and Tz are equivalent, that 
is, 


JC >0 Va € Dom(T;) = Dom(T) 
C= (æl + Tall) < lel] + Tix] < Cæ] + T22). 


Sketch of the proof of Lemma 4.4.4. One can check easily that T := Tı T; ' de- 
fines a closed linear operator T : Y — Y defined on the whole space Y. By the 
closed graph theorem (see, e.g., [Rud91, Theorem 2.15] or [RS80, Thm III. 12}), 
T is bounded. Furthermore, T is injective as the composition of two injective 
operators. It may not have a closed range in Y but one checks easily that the 
operator 

yY — xY 

y > (Ty*y,Ty) ’ 


Gs 


has a closed range in ¥ x V. Hence the restriction of (T;+,T) onto its image is 
bounded with a bounded inverse (see e.g. [RS80, Thm III. 11]). Consequently, 


IT yll + Pull = lly 


for any element y € V, in particular of the form y = Tog, x € Dom(T)). 


We can now prove Theorem 4.4.3. 


Proof of Theorem 4.4.3. Part (1) is true since (I+R,)” = I. Let us prove Part (2). 
So let s > 0. Clearly L? (G) coincides with the domain of the unbounded operator 
(I+R,)* (see Theorem 4.3.6 (2)) hence it is a proper subspace of L?” (G). As the 
operator (I + R,)~» is bounded on L?(G), we have ||- ||z»(a) < Cll - |lz2(@ on 
L(G). So ||- |lze(@) + ||- IIz2(@ is a norm on L4(G) which is equivalent to the 
Sobolev norm. Theorem 4.3.6 implies that RË and (I+R,)* satisfy the hypotheses 
of Lemma 4.4.4. This shows part (2). 


Part (3) follows from Part (2) and the duality properties of the spaces L?(G) 
and C,(G) in the case s > 0. We now consider the case s < 0. By Lemma 4.3.15 
and Corollary 4.3.11 (and also Lemma 4.3.14), the mapping 


Taps 1 S(G) > b> (F, (I+ Ry)” 0) = (fo * Bs) 


is well defined for any f € S'(G). If Tsp,f admits a bounded extension to a 
functional on LA (G), then we denote this extension T, pf and we have 


If, 


PoF gare) = IZ] IE (Q) (4.37) 
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This is certainly so if f € S(G). Furthermore a sequence { fe }een of Schwartz func- 
tions is convergent for the Sobolev norm ||- ||;2(q) if and only if {Ts,p, fe} is con- 


vergent in LP (G) (see Lemma 4.3.2). In the case of convergence, by Lemma 4.4.1, 
{ fe}cen converges in the sense of distributions. Denoting this limit by f € S’(G), 


we have 
jim Tao 


It is easy to see, by linearity of fı ++ Ts p,f, and (4.37), that Ts p',f extends to a 


= dsp] 


S(G) 


continuous functional on ce (G). 


Conversely, let us consider a distribution f € S’(G) such that Ts »/ extends 


to a bounded functional Ñ, p f on Le (G). If {fe}cen is a sequence of Schwartz 
functions converging to f in S’(G), then 


jim Tapte (ġ) = Ts,p',¢(P) 


for every ¢ € S(G), and using the density of S(G) in a (G) and the Banach- 
Steinhaus Theorem, this shows that {Ts p, fe} converges to Ts p',f in the norm of 


the dual of Le (G). This shows the case s < 0 and concludes the proof of Part (3). 


Let us show Part (4). Let a < b and p € [1, 00) U {209}. By Theorem 4.3.6 
(1), we have in the sense of operators 


b 
v 


(+R)? D (1+Rp) F (I +R)’. 


Since the operator (I + Rp) = is bounded, we have for any f € S(G) 


a—b 


lfl = MEHR)” fllp =l|0+ Rp) 7 I+ Rp)” fllo 
< EAR) lee ll + Rp)? flo = O+ Rp) F lean fle. 


A 


By density of S(G), this implies the continuous inclusion LẸ C L?. Note that we 
also have if a < b 


lfl = EHR) +R)? fllo = + Rp)? flle? 


b—a 


(G) 


b—a 
v 


(I+ Rp)” flire + IRo” (I+ Rp)” fll zee); 


X 


by Part (2) above for any f € S(G). By Theorem 4.3.6 (5), we can commute 


pea. Qa. . . 
the operators Rp” and (I+ Rp)” in this last expression. Consequently, we have 
obtained for any f € S(G), 


bra 
lfl = Fle) + Ro” Flea 
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b—a 
By density of S(G), this holds for any f € LẸ (G). Since the operator Rp” is 
unbounded, this also implies the strict inclusions given in Part (4). 

Part (5) follows from Theorem 4.3.6 (1f) for the case of a = 0. For f € L}, 
we then apply this to b — a,c — a instead of b and c and ¢ := (I+ Rp) f E€ LP, 
instead of f. 

This concludes the proof of this part and of the whole theorem. 


Theorem 4.4.3 has the two following corollaries. The first one is an easy 
consequence of Part (3). 


Corollary 4.4.5. We keep the setting and notation of Theorem 4.4.8. Let s < 0 
and p € [1,o0) U {000}. Let f € S'(G). 
The tempered distribution f is in L®(G) if and only if the mapping 


S(G) > o> (f, * B-s) 


extends to a bounded linear functional on LP (G) with the additional property that 


e for p = 1, this functional on C,(G) is realised as a measure given by an 
integrable function, 


e if p = &p, this functional on L! (G) is realised by integration against a func- 
tion in C,(G). 
Corollary 4.4.6. We keep the setting and notation of Theorem 4.4.8. Let s € R 
and p € [1,00) U {ooo}. Then D(G) is dense in L?(G). 


Proof of Corollary 4.4.6. This is certainly true for s > 0 (see the proof of Parts 
(1) and (2) of Theorem 4.4.3). For s < 0, it suffices to proceed as in the last part 
of the proof of Part (3) with a sequence of functions fe € D(G). 


Theorem 4.4.3, especially Part (3), implies the following property regarding 
duality of Sobolev spaces. This will be improved in Proposition 4.4.22 once we 
show in Theorem 4.4.20 that the Sobolev spaces are indeed independent of the 
considered Rockland operator. 


Lemma 4.4.7. Let R be a positive Rockland operator on a graded Lie group G. We 
consider the associated Sobolev spaces LE R(G). Ifs E€ R and p € (1,00), the dual 


space of Lt R(G) is isomorphic to LP g(G) via the distributional duality, where 


p' is the conjugate exponent of p, 5 + A =], 

Proof of Lemma 4.4.7. Clearly if f € L4 R(G) then for any ¢ € S(G), 
(f,6) = (f, E+ Rp)” Rp) G) = (+ Rp)” f, (1+ Rp) >O) 

by Theorem 4.3.6. Hence by Theorem 4.4.3 Part (3), 


EOIS + Rp)? flol + Rp) ollo 
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and the linear function S(G) 5 ¢ + (f,¢@) extends to a bounded linear functional 


on LP . p (C). Conversely, let Y be a bounded linear functional on i 3. (G). Then 
since ` g , ? 

(I+ Rp)” S(G)=S(G)C I R 
see Corollary 4.3.16 and Definition 4.4.2, the linear functional Y o (I+ Rp)*/” is 


well defined on S(G) and satisfies for any ¢ € S(G), 


(G), 


IY o (1+ Rp)*/”(¢)| 


IY (+ Ry)*/”6) | 
CITER) Al = Clloll pr 


A 


Therefore, Yo (I+R,’)*/” extends into a bounded linear functional on L}(G). 


In the next statement, we show how to produce functions and converging 
sequences of Sobolev spaces using the convolution: 


Proposition 4.4.8. We keep the setting and notation of Theorem 4.4.3. Here a E€ R 
and p € [1,00) U {ooo}. 


(i) If f € Lh(G) and ¢ € S(G), then f x ġ € L? for any a and p. 
(ii) If f € L®(G) and y € S(G), then 


(I+ Rp)*(w* F) =Y * (I+ Rp)" F), (4.38) 
and y x f € L2(G) with 
ly * flizecœ < lvla lfl. (4.39) 


Furthermore, if f  =1, writing 
pels) := € (e712) 


for each e > 0, then {We * f} converges to f in L®(G) as € > 0. 


Proof of Proposition 4.4.8. Let us prove Part (i). Here f € L(G). By density of 
S(G) in L5(G), we can find a sequence of Schwartz functions {fe} converging to 
f in Lh-norm. Then fe * ¢ € S(G) and for any N € N, 


R” (fex) = fox RP —> f*RN in IE(G), 
thus Ro (f *¢) = f*Rd € L*(G) and 


If * Ollzz¢@) + [RI (F x o)llzz(a) < %. 


By Theorem 4.4.3 (4), this shows that f * ¢ is in Ly for any N € N, hence in 
any p-Sobolev spaces. This proves (i). 
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Let us prove Part (ii). We observe that both sides of Formula (4.38) always 
make sense as convolutions of a Schwartz function with a tempered distribution. 

Let us first assume that f € S(G). Formula (4.38) is true if a < 0 by Corollary 
4.3.11 (ii) since then the (I+ Rp)” is a convolution operator with an integrable 
convolution kernel. Formula (4.38) is also true if a € VNo as in this case (I+Rp)” is 
a left-invariant differential operator by Theorem 4.3.6 (1a). Hence Formula (4.38) 
holds for any a > 0 by writing a = ag +a’, ag € VNo, a’ < 0, and 


(+ Rp)? f = (1+ Rp) * +R)? f. 


Together with Corollary 4.3.16, this shows that Formulae (4.38) and consequently 
(4.39) hold for any a € R and f € S(G). 

By density of S(G) in L?(G) and (4.39), this shows that Formulae (4.38) and 
(4.39) hold for any f € L®(G). 

Hence y * f € LE(G) with Lh-norm < ||¥ 1 || flle). 

If Jet = 1, by Lemma 3.1.58 (i), 


Ivex f- flle = I+ Rp) ® (We * f- P llo 
= [We * (1+ Rp)? f) — 1+ Rp)” fllp —e=o0 0, 


that is, {e * f} converges to f in L?(G) as e —> 0. This proves (ii). 


4.4.2 Interpolation between inhomogeneous Sobolev spaces 


In this section, we prove that interpolation between Sobolev spaces LP (G) works 
in the same way as its Euclidean counterpart. 


Theorem 4.4.9. Let R and Q be two positive Rockland operators on two graded Lie 
groups G and F. We consider their associated Sobolev spaces L?(G) and Li(F). 
Let po, P1, 90,4 E (1,00) and let ag, a1, bo, b1 be real numbers. 

We also consider a linear mapping T from L8? (G) + L8: (G) to locally in- 
tegrable functions on F. We assume that T maps L£? (G) and L8: (G) boundedly 
into LE (F) and LE (F), respectively. 

Then T extends uniquely to a bounded mapping from L}, (G) to Lg (F) for 
t € [0,1] where az, bt, pt, qe are defined by 


t aL I {í 1 1 
(at =) =(1-t) (a05) +t (a,b) i 
Pt qt Po qo Pı M 


The idea of the proof is similar to the one of the Euclidean or stratified cases, 
see [Fol75, Theorem 4.7]. Some arguments will be modified since our estimates 
for ||(I+ R)” || (xe) are different from the ones obtained by Folland in [Fol75]. 
For this, compare Corollary 4.3.13 and Proposition 4.3.7 in this monograph with 
[Fol75, Proposition 4.3]. 


226 Chapter 4. Rockland operators and Sobolev spaces 


Proof of Theorem 4.4.9. By duality (see Lemma 4.4.7) and up to a change of 
notation, it suffices to prove the case 


ay = ao and by < bo. (4.40) 


This fact is left to the reader to check. The idea is to interpolate between the 
operators formally given by 


T, = (1+ Q)*@T(I+R)*, (4.41) 


where vz and vg denote the degrees of homogeneity of R and Q, respectively, and 
the complex numbers a, and b, are defined by 


(az, bz) =Z (a1, bı) ae (1 = z) (ao, bo) , 


for z in the strip 
S:={zeE€C: Rez € [0,1]}. 


In (4.41), we have abused the notation regarding the fractional powers of I + Rp 
and I+ Q, and removed p and q. This is possible by Corollary 4.3.16 and density 
of the Schwartz space in each Sobolev space. Hence (4.41) makes sense. We will 
use complex interpolation given by Theorem A.6.1, which requires to start with 
the space Z of compactly supported simple functions on G (see Remark A.6.2). 
To solve this technical problem we proceed as in the proof of [Fol75, Theorem 4.7]: 
we will use the convolution of a function in 4 with a bump function Xe depending 
on € at the end of the proof. 
The hypotheses on T give that the operator norms 


bj ay 
ITlegz r) = I+ Q)7TI+R) E ear §= 041, 


are finite. 
By Corollary 4.3.16, for any ¢ € S(G) and w € S(F), we have 


(T0, 0) = (T+ R) Ne (T+ RY 6, (1+ 0) tE (1+ 0y) 


for any M, N € Z. In particular, for M and N large enough, Theorem 4.3.6 implies 
that 
Sz (Th, 4%) 


is analytic. With M = N € N large enough, for instance the smallest integer with 
N > aj, ao, b1, bo, we get 


(726, PI < Al) BE) [Thea rm lol Mlle 


where A(z) and B(z) denote the operator norms 


bz—b1 


= ~aztay of ls 
A(z) =R Xt R legan) and B(z):=||1+ 9) "72 gaa). 
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We can write 


A(z) = (+R) +) ygn) witha =N — Aeg pe 
VR VR 
Thus 
A(z) < [ORCH] roy + RY ||. egr) 
S Wrallzre??Pml, 


by Corollary 4.3.13 and Proposition 4.3.7 using the notation of their statements. 
We have a similar property for B(z). This implies easily that there exists a constant 
C depending on ¢, Y, a1, 4o, b1, bo and F, G, R, Q such that we have 


YzeS  In|(T.d,v)| < C(1 + |Imz2]). 


We now estimate operator norms of T, for z on the boundary of the strip, 
that is, z = j + iy, j =0,1, y E€ R: 


[Tall 2r L3) 


bz — oz 
= |\(I+ Q) eT +R) R || yrs 143) 
bz—b; bj =a aj—az 
=||(1+Q) ve I+ Q)"eTI+R) re TER) R || 21, Lsi) 
bz 


e mee 
< || + Q) “2 lea lTl egz, rsl + Rp,) rR llers) 


fy via 20 jy 2O= 1 
= [0+ Qu)” 72 [gaT ea lE Ro)” Mew: 
Proposition 4.3.7 then implies 


aj—a bo—b 
Ong ll ee iR ll 


IZ+ivll euro S OIT ers ote 


where C, Or and 99 are positive constants obtained from the applications of 
Proposition 4.3.7 to R and Q. 

The end of the proof is now classical. We fix a non-negative function x € S(G) 
with fẹ x = 1 and write 
Qf 


Xe(a) = € ™x(€ T) 


fore > 0. If f € Z, then f* Xe E S(G) (see Lemma 3.1.59) and we can set for any 
e>0,zES, 
Tel = Tz (f * Xe) . 


Clearly T, e satisfy the hypotheses of Theorem A.6.1 (see also Remark A.6.2). 
Thus for any t € [0,1], there exists a constant M+ > 0 independent of e such that 


VEB — |lTreflla < Mill flly.- 
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For p € (1,00), we consider the space Vp of functions ¢ of the form ¢ = f * Xe, 
with f € Z and e > 0, satisfying || f||p < 2|| f * xellp. By Lemma 3.1.59, the space 
Vp contains S(G) and is dense in L?(G) for p € (1,00). Going back to the proof 
of Theorem 4.4.9, we have obtained for any t € [0,1] and ¢ = f * Xe E Vp, that 


[Tilla = Tecla < Mell flly. < 2Mill Olly. 


This shows that T, extends to a bounded operator from L?*(G) to L%(G). 
As a consequence of the interpolation properties, we have 


Corollary 4.4.10. Let k € S’(G) and let T,, be its associated convolution operator 
Ts : S(G) 3 GH ġ*xk. 


Let also a € R, p € (1,00) and let {y, L E€ Z} be a sequence of real numbers which 
tends to +œ as £ + too. Assume that for any £L € Z, the operator T,, extends 
continuously to a bounded operator L? (G) — Lh,.,(G). Then the operator Ty, 
extends continuously to a bounded operator L®(G) —> Lh,,(G) for any y E R. 
Furthermore, for any c > 0, we have 


sup [Tulea ) < Ce max ([|Tllecce,.22,,,)slITlleccr_,.22,,_) 


where £ € No is the smallest integer such that ye > c and —y_¢ > c. 


4.4.3 Homogeneous Sobolev spaces 


Here we define the homogeneous version of our Sobolev spaces and obtain their 
first properties. Many proofs are obtained by adapting the corresponding inho- 
mogeneous cases and we may therefore allow ourselves to present them more 
succinctly. For technical reasons explained below, the definition of homogeneous 
Sobolev spaces is restricted to the case p € (1,00). 

As in the inhomogeneous case, we first need the following lemma: 


Lemma 4.4.11. We keep the notation of Theorem 4.3.6. 


1. For any s € R and p € [1, co) U {co}, the map fH RE fleece) defines a 


norm on S(G) N Dom(R# ). We denote it by 


IIflliz@ay = IRE flre) 


2. For anys <0 and pE[|1, o)U{coo}, S(G G)NDom(R;) contains RIISI (S(G)) 
which is dense in Range(Rp) for ||- ||ze(a); and any sequence in S(G) N 


Dom(R} ) which is Cauchy for ||: ||z2(q) is convergent in S'(G). 
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3. Ifs >0 and p € (1,0), then S(G) C Dom(R} ) and any sequence in S(G) 
which is Cauchy for ||- ||;2(q) is convergent in S'(G). 


Proof of Lemma 4.4.11. The fact that the map f => IRE fllzece) defines a norm 
on S(G) follows easily from Theorem 4.3.6 Part (1). 

In the case s = 0, ||- lieve) = || -||ze(@) and Part 2 is proved in this case. 

Let s < 0 and p € [l1,oo) U {o0,}. By Theorem 4.3.6 (especially Parts 
(la) and (1c)), for any N € N with N > |s|/v, Dom(R~) contains RN (S(G)) 
and RN (S(G)) is dense in Range(R,). Consequently S(G) N Dom(R; ) contains 
RN (S(G)) and is dense in Range(R,). Let p' be the dual exponent of p, ice. 
i + 7 = 1 with the usual extension. Theorem 4.3.6 (1), and the duality properties 
of L? as well as Rt = R imply 


FO) SRB fllar@llRy” alae ey 


for any f € S(G)N Dom(R} ) and ¢ € S(G). Furthermore, as ¢ € S(G) C 
Dom(R,,,” ), Theorem 4.3.6 (1) also yields for any ¢ € S(G) 


Rp” llea) 


IA 


| Isl plsi 
max (IRP óo R lwo) 
< C max IX“ rro) 


[a]=1 451], p1] 


for some constant C = Cy,r. We have obtained that 


IEAI < CURE Flr max IX óleo) 


[a] 
for any f € S(G)N Dom(R; ) and ¢ € S(G). This together with the properties of 
the Schwartz space (see Section 3.1.9) easily implies Part 2. 

Let s > 0. By Theorem 4.3.6 (1g), S(G) c Dom(Rz ). 


Let p € (1,0). By Corollary 4.3.11 Part (i), if s € (0, 2), then there exists 
C > 0 such that 


VFES(G) — [lfllzece) < CIIRE flize = CFI 


L(G)? 


where q € (1,00) is such that 


Note that q is indeed in (1,00) as s < 2. Hence if {fe} C S(G) is Cauchy for 
Il - llzzce, then {fe} C S(G) is Cauchy for ||- ||zeça) thus in S’(G). This shows 
Part 3 for any s > 0, p € (1,00) satisfying ps < Q. 
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Ifse€ Ne, (N+1)2) for some N € No, we write s = sı +s’ with s’ € (0, 2) 
Q NÌ) 
P Pp 

and by Corollary 4.3.11 Part (i) with Theorem 4.3.6 (1), we have 


and 


sı E(N —-1) 


IC = Crp VF ES(G) |R flire < CIRE flle), 


where q € (1,00) is such that 
1 1 g 
q p Q 
Hence if {fe} C S(G) is Cauchy for ||- ||;2(g), then {fe} C S(G) is Cauchy for 


IE lig (c): Note that 


Recursively, this shows Part 3. 


The use of Corollary 4.3.11 in the proof above requires p € (1,00). Moreover, 
by Corollary 4.3.4 (ii), the range of Rp is dense in L?(G) for p € (1, 00,]. As we 
want to have a unified presentation for all the homogeneous spaces of any exponent 
s € R, we restrict the parameter p to be in (1,00) only. 


Definition 4.4.12. Let R be a Rockland operator of homogeneous degree v on 
a graded Lie group G, and let p € (1,00). We denote by LẸ R(G) the space of 
tempered distribution obtained by the completion of S(G) A Dom(R} ) for the 
norm 


IIfllizey = IR fll» f E S(G) N Dom(R3/”). 


As in the inhomogeneous case, we will write L?(G) or Ls but often omit 
the reference to the Rockland operator R. We will see in Theorem 4.4.20 that 
the homogeneous Sobolev spaces do not depend on a specific R. Adapting the 
inhomogeneous case, one obtains easily: 


Proposition 4.4.13. Let G be a graded Lie group of homogeneous dimension Q. Let 
R be a positive Rockland operator of homogeneous degree v on G. Let p € (1,00) 
ands ER. 


1. We have 
(sia) n Dom(R;/”)) Ç (G) G SG). 


Equipped with the homogeneous Sobolev norm ||: || ż2(g); the space L®(G) 


is a Banach space which contains S(G)N Dom(R/”) as dense subspace. 


2. Ifs > —Q/p then S(G) C Dom(RẸ”) c ERG). Ifs < 0 then S(G) N 
Dom(R} ) contains RIISI (S(G)) which is dense in L(G). 
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3. If s=0, then I5(G) = LP’ (G) for p € (1,00) with ||- lizo) = ||- Ilzece)- 


4. Lets €R, p € (1,00) and f € S’(G). If f € L2(G) then RẸ” f € L(G) in 
the sense that the linear mapping 


(S(G) A Dom(R!")) > 6 (F R3”) 


is densely defined on L” (G) and extends to a bounded functional on L” (G) 
where p' is the conjugate exponent of p. The converse is also true. 


5. Ifl <p<q<ow anda,beR with 


l ab 
b-a= Q(= z —); 
pP q 
then we have the continuous inclusion 
LCL 


that is, for every f € É, we have f € ia and there exists a constant C = 
Ca,b,p,q,4 > 0 independent of f such that 


Ifllig < CNi 


6. For p € (1,00) and any a,b,c € R witha < c < b, there exists a positive 
constant C = Ca b,c such that we have for any f € LẸ 


lflżz < CIF llie where 0 == (c — a)/(b — a). 


Proof of Proposition 4.4.19. Parts (1), (2), and (3) follow from Lemma 4.4.11 and 
its proof. Part (4) follows easily by duality and Lemma 4.4.11. Parts (5) and (6) 
are an easy consequence of the property of the fractional powers of R on the L?- 
spaces (cf. Theorem 4.3.6) and the operator Ree s € (0, Q), being of type s and 
independent of p (cf. Corollary 4.3.11 (i)). 


Note that Part (2) of Proposition 4.4.13 can not be improved in general as 
the inclusions S(G) C Dom(R} ) or S(G) c £s(G) can not hold in general for 
any group G as they do not hold in the Euclidean case i.e. G = (R",+) with 
the usual dilations. Indeed in the case of R”, p = 2, one can construct Schwartz 
functions which can not be in L? with s < —n/2. It suffices to consider a function 
@ € S(G) satisfying o(€) = 1 on a neighbourhood of 0 since then |E|°o(€) is not 
square integrable about 0 for s < —n/2. 


As in the homogeneous case (see Lemma 4.4.7), Part (4) of Proposition 4.4.13 
above implies the following property regarding duality of Sobolev spaces. This 
will be improved in Proposition 4.4.22 once we know (see Theorem 4.4.20) that 
homogeneous Sobolev spaces are indeed independent of the considered Rockland 
operator. 
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Lemma 4.4.14. Let R be a positive Rockland operator on a graded Lie group G. 
We consider the associated homogeneous Sobolev spaces LË p(G). Ifs E€ R and p € 


(1,00), the dual space of EP (G) is isomorphic to ao via the distributional 


duality, where p' is the conjugate exponent of p, i.e. + +4 = 1. 
y Jug poe 


The following interpolation property can be proved after a careful modifica- 
tion of the inhomogeneous proof: 


Proposition 4.4.15. Let R and Q be two positive Rockland operators on two graded 
Lie groups G and F respectively. We consider their associated homogeneous Sobolev 
spaces L(G) and L4(F). Let po, pı, qo, qı E (1,00) and ao, 41, bo, b1 ER. 

We also consider a linear mapping T from LPo (G) + + LP (G) to locally in- 
tegrable functions on F. We assume that T maps iP0(G) and LP. (G) boundedly 
into Le (F) and Lp (F), respectively. 

Then T extends uniquely to a bounded mapping from ir, (G) to IA (F) for 

€ [0,1], where az, bt, pt, qe are defined by 


1 1 1 1 1 1 
(atn + ’ ~) = (1 —#) (0,00, =.=) +t (abd, ~). 
Pt de Po qo ra qı 


Sketch of the proof of Proposition 4.4.15. By duality (see Lemma 4.4.14) and up 
to a change of notation, it suffices to prove the case a, > dap and bı < bo. The idea 
is to interpolate between the operators formally given by 


glum to. 20, ao 7 20-41 

T,=Q ve QOvoTR RR? R , ZzES, (4.42) 
with the same notation for vr, vg, az, bz and S as in the proof of Theorem 4.4.9. 
In (4.42), we have abused the notation regarding the fractional powers of R, and 
Q, and removed p and q thanks to by Theorem 4.3.6 (1). Moreover, Theorem 4.3.6 
implies that on S(G), each operator T,, z € S, coincides with 


T, = QO R QAR RRUA R 


and that for any ¢ € S(G) and 4% € S(F), z => (T.¢,~) is analytic on S. We also 
have 


KT ¥)| S IT| ege ior =Alle va “pllen. 


Note that —Rea, + a; > 0 thus we have 


IRR dln < IR” = glizm IRR ollre 
g maz 


lolze P "R 


by Theorem 4.3.6 (1f) with N the smallest integer strictly greater than —Re a; +a1ı 
and a = (—Rea, + aı)/N, and by Proposition 4.3.9 using the notation of its 


LA 
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— bz—b1 
statement. We have similar bounds for |Q “e ~||,, and all these estimates imply 
easily that there exists a constant depending on ¢, w, a1, do, 1, bp such that 


vzES  In|(T.d,v)| < C(1 + |Imz2]). 


For the estimate on the boundary of the strip, that is, z = j + iy, 7 =0,1, y E€ R, 
we see as in the proof of Theorem 4.4.9: 


by —bo jy 20201 


iy- iy 
Tall ears rs) < llau °° lea lT edz iu llRes R llers): 
Proposition 4.3.9 then implies 


bo—b 
Iyl 80 => |y| 
e 2 eR 1), 


OR aj—ap 


Tislla s SCT leas ie 


where C, Or and 09 are positive constants obtained from the applications of 
Proposition 4.3.9 to R and Q. We conclude the proof in the same way as for 
Theorem 4.4.9. 


4.4.4 Operators acting on Sobolev spaces 


In this section we show that left-invariant differential operators act continuously 
on homogeneous and inhomogeneous Sobolev spaces. We will also show a similar 
property for operators of type v, Rev = 0. 

In the statements and in the proofs of this section, we keep the same nota- 
tion for an operator defined on a dense subset of some L?-space and its possible 
bounded extensions to some Sobolev spaces in order to ease the notation. 


Theorem 4.4.16. Let G be a graded Lie group. 


1. LetT be a left-invariant differential operator of homogeneous degree vr. Then 
for every p € (1,00) and s € R, T maps continuously L5, (G) to L8(G). 
Fixing a positive Rockland operator R in order to define the Sobolev norms, 


it means that 


C= C:pr > 0 Vo € S(G) Tol 


zz(a) < Clll 


A (G) 


2. LetT be a vr-homogeneous left-invariant differential operator. Then for every 
p € (1,00) and s € R, T maps continuously LE, (G) to L(G). Fixing a 
positive Rockland operator R in order to define the Sobolev norms, it means 


that 


C= Cs, p,T >0 Vo € i (G) [To] 


SHYT 


Ww 


L®(G) = Cllolliz, (GY: 


We start the proof of Theorem 4.4.16 with studying the case of T = X;. This 
uses the definition and properties of kernel of type 0, see Section 3.2.5. 
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Lemma 4.4.17. Let R be a positive Rockland operator on a graded Lie group G 
and La the kernel of its Riesz operator as in Corollary 4.3.11. 


1. For any j =1,...,n, X;Zy, is a kernel of type 0. 


2. If k is a kernel of type 0, then, for any j =1,...,n, Xj (K * To) is a kernel 
of type 0 and, more generally, for any multi-index a € NG, the kernel 


is of type 0. 


3. If T is an operator of type 0, then, for any N € N, RNTRZ” is an operator 
of type 0 hence it is bounded on L? (G), p € (1,00). 


ed 
4. For any j =1,...,n and for any N € No, RNX;Ry ” N is an operator of 
type 0. 


In Part 2, we have used the notation 


fo” = fx. 
“ma 


m times 


Proof of Lemma 4.4.17. We adopt the notation of the statement. By Corollary 
4.3.11 (i), Z,, is a kernel of type vj € (0, Q) hence, by Lemma 3.2.33, X;To, is a 
kernel of type 0. This shows Part 1. 

More generally, if x is a kernel of type 0, then « * Z,, is a kernel of type vj 
by Proposition 3.2.35 (ii) hence by Lemma 3.2.33, Xj(« * Z,,) is a kernel of type 
0. Iterating this procedure shows Part 2. 

Let T be an operator of type 0. We denote by « its kernel. Let N € N. 
The operator RN can be written as a linear combination of X°, a € N} with 
[a] = vN. Using the spectral calculus of R to define and decompose R3 N this 
shows that the operator RYT Ra N can be written as a linear combination over 


-2 -2n 
[a] = vN of the operators X°TR, ” ™ ... R} ” °" whose kernel can be written 


an 


as X47 (k * T KS eek T ). Part 2 implies that the operator BPR.” is of 
type 0. By Theorem 3.2.30, it is a bounded operator on L?(G), p € (1,00). This 
shows Part 3. 


Part 4 follows from combining Parts 1 and 3. 


We can now finish the proof of Theorem 4.4.16. 


Proof of Theorem 4.4.16. By Lemma 4.4.17, Part 4, RNX|R,” is an operator 
of type 0, hence bounded on L?(G), p € (1,00). The transpose of this operator is 


LEON nes N = 
(RYX; R3” Soka | XRY, 
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since X; = —X; and R! = R. By duality, this operator is L?’-bounded where 
a + i = 1. As R is also a positive Rockland operator, see Lemma 4.1.11, we 
can exchange the rôle of R and R. Hence we have obtained that the operators 
RAR, and RI \XGRN are bounded on L?(G) for any p € (1,00) 
and N € N. This shows that X; maps epee to Ly, and L” y, to L? nie 
continuously. The properties of interpolation, cf. Proposition 4.4.15, imply that 
X; maps Li +s to LẸ continuously for any s € R, p € (1,00) and j = 1,...,n. 

Interpreting any X° as a composition of operators X; shows Part (2) for any 
T = X°%,a€ NG, with vr = [a]. As any vp-homogencous left-invariant differential 
operator is a linear combination of X°, a € Nj, with vr = [a], this shows Part 
(2). 

Let us show Part (1). Let a € NỌ. If s > 0, then by Theorem 4.4.3 (4) and 
Part (2), we have for any ¢ € S(G) 


|X“ 


S ||X% eller + |X“ oll ze 
< ; ; 
lellże, T léllże 

< 

S IIPllze,, + lolze oy 
S 


Illa, 


LS 


This shows that X° maps Lites to L? continuously for any s > 0, p € (1,00) and 


any a € N}. The transpose (X°)! of X° is a linear combination of X£, [8] = [a], 
and will also have the same properties. By duality, this shows that X® maps L? , 
to LP stla) continuously for any s > 0, p € (1,00) and any a € Nj. Together 
with the properties of interpolation (cf. Theorem 4.4.9), this shows that X“ maps 
Litla] to L® continuously for any s € R, p € (1,00) and any a € Nọ- 

As any left invariant differential operator can be written as a linear combina- 
tion of monomials X“, this implies Part (1) and concludes the proof of Theorem 
4.4.16. 


The ideas of the proofs above can be adapted to the proof of the following 
properties for the operators of type 0: 


Theorem 4.4.18. Let T be an operator of type v € C on a graded Lie group G 
with Rev = 0. Then for every p € (1,00) and s € R, T maps continuously L?(G) 
to L®(G) and L®(G) to LE (G). Fixing a positive Rockland operator R in order to 
define the Sobolev norms, it means that there exists C = C's p,r > 0 satisfying 


Vo € S(G) IITéllzz(œ@ < Clll 


Ls (G) 


and 


voci? — ||T¢| 


Proof. Let T be a operator of type vr € C with Revr = 0. Proceeding as in the 
proof of Lemma 4.4.17 Part 3 yields that for any N € N, the operator RTR N 


iz) S Clll zea 
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is of type vr. We can apply this to the transpose 7” of T as well as the operator 
Tt is also of type v. By Theorem 3.2.30, the operators RNTRz% and RNT*RZN 
are bounded on L?(G). This shows that T maps L? to L? continuously for s = N 
and s = —N, N € No. By interpolation, this holds for any s € R and this shows 
the statement for the homogeneous Sobolev spaces. If s > 0, then by Theorem 
4.4.3 (4), using the continuity on homogeneous Sobolev spaces which has just 
been proven, we have for any ¢ € S(G) 


[Tẹ] 


r? Ș ||Tollze + IT 9| 


ie S llellze + llollze S llelize- 
This shows that T maps L? to L? continuously for any s > 0, p € (1,00). Applying 
this to T*, by duality, we also obtain this property for s < 0. The case s = 0 follows 


from Theorem 3.2.30. This concludes the proof of Theorem 4.4.18. 


Theorem 4.4.18 extends the result of Theorem 3.2.30, that is, the bounded- 
ness on L?(G) of an operator of type vr, Revr = 0, from L?-spaces to Sobolev 
spaces. Let us comment on similar results in related contexts: 


e In the case of R” (and similarly for compact Lie groups), the continuity on 
Sobolev spaces would be easy since Tą would commute with the Laplace 
operator but the homogeneous setting requires a more substantial argument. 


e Theorem 4.4.18 was shown by Folland in [Fol75, Theorem 4.9] on any strat- 
ified Lie group and for v = 0. However, the proof in that context uses the 
existence of a positive Rockland operator with a unique homogeneous fun- 
damental solution, namely ‘the’ (any) sublaplacian. If we wanted to follow 
closely the same line of arguments, we would have to assume that the group is 
equipped with a Rockland operator with homogeneous degree v with v < Q, 
see Remark 4.3.12. This is not always the case for a graded Lie group as 
the example of the three dimensional Heisenberg group with gradation (3.1) 
shows. 


e The proof above is valid under no restriction in the graded case. Somehow 
the use of the homogeneous fundamental solution in the stratified case is 
replaced by the kernel of the Riesz potentials together with the properties of 
the Sobolev spaces proved so far. 


4.4.5 Independence in Rockland operators and integer orders 


In this Section, we show that the homogeneous and inhomogeneous Sobolev spaces 
do not depend on a particular choice of a Rockland operator. Consequently The- 
orems 4.4.3, 4.4.9, 4.4.16, and 4.4.18, Corollaries 4.4.6 and 4.4.10, Propositions 
4.4.8 and 4.4.13 and 4.4.15, hold independently of any chosen Rockland operator 
R. 

We will need the following property: 
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Lemma 4.4.19. Let R be a Rockland operator on G of homogeneous degree v and let 
LE No, p € (1,00). Then the space L?,(G) is the collection of functions f € LP (G) 
such that X°f € L?(G) for any a € Nọ with [a] = vl. Moreover, the map 


gre ST X*Mllp 


[a]=v£ 


is a norm on L? ,(G) which is equivalent to the homogeneous Sobolev norm and 
the map 


$+ IIbl>+ D> IX dllp 


faJ=ve 
is a norm on L?,(G) which is equivalent to the Sobolev norm. 


Proof of Lemma 4.4.19. Writing 


Ri= 5 Ca t X| 
[a]=ev 


we have on one hand, 


Vee S(G) —||R’bIlp < max|cael XO |X llp- (4.43) 


[a]l=ev 


On the other hand, by Theorem 4.4.16 (2), for any a € Nọ, the operator X“ maps 
continuously LiG) to LP (G), hence 


3C>0 WoES(G) X- X*4llp < Cléllzg 


[al=ev 


This shows the property of Lemma 4.4.19 for homogeneous Sobolev spaces. 
Adding ||¢||z» on both sides of (4.43) implies by Theorem 4.4.3, Part (2): 


AC>0 Woe S(G)  lIdllez <C[Ildllae+ X |X? Sllp 


{a]=ev 


On the other hand, by Theorem 4.4.16 (1), for any a € NG, the operator X“ maps 
continuously Li (G) to L?(G), hence 


| 


JC>0 Wee SG) YT '1X%9llp < Clidlize,- 


[al=ev 


This shows the property of Lemma 4.4.19 for inhomogeneous Sobolev spaces and 
concludes the proof of Lemma 4.4.19. 
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One may wonder whether Lemma 4.4.19 would be true not only for integer 
exponents of the form s = vé but for any integer s. In fact other inhomogeneous 
Sobolev spaces on a graded Lie group were defined by Goodman in [Goo76, Section 
III. 5.4] following this idea. More precisely the LP Goodman-Sobolev space of order 
s € No is given via the norm 


gro SFX Allp (4.44) 


[a]<s 
Goodman’s definition does not use Rockland operators but makes sense only for 
integer exponents. 


The LP Goodman-Sobolev space of integer order s certainly contains L?(G). 
Indeed, proceeding almost as in the proof of Lemma 4.4.19, using Theorem 4.4.16 
and Theorem 4.4.3, we have 


YsEeNo IC=0:>0 WOES(G) X || X%4llp < Clio 


[a]<s 


LB. 


In fact, adapting the rest of the proof of Lemma 4.4.19, one could show easily 
that the LP Goodman-Sobolev space of order s € No with s proportional to the 
homogeneous degree v of a positive Rockland operator coincides with our Sobolev 
spaces L?(G). Moreover, on any stratified Lie group, for any non-negative integer 
s without further restriction, they would coincide as well, see [Fol75, Theorem 
4.10]. 

However, this equality between Goodman-Sobolev spaces and our Sobolev 
spaces is not true on any general graded Lie group. For instance this does not hold 
on a graded Lie groups whose weights are all strictly greater than 1. Indeed the 
L? Goodman-Sobolev space of order s = 1 is L?(G) which contains L} (G) strictly 
(see Theorem 4.4.3 (4)). An example of such a graded Lie group was given by the 
gradation of the three dimensional Heisenberg group via (3.1). 


We can now show the main result of this section, that is, that the Sobolev 
spaces on graded Lie groups are independent of the chosen positive Rockland 
operators. 


Theorem 4.4.20. Let G be a graded Lie group and p € (1,00). The homogeneous 
L” -Sobolev spaces on G associated with any positive Rockland operators coincide. 
The inhomogeneous L?-Sobolev spaces on G associated with any positive Rockland 
operators coincide. Moreover, in the homogeneous and inhomogeneous cases, the 
Sobolev norms associated to two positive Rockland operators are equivalent. 


Proof of Theorem 4.4.20. Positive Rockland operators always exist, see Remark 
4.2.4 Let Rı and Rə be two positive Rockland operators on G of homogeneous 
degrees vı and v2, respectively. By Lemma 4.2.5, RI and R5' are two positive 
Rockland operators with the same homogeneous degree v = VV. Their associated 
homogeneous (respectively inhomogeneous) Sobolev spaces of exponent vl = vival 
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for any £ € No coincide and have equivalent norms by Lemma 4.4.19. By inter- 
polation (see Proposition 4.4.15, respectively Theorem 4.4.9), this is true for any 
Sobolev spaces of exponent s > 0, and by duality (see Lemma 4.4.14, respectively 
Lemma 4.4.7) for any exponent s € R. 


Corollary 4.4.21. Let R® and RË) be two positive Rockland operators on a graded 
Lie group G with degrees of homogeneity vı and v2, respectively. Then for any s € 
C and p € (1,00), the operators (I+R™)* (I+ RR) % and (RM) 1 (RO) % 
extend boundedly on L?(G). 


Proof of Corollary 4.4.21. Let us prove the inhomogeneous case first. For any a € 
R, we view the operator (I+-RY)) as a bounded operator from L?(G) to L?(G) 
and use the norm f ++ ||(I+ RP)“ fllp on L?(G). This shows that the operator 
(I+ R®)*r (+R) is bounded on L?(G), p € (1,00) for s = a € R. The 
case of s € C follows from Proposition 4.3.7. 

Let us prove the homogeneous case. For any a € R, we view the opera- 
tor (RP) as a bounded operator from L(G) to L?(G) and use the norm 
fro (RW?) * fllp on L?(G). This shows that the operator (R)*1(R@)~ 2 is 
bounded on L?(G), p € (1,00) for s = a € R. The case of s € C follows from 
Proposition 4.3.9. 


Thanks to Theorem 4.4.20, we can now improve our duality result given in 
Lemmata 4.4.7 and 4.4.14: 


Proposition 4.4.22. Let L?(G) and L®(G), p € (1,00) and s € R, be the inhomo- 
geneous and homogeneous Sobolev spaces on a graded Lie group G, respectively. 

For any s E€ R and p € (1,00), the dual space of L®(G) is isomorphic to 
L” (G) via the distributional duality, and the dual space of L®(G) is isomorphic 
to i£ (G) via the distributional duality. Here p' is the conjugate exponent of p if 
p € (1,00), te. i+ > = 1. Consequently the Banach spaces L?(G') and L2 (G) are 
reflexive. 


4.4.6 Sobolev embeddings 


In this section, we show local embeddings between the (inhomogeneous) Sobolev 
spaces and their Euclidean counterparts, and global embeddings in the form of an 
analogue of the classical fractional integration theorems of Hardy-Littlewood and 
Sobolev. 


Local results 


Recalling that G has a local topological structure of R”, one can wonder what 
is the relation between our Sobolev spaces L? (G) and their Euclidean counter- 
parts L?(R”). The latter can also be seen as Sobolev spaces associated by the 
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described construction to the abelian group (R”, +), with Rockland operator be- 
ing the Laplacian on R”. 


By Proposition 3.1.28 the coefficients of vector fields X; with respect to 
the abelian derivatives ô+, are polynomials in the coordinate functions z, and 
conversely the coefficients of 0,,’s with respect to derivatives X; are polynomials 
in the coordinate functions x,’s. Hence, we can not expect any global embeddings 
between L?(G) and L?(R”). 


It is convenient to define the local Sobolev spaces for s € R and p € (1,00) 


as 
DP toc(G) = {f € D' (G) : of € I2(G) for all ¢ € D(G)}. (4.45) 
The following proposition shows that Lt ,,.(G) contains L4(G). 


Proposition 4.4.23. For any o € D(G), p € (1,00) and s € R, the operator f œ> fd 
defined for f € S(G) extends continuously into a bounded map from L®(G) to itself. 
Consequently, we have 

L(G) c 


s loc(C)- 
Proof. The Leibniz’ rule for the X;’s and the continuous inclusions in Theorem 
4.4.3 (4) imply easily that for any fixed a € NẸ there exist a constant C = Ca, > 0 


and a constant C” = C4, , > 0 such that 
VfEDG) XCA <C DI IX’ fllp < lfl co: 
[8]<[a] 


Lemma 4.4.19 yields the existence of a constant C” = CZ , > 0 such that 


Yf E D(G) Wfdllez@ < Ifl 


for any integer £ € No and any degree of homogeneity v of a Rockland operator. 
This shows the statement for the case s = v£. The case s > 0 follows by 

interpolation (see Theorem 4.4.9), and the case s < 0 by duality (see Proposition 

4.4.22). 


We can now compare locally the Sobolev spaces on graded Lie groups and 
on their abelian counterpart: 


Theorem 4.4.24 (Local Sobolev embeddings). For any p € (1,00) and s ER, 
(G) c LP (R”). 


8/Un,loc 


LP 


s/v1ı,loc 


(R”) c LP 


s,loc 


Above, LË ,,.(R”) denotes the usual local Sobolev spaces, or equivalently the 
spaces defined by (4.45) in the case of the abelian (graded) Lie group (R”, +). 
Recall that vı and uv, are respectively the smallest and the largest weights of the 
dilations. In particular, in the stratified case, vı = 1 and Up, coincides with the 
number of steps in the stratification, and with the step of the nilpotent Lie group 


G. Hence in the stratified case we recover Theorem 4.16 in [Fol75]. 
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Proof of Theorem 4.4.24. It suffices to show that the mapping f —> fọ defined 
on D(G) extends boundedly from Dee, (R") to L2(G) and from L(G) to 
LP Jon loe R”). By duality and interpolation (see Theorem 4.4.9 and Proposition 
4.4.22), it suffices to show this for a sequence of increasing positive integers s. 
For the L? li (R”) —> L®(G) case, we assume that s is divisible by the ho- 
mogeneous degree of a positive Rockland operator. Then we use Lemma 4.4.19, 
the fact that the X° may be written as a combination of the 02 with polynomial 
coefficients in the ae’s and that maxig)<s |8| = s/v1. 


For the case of L?(G) > L? (R"), we use the fact that the abelian 


8/Un,loc 
derivative 0°, |a| < s, may be written as a combination over the X®, |8| < s, with 
polynomial coefficients in the x,’s, that X? maps L? > Lig] boundedly together 


with maxjg)<s[8] = svn. 


Proceeding as in [Fol75, p.192], one can convince oneself that Theorem 4.4.24 
can not be improved. 
Global results 


In this section, we show the analogue of the classical fractional integration theo- 
rems of Hardy-Littlewood and Sobolev. The stratified case was proved by Folland 
in [Fol75] (mainly Theorem 4.17 therein). 


Theorem 4.4.25 (Sobolev embeddings). Let G be a graded Lie group with homo- 
geneous dimension Q. 


(i) Ifl<p<q<o anda,bER with 


then we have the continuous inclusion 
Pp q 
Ly C £7, 


that is, for every f € LẸ, we have f € L4 and there exists a constant C = 
Ca,b,p,q,G > 9 independent of f such that 


lfllz < Clifilze- 


(ii) If p € (1,00) and 
8 > Q/p 


then we have the inclusion 
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in the sense that any function f € L?(G) admits a bounded continuous rep- 
resentative on G (still denoted by f). Furthermore, there exists a constant 
C = Cs p,a > 0 independent of f such that 


IIflloo < 2G): 
Proof. Let us first prove Part (i). We fix a positive Rockland operator R of homoge- 
neous degree v and we assume that b > a and p,q € (1,00) satisfy b—a = QG- a): 


By Proposition 4.4.13 (5), 


|Rq dllea < Cl|Re dl|ee- 


We can apply this to (a,b) and to (0,b — a). Adding the two corresponding esti- 
mates, we obtain 


Iles + IRF lze < C (IR dla + IRE Alize) - 


Since b, a, and b— a are positive, by Theorem 4.4.3 (4), the left-hand side is equiv- 
alent to ||ġ||zg and both terms in the right-hand side are < C'||ġ||z2. Therefore, 
we have obtained that 


IC = Capa r VOES(G) lllz: < Cllolize. 


By density of S(G) in the Sobolev spaces, this shows Part (i). 
Let us prove Part (ii). Let p € (1,00) and s > Q/p. By Corollary 4.3.13, we 
know that 


B, € L'(G) N L? (G), 
where p’ is the conjugate exponent of p. For any f € L? (G), we have 
for=(I+Rp)*fEL 


and 
f=(+Rp) “fs = fs * Bs. 
Therefore, by Holder’s inequality, 


IIflloo < IlfsllplIBsllo = 


Moreover, for almost every x, we have 


a f flv) Bal dis fala) B,(2)de. 
G G 


Thus for almost every x, x’, we have 


LL fala fo(a'2 *)) B,(z)dz 
Bsllp Il fs(x-) — f(z -)llp- 


IFz) — f(x')| 


IA 


4.4. Sobolev spaces on graded Lie groups 243 


As the left regular representation is continuous (see Example 1.1.2) we have 


Il fs(@-) — fs(a"-)I|ze(@) a+ 0, 


thus almost surely 
|f(z) — f(2’)| are 0. 


Hence we can modify f so that it becomes a continuous function. This concludes 
the proof. 


From the Sobolev embeddings (Theorem 4.4.25 (ii)) and the description of 
Sobolev spaces with integer exponent (Lemma 4.4.19) the following property fol- 
lows easily: 


Corollary 4.4.26. Let G be a graded Lie group, p € (1,00) ands E€ N. We assume 
that s is proportional to the homogeneous degree v of a positive Rockland operator, 
that is, = € N, and that s > Q/p. 


Then if f is a distribution on G such that f € L? (G) and X°f € L?(G) when 
a € Nọ satisfies [a] = s, then f admits a bounded continuous representative (still 
denoted by f). Furthermore, there exists a constant C = Cs p,a > 0 independent 
of f such that 


Ifl < C {Ifl + X0 IX Fllp 
[a]=s 


The Sobolev embeddings, especially Corollary 4.4.26, enables us to define 
Schwartz seminorms not only in terms of the supremum norm, but also in terms 
of any LP-norms: 


Proposition 4.4.27. Let |-| be a homogeneous norm on a graded Lie group G. For 


any p € [1,co], a > 0 and k € No, the mapping 


S(G) 364 llêlls,akp = X IA+1-))*X%llp 
[alk 


is a continuous seminorm on the Fréchet space S(G). 


Moreover, let us fix p € [1,00] and two sequences {kj}jen, {a;}jen, of non- 
negative integers and positive numbers, respectively, which go to infinity. Then the 
family of seminorms ||- ||s,a;,k;,p, J E€ N, yields the usual topology on S(G). 


Proof of Proposition 4.4.27. One can check easily that the property 


Vl<p,q<w,a>0,keENp, da’ >0, k'€No, C >00, 
Il |ls.ak.p < I| Is.ateas (4.46) 


is a consequence of the following observations (applied to X%¢ instead of ¢): 
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1. If p and q are finite, by Holder’s inequality, we have 


IAI Dole < CIA +1 D ella 


where C is a finite constant of the group G, p and q. In fact C is explicitly 
given by 


r 


(20.1) [ro +p) 99-"dp | 


Q+1 
Ilr 


C=|0+ hF 


II 


II 


with r € (1,00) such that 5 = 4 + 7. 


2. If p is finite and q = ov, we also have 
IE +I Dell < CA +D llo 
where C = ||(1+|-|)~?71]|, is a finite constant. 


3. In the case q is finite and p = ov, let us prove that 


MEDE S$ Cop D5 WA +1 )°X lp. (4.47) 


[a]<s 


Indeed first we notice that, by equivalence of the homogeneous quasi-norms 
(see Proposition 3.1.35), we may assume that the quasi-norm is smooth away 
from 0. We fix a function Y% € D(G) such that 


yle) =f 0 if |x| > 2. 


We have easily 


IAI D Alloo < Cy (IPP lleo + [lo — y) Illo). (4.48) 


By Corollary 4.4.26, there exist an integer s € N such that 


lovllo < Cso D> |X*(bV)lp- 


[a]<s 


By the Leibniz rule (which is valid for any vector field) and Hölder’s inequal- 
ity, we have 


IXe) < Cao XO Xb Xy] 
[laı]+[aæ2]<[a] 
< Cap XO XAXA: 


[a1] +[@2]<[a] 
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Hence 


lvli < Cspy X |X 4llp- (4.49) 


[a]<s 


Following the same line of arguments, we have 


loa = All S Ca S a= Ilp 


[a]<s 


SO >, IX“ xea- i} 


[ai]+[a2]<s 
< Cop XO +] )*X* Ella +] TXA = W) loo- 


[ai]+[a2]<s 


All the ||- ||..-norms above are finite since X°{(1—~)|-|°}(x) = 0 if |z| < 1 
and for |x| > 1, 


Xea- HE <S Cag E XSA- W)(@)| |X] ea) 
[a3]+[a4]=[e2] 
< Ca D> XA- p)lole e, 


[a3]+[a4]=[e2] 


since X“4|- |“ is a homogeneous function of degree a — [a4]. Hence we have 
obtained 


A=) lllo < Cso X WA +1 DX Alp- 


[a]<s 


Together with (4.48) and (4.49), this shows (4.47). 
4. If p = q is finite or infinite, (4.46) is trivial. 


Hence Property (4.46) holds. We also have directly for p = q € [1,00] and 
any0<a<a,k<F, 
Ison < l lisa: 


Consequently we can assume a’ to be an integer in (4.46). This clearly implies that 
any family of seminorms ||: ||s,a;,k;,p, J € N, yields the same topology as the family 
of seminorms || - ||s,v,N,oo, N € N. The latter is easily equivalent to the topology 
given by the family of seminorms ||- ||s(q@),~ defined in Section 3.1.9. This is the 
usual topology on S(G). 


4.4.7 List of properties for the Sobolev spaces 


In this section, we list the important properties of Sobolev spaces we have already 
obtained and also give some easy consequences regarding the special case of p = 2. 
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Theorem 4.4.28. Let G be a graded Lie group with homogeneous dimension Q. 


1. Let p € (1,00) and s € R. The inhomogeneous Sobolev space L®(G) is a 
Banach space satisfying 


S(G) G L(G) c S'(G). 
The homogeneous Sobolev space L®(G) is a Banach space satisfying 
(S(G) N Dom(R?”)) S L(G) ¢ S'(G). 
Norms on the Banach spaces L?(G) and L®(G) are given respectively by 
$H IT+Rp)Žólrrc) and $> [RE Allama): 


for any positive Rockland operator R (whose homogeneous degree is denoted 
by v). All these homogeneous norms are equivalent, all these inhomogeneous 
norms are equivalent. 


The continuous inclusions LB(G) C LR(G) holds for any a > b and 


p E€ (1,00). 
2. If s = 0 and p € (1,00), then L(G) = L4(G) = L(G) with ||- liza) = 
Il - zee) = Il zee. 


3. Ifs >0 and p E€ (1,00), then we have 
LE(G) = L(G) N L(G), 


and the inhomogeneous Sobolev norm (associated with a positive Rockland 
operator) is equivalent to 


Il | 


VY 


re X |l lza + ll 


L(G): 


4. If T is a left-invariant differential operator of homogeneous degree vr, then 
T maps continuously LE, (G) to L8(G) for every s € R, p € (1,00). 
If T is a vr-homogeneous left-invariant differential operator, then T 
maps continuously LE, „. (G) to L®(G) for every s € R, p € (1,00). 


S+VT 


5. Ifl <p<q<owanda,beR with b—a = Q(5 — 2), then we have the 
continuous inclusions 


Le cis and L? c I. 


If p€ (1,00) and s > Q/p then we have the following inclusion: 


Ls C (C(G) N L(G), 


4.4. 


10. 
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in the sense that any function f € L?(G) admits a bounded continuous rep- 
resentative on G (still denoted by f). Furthermore, there exists a constant 
C = Cs p,a > 0 independent of f such that 


II flloo < Cllf| 


L3 (G): 


. For p € (1,00) and any a,b,c E€ R witha < c < b, there exists a positive 


constant C = Ca b,c such that we have for any f € L 
-6 
IIfllizg < CIF Flip 


and for any f € LẸ 
Ifl < Cl fle IFN 
where 0 := (c — a)/(b — a). 


. (Gagliardo-Nirenberg inequality) If q,r € (1,00) and O < o < s then there 


exists C > 0 such that we have 
VF ELYG)NL YG) If lliz < Clift flees 


where 0 := 1 — Z and p € (1,00) is given via > = z e, 


. Let s be an integer which is proportional to the homogeneous degree of a 


positive Rockland operator. Let p € (1,00). Let f € S'(G). 
The membership of f in L? (G) is equivalent to f € L?(G) and X°f € 
L? (G), a € NG, [a] = s. Furthermore 


$> |lbllp + |X" oll 
[al=ve 


is a norm on the Banach space L?(G). 


The membership of f in L®(G) is equivalent to X® f € L?(G), a € N}, 
[a] = s. Furthermore 


oo ST (Xdllp 


faJ=ve 


is a norm on the Banach space L?(G). 


. (Interpolation) The inhomogeneous and homogeneous Sobolev spaces satisfy 


the properties of interpolation in the sense of Theorem 4.4.9 and Proposition 
4.4.15 respectively. 

(Duality) Let s € R. Let p € (1,00) and p' its conjugate exponent. The dual 
space of L? (G) is isomorphic to LP, (G) via the distributional duality, and the 
dual space of L?(G) is isomorphic to LP (G) via the distributional duality, 
Consequently, the Banach spaces L?(G) and L®(G) are reflexive. 
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Proof. Parts (1), (2), (3), and (6) follow from Theorem 4.4.3, Proposition 4.4.13 
and Theorem 4.4.20. 

Part (4) follows from Theorem 4.4.16 and Proposition 4.4.13. 

Part (5) follows from Theorem 4.4.25 and Proposition 4.4.13 (5). 

Part (7) follows from Parts (5) and (6). 

Part (8) follows from Theorem 4.4.20. 

For Part (9), see Theorem 4.4.9 and Proposition 4.4.15. 

Part (10) follows from Lemmata 4.4.7 and 4.4.14 together with Theorem 
4.4.20. 


Properties of L2(G) 


Here we discuss some special feature of the case L?(G), p = 2. Indeed L?(G) is 
a Hilbert space where one can use the spectral analysis of a positive Rockland 
operator. 


Many of the proofs in Chapter 4 could be simplified if we had restricted 
the study to the case L? with p = 2. For instance, let us consider a positive 
Rockland operator R and its self-adjoint extension Rz on L(G). One can define 
the fractional powers of R and I + Rə by functional analysis. Then one can 
obtain the properties of the kernels of the Riesz and Bessel potentials with similar 
methods as in Corollary 4.3.11. 

In this case, one would not need to use the general theory of fractional powers 
of an operator recalled in Section A.3. Even if it is not useful, let us mention that 
the proof that Rə satisfies the hypotheses of Theorem A.3.4 is easy in this case: 
it follows directly from the Lumer-Phillips Theorem (see Theorem A.2.5) together 
with the heat semi-group {e~'®2},.9 being an L?(G)-contraction semi-group by 
functional analysis. 

The proof of the properties of the associated Sobolev spaces L?(G) would 
be the same in this particular case, maybe slightly helped occasionally by the 
Holder inequality being replaced by the Cauchy-Schwartz inequality. A noticeable 
exception is that Lemma 4.4.19 can be obtained directly in the case L?, p = 2, 
from the estimates due to Helffer and Nourrigat (see Corollary 4.1.14). 


The main difference between L? and LP Sobolev spaces is the structure of 
Hilbert spaces of L2(G) whereas the other Sobolev spaces L?(G) are ‘only’ Banach 
spaces: 


Proposition 4.4.29 (Hilbert space L?). Let G be a graded Lie group. 
For any s € R, L?(G) is a Hilbert space with the inner product given by 


oiro = f + Ra)? fe) TFRs, 
and PG) is a Hilbert space with the inner product given by 


(oino = | REFE) RE ala)de, 
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where R is a positive Rockland operator of homogeneous degree v. 
If s >0, an equivalent inner product on L?(G) is 


Hoio = f He) Tede + | REFE) RE alw)ae 
If s = vl with £ € No, an equivalent inner product on L?(G) is 


(F9) = (grat X (X*F, X% 9) 120), 


[a]=v£ 


and an equivalent inner product on È2(G') is 
(fg) = do (X*F,X%g9) 1210). 
[al=ve 


Proposition 4.4.29 is easily checked, using the structure of Hilbert space of 
L?(G) and, for the last property, simplifying the proof of Lemma 4.4.19. 


4.4.8 Right invariant Rockland operators and Sobolev spaces 


We could have started with right-invariant (homogeneous) Rockland operators R 
instead of R. We discuss here some links between the two operators and their 
Sobolev spaces. 


Since both left and right invariant Rockland operators are differential op- 
erators, we can relate them by Formulae (1.11) for the derivatives X® and X*. 
Then, given our analysis of R, we can give some immediate properties of the 
right-invariant operator R: 


Proposition 4.4.30. Let R be a positive Rockland operator. For any ¢ € S(G), 


Rox) = (RYO )})(@*) = (RLO-™) (a), 


because Rt! = R. Therefore, the spectral measure EB of R is given by 


E(¢)(x) = (E{¢() (a), ġe L(G), 2 eG. 
Consequently, the multipliers of R and R are linked by 


m(R)($)(x) = (MRH (7). (4.50) 


The operators R and R commute strongly, that is, their spectral measures E 
and E commute. Moreover, for functions f,g € S'(G) anda E€ C, we have 


R(f*g) = f*R'g, 


RU fag) = (Refs. 
(R° f) * f*RQg. 


II 
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We can give a right-invariant version of Definition 4.3.17: 


Definition 4.4.31. Let R be a positive Rockland operator of homogeneous degree v 
and let s € R. For any tempered distribution f € S' (G), we denote by (I+R)*/” f 
the tempered distribution defined by 


(+R) o) = (fF, (1+ R) o), $ € S(G). 


The Sobolev spaces that we have introduced are based on the Sobolev spaces 
corresponding to left-invariant vector fields and left-invariant positive Rockland 
operators. We could have considered the right Sobolev spaces Le (G) defined via 
the Sobolev norms a 

fro IHR) flle. 


The relations between left and right vector fields in (1.11) easily implies that 
if f € LP(G) is such that X°f € L(G) then f : x + f(x7t}) is in L(G) and 


satisfies X°f € L” (G). By Lemma 4.4.19, we see that the map f ++ f must map 
continuously L? — L? for any p € (1,00) and s a multiple of the homogeneous 
degrees of positive Rockland operators. 


More generally, the spectral calculus, see (4.50), implies 
(I+ Ro)!” f(z) =(1+Ra)/"f(a),  fes(G), 
where, again, f(a) = f(a~'), and thus for any p € (1, 005), 
+ Rp)” fleece) = C+ R) Flee FESO: 


This easily implies that f ++ f maps continuously L? = Le for any p € (1,00) 


and any real exponent s € R. This is also an involution: f = f. Hence the map 


e — EG) 
fru f 


is an isomorphism of vector spaces. 


Even if the left and right Sobolev spaces are isomorphic, they are not equal in 
general. Note that in the commutative case of G = R”, both left and right Sobolev 
spaces coincide. It is also the case on compact Lie groups, where the Sobolev spaces 
are associated with the Laplace-Beltrami operator (which is central) and coincide 
with localisation of the Euclidean Sobolev spaces [RT10a]. This is no longer the 
case in the nilpotent setting. Indeed, below we give an example of functions f 
(necessarily not symmetric, that is, f 4 f), in some L?(G) but not in L(G). 


Example 4.4.32. Let us consider the three dimensional Heisenberg group Hı and 
the canonical basis X,Y,T of its Lie algebra (see Example 1.6.4). Then X = 
Oz — $0; whereas X=0,+ Z0, thus X -X = yd. 

The Sobolev spaces are then associated with the natural sub-Laplacian X? + 
Y?, see Example 6.1.1. Hence it is covered by the work of Folland [Fol75] on Sobolev 
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spaces associated with sub-Laplacian on stratified Lie groups and consequently, 
L2(G) is the space of functions f € L?(H,) such that Xf and Yf are both in 
L? (Hı) [Fol75, Corollary 4.13]. 

One can find a smooth function ¢ € C™(R) such that ¢,¢’ € L?(R) but 
Je \2I?|¢'(2)|?dz = oo. For instance, we consider ¢ = ¢) * y where y is a suitable 
smoothing function (i.e. Y € D(G) is valued in [0,1] with a ‘small’ support around 
0), and the graph of the function ¢, is given by isosceles triangles parametrised 
by £ € N, with vertex at points (2, 0°), and base on the horizontal axis and with 
length 2/€%. We then choose a, 3 € R with 28 € (—3,—1) and 2a > 28 + 1. We 
also fix a smooth function y : R —> [0,1] supported on [1/2,2] with y(1) = 1. We 
define f € C™(R®) via 


ya 
æn) = 6 (F +t) xwx). 
One checks easily that f, Xf and Y f are square integrable hence f € L? (H). 
However yô; f is not square integrable. As X — X = yô; f, this shows that (—X + 
X)f ¢ L?(Hı) and Xf can not be in L? thus f is not in L? (H1). 


4.5 Hulanicki’s theorem 


We now turn our attention to Hulanicki’s theorem which will be useful in the next 
chapter when we deal with pseudo-differential operators on graded Lie groups. 
An important consequence of Hulanicki’s theorem is the fact that a Schwartz 
multiplier in (the L?-self-adjoint extension of) a positive Rockland operator has 
a Schwartz kernel. This section is devoted to the statement and the proof of 
Hulanicki’s theorem and its consequence regarding Schwartz multiplier. 

From now on, we will allow ourselves to keep the same notation R for a 
positive Rockland operator and its self-adjoint extension Rə on L?(G) when no 
confusion is possible. In particular, when we define functions of Ra (see Corollary 
4.1.16), that is, a multiplier m(R2) defined using the spectral measure of R where 
m € L® (R+) is a function, we may often write 


m(R2) = m(R), 


in order to ease the notation. Furthermore, we denote the corresponding right- 
convolution kernel of this operator by 


M(R)do- 


4.5.1 Statement 


Hulanicki proved in [Hul84] that if multipliers m satisfy Marcinkiewicz properties, 
then the kernels of m(R) satisfy certain estimates: 
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Theorem 4.5.1 (Hulanicki). Let R be a positive Rockland operator on a graded Lie 
group G. Let |-| be a fixed homogeneous quasi-norm on G. For any Mı € N, Mp > 0 
there exist C = Cmm > 0 and k = km,.m, € No, kh’ = ku Mo E€ No such that 
for any m € C*(0,00), we have 


SO | [X°m(R)6.(2)| (1+ lal) Pdr <C sup (1+A) Ama), 
>0 


la]<My "S 0=0,...,k 


=Q,..., 


in the sense that if the right-hand side is finite then the left-hand side is also finite 
and the inequality holds. 


The main consequence of Theorem 4.5.1 is the following: 


Corollary 4.5.2. Let R be a positive Rockland operator on a graded Lie group G. 
If @ € S(R) then the kernel (R) of (R) is Schwartz. Furthermore, the map 


associating a multiplier function with its kernel 
S(R) > d+ > O(R)d. E€ S(G), (4.51) 


is continuous between the Schwartz spaces. 


The continuity of (4.51) means that for any continuous seminorm || - || on 
S(G) there exist C > 0 and N € N such that for any m € S(R) we have 


Im(R)dol] <C sup |(1+ |x|)" O*m(a)]. 
reERl<N 


Examples of such Schwartz seminorms are ||- ||5(g),~, N €N, defined in Section 
3.1.9, and ||- ||s,a,4,p, a > 0, k € No, p € [1, co], defined in Proposition 4.4.27. 

For completeness’ sake, we include the proofs of Theorem 4.5.1 and Corollary 
4.5.2 below. Before this, let us notice that Corollary 4.5.2 implies that the heat 
kernel of any Rockland operator is Schwartz. However, we will see that the proofs 
of Theorem 4.5.1 and Corollary 4.5.2 rely on the properties of the Bessel potentials 
which have been shown, in turn, using the properties of the heat kernel. Beside 
the properties of the Bessel potentials, the proof uses the functional calculus of R 
and the structure of G. 


4.5.2 Proof of Hulanicki’s theorem 


This section is devoted to the proof of Theorem 4.5.1 and can be skipped at first 
reading. 

We follow the essence of [Hul84], but we modify the original proof to take 
into account our presentation of the properties of Rockland operators as well as to 
bring some (small) simplifications. We also do not present some results obtained 
in [Hul84] on groups of polynomial growth. One of these simplifications is the fact 
that we fix a quasi-norm |- | which we assume to be a norm. Indeed, it is clear 
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from the equivalence of quasi-norms (see Proposition 3.1.35) that it suffices to 
prove Hulanicki’s theorem for one quasi-norm for it to hold for any quasi-norm. 
As a homogeneous norm exists by Theorem 3.1.39, we may assume that |- | is 
a norm without loss of generality. We could do without this but it simplifies the 
constants in the next pages. 


First step 
The first step in the proof can be summarised with the following lemma: 


Lemma 4.5.3. Let m : [0,+00) > C be a function and let L € N. We define the 
function F : (—oo, 1) + C by 


rgn{ mUEF—1) Pocket 


and we have 
VA € [0,00)  m(A)=F((1+A)-”). 
Furthermore, the following holds. 


1. The function F extends to a continuous function on R if and only if m is 
continuous on [0, 00) and lim,-+45. m(A) = 0. 


2. The function F extends to a C! function on R if and only if m is C! on 
[0, 00) with limy_54o. m(A) = 0 and lim)_,4..(1 + A)! +m’ (A) = 0. 


Let k € N. If m € C*[0, +00) and 
lim (1+ Atit mO (A)| =0 forj =1,...,k', 


A>+00 
then the function F extends to a function in C*(R) 
3. Letk € N and m € C*(0, 00). We assume that the suprema 


sup(1 + APTIT o mO (A),  j=0,...,k. 

A>0 
are finite. Then we can construct an extension to R, still denoted by F, such 
that the function F € C*(R) is supported in [0,2] and satisfies F(0) = 0 and 
for every £ € Z, 


P| < OAH sup (14 Ae mO A), 


where C = Ck e, is a positive constant independent of m. Here F(0), LEZ, 
denotes the Fourier coefficients of F in the sense of 


F(0):= 1T KOS 


-r T 
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Proof. Part (1) is easy to prove. Part (2) in the case of k = 1 follows easily from 
the following observations. 


e If€=(1+A)-”, A> 0 then 


e We can compute formally for € € (0, 1): 


1 


P'E) = tem! (e-# -1), 


Ett 


and in particular if € = (1+ A)~, A > 0, then 


PQ) =F (+a) Hem (a). 


oO 


The general case of Part (2) follows from the following observation: F(*’)(€) is a 
linear combination over j = 1,...,k’ of 


ge DA) Giz = 1) = gO) G _ 1) 


The details are left to the reader. 
Let us prove Part (3). Let m € C*[0,0o). Let Pk be the Taylor expansion 
of m at 0, that is, Py, is the polynomial of degree k such that we have for A > 0 
small, 
m(A) = Pp(A) + o(/Al4). 


We fix an arbitrary smooth function x supported in [0,2] and satisfying x = 1 on 
(0, 1]. We construct an extension of F, still denoted F, by setting 
0 if € <0, 
F(e):= 4 m(E* -1) if0<€<1, 
P, (“Fe -1) x6) ifEZ1. 


We assume that the suprema given in the statement of Part 3 are finite. Clearly 
F € C*(R) is supported in [0,2]. The proof of Part 2 implies easily 


k! 
D + 2)9+4¥ mM ()L, (4.52) 


j=1 ^2 


where the constant C = Cy 2,,x > 0 is independent on m. 
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The Fourier coefficient of F at 0 is 


Fo) = [ rož 


- [mete v4 ff a (Et -1) 19 F 


= [ maze at ff P (Et -1) OS. 


We can always assume that the function y was chosen so that 


[alee xoS = [mong ae 


Indeed, it suffices to replace x by x + cx, where xı € D(R) is supported in (1, 2) 
and c a well chosen constant. 

It is a simple exercise using integration by parts to show that the Fourier 
coefficients may be estimated by 


Yk'=0,...,k JC=Cy>0 WEZ  |F(O| <CO4|d)—* E a: 


This together with (4.52) concludes the proof of Part (3). 


Second step 


The second step consists in noticing that, with the notation of Lemma 4.5.3, 
studying the multiplier m(R) and using the Fourier series of F leads to consider the 
il(I+R)~ fo 


operator e and, more precisely, the properties of its convolution kernel. 


Lemma 4.5.4. Let R be a positive Rockland operator on a graded Lie group G. Let 
lo E N and F, (£) := e8 — 1, € € R. Then, for any L € Z, the convolution kernel 
of Fo(€(I+ R)—") is an integrable function: 


F (UI +R) =) € L(G). 


Proof of Lemma 4.5.4. Since F, (lE) = ne E, we have at least formally 


{F(E fe) } do 
"o iy, TER) = So E Buje, 


i! i! 
J! a 


where B, is the convolution kernel of the Bessel potentials, see Section 4.3.4, and 
v is the degree of homogeneity of R. In fact, by Corollary 4.3.11, we know that 


Va € C} Br E L(G) and Buje, = Bue, *...* Bue, = By. 
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Thus in the Banach algebra L'(G) endowed with the convolution product, the 


series 
L (ih) aj SO (10)! 
X l j! By, = . i j! Buje. 


j=1 j=1 


is convergent in the L!-norm. It is then a routine exercise to justify that «g is in 
L! (G) and is also the convolution kernel of the multiplier F,(¢(I + R)~*). 


Unfortunately the brute force estimate 
7 œ el 
|F EI+ R) Solze S Do GT lBrelto) = exp(||Bve llz+(@lél) — 1, 
ie 


is exponential in £ and would be of no use for us. However, we notice that we can 
already modify the proof above to show: 


Lemma 4.5.5. We keep the notation of Lemma 4.5.4 and its proof. If |-| is a 
homogeneous quasi-norm on G, then for each £ € Z and ao > 0, the function 
F,(€(1+R)~)6, is integrable against a weight of the form (1+|-|)%°. Moreover, 
if vlo > Q/2, where Q is the homogeneous dimension of G, then the function 
Fo (L+R) E) is in L?(G). 


Proof of Lemma 4.5.4. One checks easily that if w : Œ — [1,00) is a continuous 
function satisfying 


JC = Cy Ve,yeG  w(ay) < Cu(x)w(y), 


the subspace L!(w) of L1(G) of functions f which are integrable against w, is a 
Banach algebra for the norm 


FIZ) = | Fla)|o(ayae. 


Examples of such w’s are precisely weights of the form (1 + |- |) with |- | being a 
quasi-norm on G. By Lemma 4.3.15, for any a € C} and a, > 0, 


Ba € L((1+|-|)%). 


We keep the notation of the proof of Lemma 4.5.4 and proceed in the similar way 
but using L!((1 + |- [|)%°) instead of L1(G): 


œ jeji , 
lrellzna+)e) S >> r | Betollca (atte) = exp(|[Bve,|[z1((141-:)22) Al) — 1, 


j=1 


which is finite. 
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Let us now show that Ke € L? (G). We have 
le? 
IlKell2 < D p l8% AP 


and 
B55 l2 < Bre BEEP lla < -< Bre i7 Brell- 


We also know by Corollary 4.3.11 that Ba € L? (G) whenever Rea > Q/2. Thus 
in this case, 


lsell2 < sY Epin IR IBve,ll2 < 00, 


finishing the proof. 


Using only the properties of Banach algebras, we obtain again that 
J FAE Ry )sold+| De and f [PETER E), 
G G 


explode exponentially with @ which is not good enough for our subsequent analysis. 
However, we are going to show that fo |Fo(€I+R)~”)do|(1+|-|)% actually grows 
polynomially in @ (see Lemma 4.5.6) and this is the crucial technical point in the 
proof of Theorem 4.5.1. 

Main technical lemma 

Lemma 4.5.6. We keep the notation of Lemmata 4.5.4 and 4.5.5. We fix a homo- 
geneous quasi-norm |- | on G and assume that vlo > Q/2. Then for a, > 0, 


f (1 + |2|)*|Fo(€( + R)-)do(a)|ax < CPt», (4.53) 
G 


where C = Cq,.0,,R,G,|-| 18 a positive constant independent of £ € Z. 
In the proof of Lemma 4.5.6 we will need the following easy lemma: 


Lemma 4.5.7. If ti1,..-, [lam are 2m measures in M (G), then for any continuous 
function @, 


[edie + tam 
G 
= [fo dator J} {aan unt )} dialon) +- dian- (ym), 


whenever the right or the left hand side is finite. 
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Here we have denoted by u(y -) the y-left-translated measure of a positive or 
complex Borel measure p, that is, the measure given by 


/ (ody (ye) = | (ajda), $€C.(@). 
rEeG G 


Proof of Lemma 4.5.7. First let us observe that if 41,..., Hm are m measures in 
M(G), then, recursively, one can show readily that 


| bd(py *...* Um) = f Ql£1... Em) dur (11)... dtm (am). (4.54) 
G Gr 


If 41,.--, H2m are 2m measures in M(G), then applying (4.54) for these 2m mea- 
sures yields 


f bd(py *... * Lam) 
G 


= (4122... L2m-1L2m) 
G2m 


dy (21) dpi2(x2) - . dpl2m—1(£2m-—1) dpi2m (2m) 
= f ( f ote tb 
G Gm 


dualar '25)dpa(E3 24) dam (man) ) 
dy (x1) tee dhom-1(£2m-1), 


after the change of variables 74, = £1£2,..., hm = T2m—-1%2m. Using (4.54), we 
recognise an iterated convolution in the quantity in parenthesis. 


We now turn our attention to showing Lemma 4.5.6. 


Proof of Lemma 4.5.6. By Theorem 3.1.39, we may assume that the homogeneous 
quasi-norm |- | is also a norm, that is, we assume that the triangle inequality holds 
with a constant = 1. Moreover, we notice that it suffices to prove (4.53) with 
L EN. Indeed, as 


Ke := Fo(4(I + R) )óo = eR)". ôo = ôo, 


we have es E 
Re = eR)? So — 59 = Fo(—LI +R) do, 


and ko = 0. Since 
F,(éé) = e£ — 1 = (e)! — 1 = (F(E) +1) — 1, 
we have in the unital Banach algebra Côo 6 L! (G), 


Ke = (kı + ôo)“ — ĝo. 


4.5. Hulanicki’s theorem 259 


Let us fix 4 € N. We can decompose 
= fo + foo, 
where fo and f.. are the integrable functions defined via 
folz) = Ki(x)ljajce and foo(x) = K1(2)1\2|>02- (4.55) 
We can also write 
Kı + ĝo = Lo + foo where uo := fo + ôo. 


We now develop the non-commutative convolution product in Côo 6 L!(G), 


* *l 
(Kı +50)" = (po+ foo)” = (Ho + foo) *---* (Ho + foo) 
= yo ee EEA 


where the summation is over all sequences a = (aj,...,a¢), 8 = (G1,..-, Be), of 0 
and 1 such that a, +... + &e + B1 +... + Be = l. 


Let us fix two such sequences a and 8. By Lemma 4.5.7 applied to 
Hiaj-1 = Ho, and pj = fe, 
and ¢ = w* where the positive function w € C(G) is defined by 
w(r):=1+4+ |2z|, «EG, 
we have for any a, > 0, 
ao pat *ag(, — Be 
i faal d iit (y; )} 
Gt 
ae 1) <- F38" (ye). 
Let us also fix (y1, ..., ye) € G*. We notice that for any u € M (G) we have 
(oly :)) * u = KY), 


since for any ¢ € C.(G), 


f $ w) jege [802 dolya) dute) = | 6wa) duce) 
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Therefore, if a, = 0, 


{Hour ba daw) = {solr yb ea 


whereas if a, = 1, we have 
Co 2} x Ta (y ” 2} 
= {5059} « (aarja {nar} 
= (osm? o} at} ta): 
Recursively, we find that 
{usm or pe aa) 
= E (nor up p (ann ar y} ae aar) 


jiaj=l 


when a # 0. If œ = 0, we compute directly: 


{Hour fee {Hee fF = {dolor be. {dour} 
Ù 


so that 
foot a {pa} {aia} 
G 
Qo 
= w (yf oot) = (1 +y.. suf") 
Qo B. ao 
< (1+ lyf] +... Ive") < (+e „max [yj ) ; 
ia rer 
since the quasi-norm |- | is assumed to be a norm. 


If aj # 0, we notice that the measure given by 
— —B; *Qj —B3 QL) — 
{Gr ig be a fenle mae)! Gb) 


is compactly supported. Indeed recall that fo is supported in By2 where we denote 
by Br := {x € G : |x| < R} a closed ball of radius R about 0 for the chosen norm. 
Therefore 

supp 4o © {0} U supp fo © Be. 
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The general properties 
Vii, u2 E€ M(G) supp(Hi * u2) C  (suppyi)(suppy2) 
= {x12 : © € SUPPHI, T2 € SUPPH2}, 
and 
Vue M(G), yE€G — supp (u(-y™*)) = (suppu)y = {xy : x € suppy}, 


imply that the measure in (4.56) is supported in 


= ~ Bj- as À J 
Beye? 23 Ba; Ua Bay” = Bae 


Using the properties of the norm |- |, it is easy to check that the above subset of 
G is included in the closed ball about 0 of radius 


(X ay) e + HO lyy) Dae +e jee yy, 


pereg 


j'=1 j'=1 
since Dii Qaj, and De By are < £. g 
Note that if f is a measurable function supported in Br then 


| for ajd) < f + leds eae 


< (1+ R)% f(x)dx 
lz|<R 


< (1+ R)*|Br|/|/fll2. 


We apply this to the function f in (4.56) and R = Ë + Lmax;=1,... e |yz |- This 
leads us to look at the L?-norm of this function which can be written as 


Biti (four n 


Here we have used our usual notation for the convolution operator Tk : 9> b*K 
with right-convolution (distributional) kernel «. Since such convolution operators 
are left-invariant, we have 


J= Tzee r” 4° To saji om 


Gg leao) = IT wes l2 6) = IIT, MET 20) 


Again by left-invariance, 


owr” E >| 


= || follzz(a@) < IlKillzz@, 
L? (G) 


which is finite by Lemma 4.5.5 since we assume vlo > Q/2. Therefore, 


Dj<s'<e z4 


lfl < Wallace lT 
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We have obtained that for any (y1,...,ye) € G’, a, 8 with a £0, 


[wre { four E i be me (Sue yt Paart (uor) 


Qo 
< 5 (e+e, a lyy ) | Bes +e max; iual 


young 


j:aj=1 
Dy<jl<e 7 


Tuol Zi) llkillz2(c 


ao+Q/2 
<Ce(1+8+6,max wl) EE 


pereg 


with C = ||killz2 (alB. We now integrate against df*?!(y,)...df2°4(ye) to 
obtain 


if edu af ea ee 
G 
< ao dd py ( —By -) “ete ( —Be -) 
< Ww Ho Yi Ka Ho Ye 
Gt |J G 


dif (y iNe d| fP y e) 
LA d 


Ty 


pase 


CoO 


z a dl f22*\(ys) - -< AFE luo). 


q=0 <max;, |y; |<q+1 


For each of these integrals, we see that either 


; ‘ 0 if G=0, q>1 or BAD, q<, 
ale ea) WAS ago cn 
qd 9 ? 


<max;7 |y; |<q+1 


or if 6 AO and q > &, 


| dl f2*\(g1) -dfe < ll fooll 2 f Ina (9) ley 


<max,, |yj/|<q+1 gSlyl<aq+1 


B\—1 
< Ifall! a= f ales, 
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for any a > 0 that will be suitably chosen. Indeed, by Lemma 4.5.5, this last 
integral is finite. Hence if 3 4 0, then 


< [I fooll 2 (1 [aca oo" n Si e(1+ B+ ee pyre? (144). 
q=l? 


We choose a := 2(ao + Q/2 + 2) so that the sum 


Y (L$ B+ egg aE < (1 + 20)F T gy etaa 
qa? q=l? 


(2(40+Q/2—a+1) 


< (1 apron Hered < L(1 + 24)%°+2/2 
SULF) 2 . ws U(1 + 26) ao +Q/2—-a +1 


is finite and bounded independently of £. We set 


Ca := max | 1, ( Cf Wake" max > (1+ 2 + é(q+1)) east a g 
q=l? 


We have obtained in the case œ and 8 both non-zero: 


i wrod ast x fe, eat a Te 
G 


1< Qa B\-1 
a0; yl 2, a 
jiaj=l 


< CC,£max(1, ITaly) lloll, 


whereas in the case a 4 0 and 8 = 0, 


i ws eet x fZ gs pun a fP 
G 


<C 5y (Ts Cee? 
j:œ&j=1 


< c(i + £3)%0tQ/24 max(1, Ezo lezaz)", 
and in the case 8 £0 and a = 0, 


| wodu x fE ese eet a fP 
G 


<0 52 (1+ eq)" lifo (fim) ato 
qa? 


200 (ia. 
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We can now sum over qQ and £ to obtain 


| lel < E CCalifoll 


B#0 
+J OAE tmar], [Talee 
a#0 


+ 7 CCl max(1, Tyo lare) NNi. 


a#0 
B#0 


We need to estimate the operator norm of 
Tao = I+ Tki — Tho- 


co 


By functional calculus, the operator 
I+T., =1+ F1 +R) =“) =expi(l+R)-*), 
has norm 


I+ Talega = llexpG1+R)-”)|leu2e) 
sup | exp(i(1 + A)~“?)| < 1. 
A>0 


A 


For Tf, we have 
Till eazxa < Ilfollr0)- 
Hence 
ITa laza < I+ Ta lleaz + IT leaa < 14+ lllfolle), 


and 
Il fool]a + max(1, ||Tyo ll 22e)) < 1 + 2|lfæll1- 


Let us also estimate 


Il fooll z2(@) 


l 
~ 
IV 
oS 

N 
EJ 
jas 
= 
E 
— 
= 
= 
+ 
EJ 
a 
8 


1 
< ire [mb (4.57) 


By Lemma 4.5.5, 
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is finite. Thus we have obtained so far that 
L Irelu < COL X (1+ 2l foolls)! folly 
G B#0,a 


Hase ay aa 
a#0 


ae Nely g NIAI- 
COk X (+5) (sz) 


BA0,c 


d lal 
+00 HAT (1+ i+ =>! 


a#0 
1 lal a |B| 
CC,(1 + 8)%t# a> (1+ =o (=) 


3c 
1 03 Qo+241 1 : 


IA 


IA 


Since 


3c N" 
jit 3 
ma ( +a) os 


we have proved what we wanted, that is, 


G 


completing the proof of Lemma 4.5.6. 


The proof of Lemma 4.5.6 can be modified to obtain a similar property for 
X% F (L+R) ) óo: 


Lemma 4.5.8. We keep the notation of Lemmata 4.5.4, 4.5.5 and 4.5.6. Then for 
any A E Nọ with vlo > [ao] + Q/2 and ao > 0, we have 


(1+ |al)%°|X% F (EA + R)~")do(a) [dx < Cleseor #49, (4.58) 
G 


where C = Ca, .a5,o,R,G,|-| 18 a positive constant independent of £ € Z. 


The proof of Lemma 4.5.8 follows the one of Lemma 4.5.6 but with the 
derivatives X“%° now applied to the last term of the convolution products. These 
convolution products have to be understood as convolutions between compactly 
supported distributions and integrable functions since we replace the definition of 
fo and fæ given in (4.55) by 


fo = mxl |) and foo = k(l- x)(€1] +1), 


where 
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e x € D(R) is a non-negative smooth function satisfying x(x) = 1 if x € [-1, 1] 
and x(x) = 0 if x > 2, 

e and |- |’ is a homogeneous norm which is smooth away from 0 (see Proposi- 
tion 3.1.35 (i) or Remark 3.1.36). 


| / 


We also need to replace w = 1 + |- |“ with 


i 1 if |z| <1, 
OSV jej if je>, 


in order to make sense of the distribution X°°d9 with support at 0 being applied 
to the function w which is smooth around 0. The conditions on the parameters 
given in Lemma 4.5.8 and the following lemma ensure that the new quantities 
Ja| X% k|? and f,|X°«|w® appearing in the proof are finite. 


Lemma 4.5.9. Let R be a Rockland operator of homogeneous degree v on a graded 
Lie group G and let Ba, a € Cx, be the kernels of its Bessel potentials. 


1. If |-| is a homogeneous quasi-norm on G, b > 0 anda € Nọ with Rea+b> 
[a], then 


J WPB Giera 
G 
2. Ifa € Nọ with Rea > |a] + Q/2, then 


f |X°Ba(x)|?dx < oo. 
G 
Proof of Lemma 4.5.9. For the first part, we generalise the first part of Lemma 


4.3.15, that is, 


Rea 


1 co 
Í |x|?|X°Ba(a)|dx < Tal. me a \x|°|X he (x) |da dt, 
G IPI Jo G 


and using the homogeneity of the heat kernel (see (4.17)) and the change of vari- 
ables y = trr, we get 


1 pl ya bla) 
f le? X he (2) [dex = | kae Firan HY, 
G G 


where ca = |||y|?X%hi(y)||z1(ay) is a finite constant since hı € S(G). Thus, 


[abix Bale)de < e [T etat 
PE 


a 
v 


is finite whenever Rea +b — [a] > 0. 
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For the second part of Lemma 4.5.9, we can not adapt the proof of the square 
integrability of Ba since we can not relate X°%h(«x) with (X°%h)(x~1). We proceed 
differently. Let ¢ € D(G). From the properties of the heat kernel and the definition 
of Ba we have 


Be) = Ba(x) = Balx) 


ans 


= p) * Bz(0)| 
< Io n $) * Balla 
< C||(1+ Re)* (x79) 


and so 


II 


f, (xB) 


a ? 
2 


by the Sobolev embeddings, see Theorem 4.4.25 for s > Q/ 2. But, since bg is the 
right-convolution kernel of the Bessel potential (I + R2)* , we have 


Lie 


ie + R2)” (X%¢) 


< 


by Theorem 4.4.16. Hence we have obtained 


f xee 
G 


if s — Rea + [a] < 0, from the Sobolev inclusions, see Theorem 4.4.3 (4). Hence, 
under this condition, X°B, € L? (G). 


s—Rea+[a 


e ] 
<COC'|(I+R2) * ¢ 


< Ci|I¢lle, 
2 


Proceeding as in the proof of Lemma 4.5.5, Lemma 4.5.9 yields 
o X%K, E€ L1((1+|-|)%) if vlo + ao > [ao], 
e and XK, € L(G) if ve, > [ao] + Q/2. 


The details of the proof of Lemma 4.5.8 are left to the interested reader. 


Last step 


We can now conclude the proof of Theorem 4.5.1. 


End of the proof of Theorem 4.5.1. We fix ag € N and a, € Ng. We consider 
k € N and 4, to be chosen in terms of a, and ay. Let m € C*(0, 00) satisfying the 
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hypotheses of Lemma 4.5.3 Part 3 for @, and k, and let F be the corresponding 
function in C*(R). Since supp F C [0,2], we may develop F in the Fourier series: 


F(é)=S Fe = So Fe, Ee (rn), 
LEZ LEZ\ {0} 
as F(0) = 0. Since 
b= FOS > FY, 


LEZ\{0} 


F= X FO- 
LEZ\ {0} 
This yields 
mOa)= X FEAE —1), A20, 

LEZ\ {0} 

and at least formally 
m(R)bo= XO F(€ke, (4.59) 
LEZ\ {0} 


where ky := et! R)? Sg — ôo as before. 
By Lemma 4.5.8, if vl. > [ao] + Q/2, then 


> FO! ie (1+ |21) |X ke(2)]dz 


£EZ\{0} 
<C 5 | F (0) |[e|8eet +D 
LEZ\ {0} 
< CC sup (1+ Al) HH mA ay] S> (1+ emtee, 
Pa ae EZ\{0} 


see Lemma 4.5.3 for the estimates of |F'()|. This last sum converges provided that 
we have chosen k > 3(ao + = +1)+2. We assume that we have chosen such £o 
and k. One can now show easily that m(R)d, € L'(G) and that (4.59) holds in 


L! (G). Furthermore, X°°m(R)d. € L! (G) and 


| (1+ lel) XMR) < F [POI / (1+ Jal) Xt «e(c)| 
G LEZ\ {0} G 
< Ch sup (L+H mPOA). 
AD>0 
§=0}.:.,4 


This concludes the proof of Theorem 4.5.1. 
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4.5.3 Proof of Corollary 4.5.2 
Let us show Corollary 4.5.2. 
Proof of Corollary 4.5.2. Applying Theorem 4.5.1 to the restriction of m € S(R) 
to [0,00), we have for any a and a > 0 that 
Ilm(R)dolls,a,fo].1 < C a (1+ A) a AN, 
j=0,...,k 
with k := 3(a + g +1)+3 and £, the smallest integer such that v£, > [a] + Q/2. 
Clearly the right-hand side of this inequality is less than a S(R)-seminorm of m, up 


to a constant depending on this seminorm. By Proposition 4.4.27, this concludes 
the proof of Corollary 4.5.2. 


We may simplify the proof of Corollary 4.5.2 by modifying the proof of The- 
orem 4.5.1 and choosing F independently of k for m € S(R). Indeed, it suffices to 


set l 
F(E) := m (gte — 1) xi(é) if€ >0, 
i if E <0, 


where xı € D(R) is supported in [—1,2] and satisfies xı = 1 on [0,1] together 
with F(0) = 0. 


Remark 4.5.10. Behind this technical point lays the fact that the spectrum of Rə 
is contained in [0, co) thus we can modify any function m as we see fit on (—oo, 0) 
without changing the operator m(R). 


We had already used this idea in the proof of Theorem 4.5.1 indirectly, since 
different extensions of the function F will lead to the same formula in (4.59). 


Note that we may also modify the function m at 0, see Remark 4.2.8 (3), but 
we did not use this point in the proofs of Theorem 4.5.1 or Corollary 4.5.2. 
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Chapter 5 


Quantization on graded Lie 
groups 


In this chapter we develop the theory of pseudo-differential operators on graded Lie 
groups. Our approach relies on using positive Rockland operators, their fractional 
powers and their associated Sobolev spaces studied in Chapter 4. As we have 
pointed out in the introduction, the graded Lie groups then become the natural 
setting for such analysis in the context of general nilpotent Lie groups. 

The introduced symbol classes Sp. and the corresponding operator classes 

ie z Op Sp? 
for (p, ô) with 1 > p > ô > 0 and ô Æ 1, have an operator calculus, in the sense that 
the set Umer W/5 forms an algebra of operators, stable under taking the adjoint, 
and acting on the Sobolev spaces in such a way that the loss of derivatives is 
controlled by the order of the operator. Moreover, the operators that are elliptic 
or hypoelliptic within these classes allow for a parametrix construction whose 
symbol can be obtained from the symbol of the original operator. 

During the construction of the pseudo-differential calculus Umer VF's on 
graded Lie groups in this chapter, there are several difficulties one has to over- 
come and which do not appear in the case of compact Lie groups as described in 
Chapter 2. The immediate one is the need to find a natural framework for dis- 
cussing the symbols to which we will be associating the operators (quantization) 
and we will do so in Section 5.1. In Section 5.2 we define symbol classes leading 
to algebras of symbols and operators and discuss their properties. The symbol 
classes that we introduce are based on a positive Rockland operator on the group 
and contain all the left-invariant differential operators. As with Sobolev spaces, 
the symbol classes can be shown to be actually independent of the choice of a 
positive Rockland operator used in their definition. In Section 5.3 we show that 
the multipliers of Rockland operators are in the introduced symbol classes. We 
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investigate the behaviour of the kernels of operators corresponding to these sym- 
bols in Section 5.4, both at 0 and at infinity and show, in particular, that they 
are Calderén-Zygmund (in the sense of Coifman and Weiss, see Sections 3.2.3 and 
A.4). The symbolic calculus is established in Section 5.5. In Section 5.7 we show 
that the operators satisfy an analogue of the Calderén-Vaillancourt theorem. The 
construction of parametrices for elliptic and hypoelliptic operators in the calculus 
is carried out in Section 5.8. 


Conventions 


Throughout Chapter 5, G is always a graded Lie group, endowed with a family 
of dilations with integer weights. Its homogeneous dimension is denoted by Q. 
Also throughout, R will be a homogeneous positive Rockland operator of homo- 
geneous degree v. If G is a stratified Lie group, we can choose R = —L with £ 
a sub-Laplacian, or another homogeneous positive Rockland operator. Since it is 
a left-invariant differential operator, we denote by 7(R) the operator described 
in Definition 1.7.4. Both R and 7(R) and their properties have been extensively 
discussed in Chapter 4, especially Section 4.1. 


Finally, when we write 
sup 
neG 
we always understand it as the essential supremum with respect to the Plancherel 
measure on G. 


5.1 Symbols and quantization 


The global quantization naturally occurs on any unimodular Lie (or locally com- 
pact) group of type 1 thanks to the Plancherel formula, see Subsection 1.8.2 for 
the Plancherel formula. The quantization was first noticed by Michael Taylor in 
[Tay86, Section I.3]. The case of locally compact type 1 groups was studied re- 
cently in [MR15]. The case of the compact Lie groups was described in Section 
2.2.1. Here we describe the particular case of graded nilpotent Lie groups, with an 
emphasis on the technical meaning of the objects involved. A very brief outline of 
the constructions of this chapter appeared in [FR14al]. 


Formally, for a family of operators o(x, 7) on Hr parametrised by x € G and 
m € G, we associate the operator T = Op(c) given by 


T(x) := Í Tr (r(w)o(e, 7)6(n)) du(m). (5.1) 


Again formally, the Fourier inversion formula implies that if (x, 7) does not de- 
pend on x and is the group Fourier transform of some function x, i.e. if o(a,7) = 
R(T), then Op(c) is the convolution operator with right-convolution kernel x, i.e. 
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Op(c)¢ = o*k. We would like this to be true not only for (say) integrable functions 
k but also for quite a large class of distributions, in order 


to quantize X“ = Op(c) by o(a,7) = 7(X)*, 
with 7(X) as in Definition 1.7.4. 


The first problem is to make sense of the objects above. The dependence of 
c on x is not problematic for the interpretation in the formula (5.1), but we have 
identified a unitary irreducible representation 7 with its equivalence class and the 
families of operators may be measurable in 7 € RepG but not defined for all 
a € G. More worryingly, we would like to consider collections of operators which 
are unbounded, for instance such as (X)*, m € G. For these reasons, it may be 
difficult to give a meaning to the formula (5.1) in general. 


Thus, our first task is to define a large class of collections of operators a(x, 7), 
x € G, t € G, for which we can make sense of the quantization procedure. We 
will use the realisations 


K(G), L®(Ĝ), and %,(L?(G)) 


of the von Neumann algebra of the group G described in Section 1.8.2. We will 
also use their generalisations 


Ka b(G), EAC), and Awe (C17) 


which we define in Section 5.1.2. In order to do so we use a special feature of our 
setting, namely the existence of positive Rockland operators and the corresponding 
L?-Sobolev spaces. 


5.1.1 Fourier transform on Sobolev spaces 


In Section 4.3, we have discussed in detail the fractional powers of a positive 
Rockland operator R and of the operator I+. In the sequel, we will also need to 
understand powers of the operators 7(I+ R), 7m E€ Rep G. We now address this, 
and use it to extend the group Fourier transform to the Sobolev spaces L?(G). 


From now on we will keep the same notation for the operators R and 71(R) 
(where mı € Rep(G)) and their respective self-adjoint extensions, see Proposition 
4.1.15. We note that by Proposition 4.2.6 the operator 71(R) is also positive. We 
can consider the powers of I + R and m(I+ R) = I + 71(R) as defined by the 
functional calculus 


(I+R)” = [a+ aytazo), m(I+R)* = [a+2)8aB 0), 


where E and Er, are the spectral measures of R and 7\(R), respectively, and v 
is the homogeneous degree of R, see Corollary 4.1.16. 
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Remark 5.1.1. If a/v is a positive integer, there is no conflict of notation between 


e the powers of 7 (I+72) as the infinitesimal representation of mı (see Definition 
1.7.4) atI+ Re Ug) 


e and the operator 7(I+ R)? defined by functional calculus. 


Indeed, if a = v, the two coincide. If a = £v, £ € N, then the operator 7(I+ R)? 
defined by functional calculus coincides with the ¢-th power of mı(1 +R). The case 
a = 0 is trivial. 

We can describe more concretely the operators 7(I+ R)”, mı € RepG. 


Lemma 5.1.2. Let R be a positive Rockland operator of homogeneous degree v. As 
in Corollary 4.3.11, we denote by Ba the right-convolution kernels of its Bessel 
potentials (I+ R)~*, Rea>0. 


Ifa € C with Rea < 0, then B_q is an integrable function and 


Vr, ERepG  m(I+R)* = Balm). 


For any a € C and any mı € RepG, the operator mı(I + R)? maps H 
onto H& bijectively. Furthermore, the inverse of m(I+R)* is m (I +R)? as 
operators acting on HZ. 


Proof. Let a € C, Rea < 0. Then the Bessel potential (I+ R)? coincides with 
the bounded operator with right-convolution kernel B-a € L'(G), see Corollary 
4.3.11. Therefore, (I+ R)? € Y,(L?(G)) and 


FeAl +R)? f} =Folf*Ba}=B of, fe D(C). 


Now we apply Corollary 4.1.16 with the bounded multiplier given by ¢(A) = 
(1+A)*, à > 0. By Equality (4.5) in Corollary 4.1.16, we obtain 


Fef{(I+R)* fl =ar +R) f, fe L(G). 


The injectivity of the group Fourier transform on K(G) yields that B_,(7) = 
n(I +R)? for any 7 € G, and the first part of the statement is proved. 


Let a € C. We apply Corollary 4.1.16 with the multiplier given by (à) = 
(1+A)*, À > 0. Although this multiplier is unbounded, simple modifications of the 
proof show that Equality (4.5) in Corollary 4.1.16 still holds for f in the domain 
of the operator. Recall that the domain of (I + R)? contains S(G) by Corollary 
4.3.16 and moreover (I+ R)”S(G) = S(G). Consequently, if 7, € Rep G, we have 


m{I+R)*flu=m(I+R) mf), feS(G), ve Hm, 


with 7(I+ R)? defined spectrally. Recall that 7(f)v E€ HX when f € S(G) by 


Tı 


Proposition 1.7.6 (iv), hence here m1{(I+R)¥ f}v € H& as well. By Lemma 1.8.19, 
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mı(I+R)? maps HX to HX. The spectral calculus implies that as operators acting 
on HX, we have 


T1? 


m(I+R) mI +R)? =Iys and m(I+R) m(I+R)? = Iys. 


a 


Consequently, the inverse of mı (I + R)? is mı(1 + R)? as operators defined on 


HS and m(I+R)ŽHL = HX. 


Lemma 5.1.2 and Remark 4.1.17 now imply easily 


Corollary 5.1.3. Let R be a positive Rockland operator of homogeneous degree v. 
For any a € C, {nI + R)? : HX > HX, m € G} is a measurable G-field of 
operators acting on smooth vectors (in the sense of Definition 1.8.14). 


Lemma 5.1.2 together with the Plancherel formula (see Section 1.8.2) and 
Corollary 4.3.11 also imply 


Corollary 5.1.4. Let R be a positive Rockland operator of homogeneous degree v. 
For any a € R, we have 


a>Q/2 = {nl+R)* reGe LO), 
and also, for a > Q/2, 
lrA +R) |p = llbar) = WBallz2(@) < o. 


Note that an analogue of Corollary 5.1.4 for compact Lie groups may be 
obtained by noticing that (2.15) yields 


m>n/f2 => > dalia- Le)? = >) BG)" < 


nEG neG 


The following statement describes an important property of the field {7 (I + 
R)*,7 € G}, in relation with the right Sobolev spaces (see Section 4.4.8 for right 
Sobolev spaces): 


Proposition 5.1.5. Let R be a positive Rockland operator on G of homogeneous 
degree v. Let alsoa € R. 

If f € L2(G), then (I+ R)? f € L7(G) and there exists a field of operators 
{on : HL > Hr, T €G} such that 


{orn(I+R)Ë : HL > Hr, r ] Gh e PO), (5.2) 
and for almost all 7 € â, 
Fe{(lt+ R)? f}(m) = orn(1 +R)”. (5.3) 


Conversely, if {on : HY > Hr, T € i satisfies (5.2) then there exists a 
unique function f € L?(G) satisfying (5.3). 
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In Proposition 5.1.5, o,7(I + R)” is not obtained as the composition of 
(possibly) unbounded operators as in Definition A.3.2. Instead, for o,7(1+ R)*, 
it is viewed as the composition of a field of operators defined on smooth vectors 
with a field of operators acting on smooth vectors, see Section 1.8.3. 


In Proposition 5.1.5, we use the right Sobolev spaces associated with the 
positive Rockland operator R. These spaces are in fact independent of the choice 
of a positive Rockland operator used in their definition, see Sections 4.4.5 and 4.4.8. 
Consequently, if (5.2) holds for one positive Rockland operator then (5.2) and (5.3) 
hold for any positive Rockland operator and the Sobolev norm of f € L?(G), using 
one particular positive Rockland operator R, is equal to the L?(G)-norm of (5.2). 


Proof of Proposition 5.1.5. If f € L2(G), then by Theorem 4.4.3 (3) (see also 
Section 4.4.8), we have that fa := (I+R)* f is in L?(G) and its Fourier transform 
is a field of bounded operators (in fact in the Hilbert-Schmidt class). By Lemma 
5.1.2, r(I+R)-* maps HX onto itself. Hence we can define 


On = n(fa)n(I +R) *, 


as an operator defined on HX. One readily checks that the operators or, 7 € G, 
satisfy (5.2) and (5.3). 
For the converse, if {0r : HX > Hz : TE â} satisfies (5.2) then we define 
the function 
L? (G) 3 fa = Fa onn(I + R)*}, 


which is square integrable by the Plancherel theorem (see Theorem 1.8.11), and 
the function 


f = (+R)? fa, 


which will be in L2(G) by Theorem 4.4.3 (3). One readily checks that the function 
f satisfies the properties described in the statement. 


We now aim at stating and proving a property similar to Proposition 5.1.5 for 
the left Sobolev spaces. It will use the composition of a field with t(I+R)” on the 
left and this is problematic when we consider any general field o = {07 : HX > 
Hr} without utilising the composition of unbounded operators as in Definition 


A.3.2. To overcome this problem, we introduce the following notion: 


Definition 5.1.6. Let mı € RepG and a € R. We denote by Hg, the Hilbert space 
obtained by completion of HX for the norm 


llug, v > [t+ R)* olla, = lollus,» 


where FR is a positive Rockland operator on G of homogeneous degree v. 
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We may call them the H,,-Sobolev spaces. Note that in the case of the 
Schrodinger representation for the Heisenberg group, they coincide with Shubin- 
Sobolev spaces, see Section 6.4.3. More generally, if we realise an element 7 € G 
as a representation 71 acting on some L? (R) via the orbit methods, see Section 
1.8.1, then we view the corresponding Sobolev spaces as tempered distributions: 
HE, C S'(R™). 


The following lemma is a routine exercise. 
Lemma 5.1.7. Let mı E€ RepG andaeR. 


1. Ifa=0, then Hi, = Hr- Ifa> 0, we realise HZ, as a subspace of Hr, and 
it is the domain of the operator mı(I + R)”. Ifa < 0, we realise H%, as a 
Hilbert space containing Hr, and the operator mı(I + R)? extends uniquely 
to a bounded operator Hi, > Hr. 


2. For any a € R, realising HZ, as in Part 1, this space is independent of 
the positive Rockland operator R and two positive Rockland operators yield 
equivalent norms. 


3. We have the continuous inclusions 
b 
a<b => Hz, CHin 


For any a,b € R, the operator 7(I+R)” maps Hb, to Hee injectively and 
continuously. In this way, HE, and He are in duality via 


(u, vna SHri = (mı (I + R)*u, TI (I az R) 


xla 


DH : 
This duality extends the H,, duality in the sense that 


Vu E€ Ha, NHe,, ve Ha He, (u, Vna, xue = (u, U)Hn 


4. If m2 is another strongly continuous representation such that Tı ~r T2, that 
is, T is a unitary operator satisfying Tm, = TT, then T maps HX to HY 
bijectively by Lemma 1.8.12 and extends uniquely to an isometric operator 
Hea r Maz 


Lemma 5.1.7, especially Part 4, shows that G-fields with domain or range on 
these Sobolev spaces make sense: 


Definition 5.1.8. Let a € R. A G-field of operators o = {on : HX > Ha, TE G} 
defined on smooth vectors is defined on the Sobolev spaces H% when for each 
tı E€ Rep G, the operator or, is bounded on H%, in the sense that 


Tı 


C WEHR leomvlla,n < Clellne, - 


i = 
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Thus, by density of HX in Hg 


<1) Or, extends uniquely to a bounded operator 
defined on H$, for which we keep the same notation or, : Ht, > Hr, 


Example 5.1.9. For any positive Rockland operator of degree v, the field {7 (I + 
R)«,7 € G}, is defined on the Sobolev spaces H2. This is an easy consequence of 
Lemma 5.1.7, especially Part 3. 


We will allow ourselves the shorthand notation 
o = {on : H2 > Hr, € G}, 


to indicate that the G-field of operators is defined on the Sobolev spaces He. 

Instead of Definition 5.1.8, we could also have defined G-fields of operators 
defined on H%-Sobolev spaces in a way similar to Definition 1.8.13 (where G- 
fields of operators defined on smooth vectors were defined). Naturally, these two 
viewpoints are equivalent since H2& is dense in H¢,. 

However, in order to define G-fields of operators with range in the H2-Sobolev 
spaces, we have to adopt the latter viewpoint in the sense that we modify Defini- 
tions 1.8.13 and 1.8.14 (in this way, we make no further assumptions on the fields 
or on the Sobolev spaces): 


Definition 5.1.10. Let a € R. 
eA G-field of operators defined on smooth vectors with range in the Sobolev 
spaces H£ is a family of classes of operators {o,,7 E€ G} where 


Ce = am : Ha > Hami En} 


for each m € G viewed as a subset of Rep G, satisfying for any two elements 
On, and Or, in Oxz: 


Ti NT T2 => Om, T = Tor, on HZ. 


(Here we have kept the same notation for the intertwining operator T and 
its unique extension between Sobolev spaces HZ, + HZ,, see Lemma 5.1.7 
Part 4.) 


e It is measurable when for one (and then any) choice of realisation 7 € 7 and 
any vector Uz, E Hg, as 7 runs over â, the resulting field {o,u,,7 € Gy is 
p-measurable whenever fa Ilerllz¢a due(m Tt) < oo. (Here we assume that all the 
H°-norms are realised via a fixed positive Rockland operator.) 


Unless otherwise stated, a G-field of operators defined on smooth vectors 
with range in the Sobolev spaces % is always assumed measurable. We will allow 
ourselves the shorthand notation 


o = {on : HX > H2, € G} 
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to indicate that the G-field of operators has range in the Sobolev space H$. 
Naturally, if a G-field of operators is defined on smooth vectors o = {o; : 
HS > Hrne cy with the usual range Hr = HÌ, then it has range in the Sobolev 
spaces H% when for each 7; € RepG and any v E€ H&, we have omv E€ HG,- 
Moreover, the following property of composition is easy to check: if a, has 
range in H4 and o is defined on H%, 


ie. o1 = {01n : HO > H$, TE â} and 09 = {02n : HS > Hr, T € Ĝ}, 
then the following field 
0201 := {02,0017 : HO > Hr, T E â} 


makes sense as a Ĝ-field of operators defined on smooth vectors. This coincides 
or extends the definition of composition of fields (the first one acting on smooth 
vectors) given in Section 1.8.3. 

We can apply this property of composition to o = {0r : HX > H2, r € G} 
and {n(I1+ R)#, m € G}, see Example 5.1.9 for the latter, to obtain the G-field 
defined on smooth vectors by 


on : HL > Here Ch} (5.4) 


> 
TA 
+ 
z 
xla 
q 
lI 
ro 
=] 
S 
+ 
2 
xie 


We can now state the proposition which will enable us to define the group 
Fourier transform of a function in a left or right Sobolev space. 


Proposition 5.1.11. Leta E€ R. 


(L) If f € L2(G), then (I+ R)* f € L?(G) and there exists a field of operators 
{on : HX > H2, r © G} such that 


{n(I +R) on : HX > Hr, T € G} Ee LÔ), (5.5) 
Fof{(l+ R)* fr) =r(I +R) or, for almost all r € G. (5.6) 


where R is a positive Rockland operator on G of homogeneous degree v. 


Conversely, if {0r : HX > H2, T E€ â} satisfies (5.5) for one positive 
Rockland operator R, then there exists a unique function f € L2 (G) satisfying 
(5.6). 

(R) If f € L2(G), then the (unique) field o obtained in Proposition 5.1.5 can be 
extended uniquely into a field {0r : HE > Hr, 7 € G} defined on HS. 
Properties (L) and (R) are independent of the choice of R. 


In Proposition 5.1.11, (I+ R)*%o, is not obtained as the composition of 
(possibly) unbounded operators as in Definition A.3.2 but is understood via (5.4). 
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In Proposition 5.1.11, we use the left and right Sobolev spaces associated 
with the positive Rockland operator R. These spaces are in fact independent of 
the choice of a positive Rockland operator used in their definition, see Sections 
4.4.5 and 4.4.8. Consequently, if (5.5) hold for one positive Rockland operator then 
(5.5) and (5.6) hold for any positive Rockland operator and the Sobolev norm of 
f € L7(G), using one particular positive Rockland operator R, is equal to the 
L?(G)-norm of (5.5). 


Proof of Proposition 5.1.11. Property (L). If f € L?(G), then by Theorem 4.4.3 
(3), we have that fa := (I+ R)? f is in L?(G) and its Fourier transform is a field 
of bounded operators (in fact in the Hilbert-Schmidt class). By (5.4) we can define 
o = {on : HS > H2} via on := n(1 + R)-*2(fa). One readily checks that the 
field ø satisfies (5.2) and (5.3). 

For the converse, if {o7, : HX > H2 : 17 € G} satisfies (5.2) then we define 
the function 

L?(G) 3 fa := Fg'{n(I +R)“ oz}, 


which is square integrable by the Plancherel theorem (see Theorem 1.8.11), and 
the function 


F= OR) fa, 


which will be in L2 (G) by Theorem 4.4.3 (3). One readily checks that the function 
f satisfies the properties described in the statement. This shows the property (L). 
Property (R) follows easily from (5.2). 


From the proof above, one can check easily that if f € L2(G) or L2(G) is also 
in any of the spaces where the group Fourier transform has already been defined, 
namely, L?(G) or K(G), then o = {or : HX —> Hr, T € G} will coincide with 
the group Fourier transform of f. Hence we can extend the definition of the group 
Fourier transform to Sobolev spaces: 


Definition 5.1.12. Let a € R. The group Fourier transform of f € L2(G) or f € 
L?(G) is the field ø of operators defined on smooth vectors given in Proposition 
5.1.11. 


This leads us to define the following spaces of fields of operators: 
Definition 5.1.13. (L) Let L(Ĝ) denote the space of fields of operators ø with 
range in H% and satisfying (5.5), that is, 
o= {or : HP > Ht, rE GI, 
{r(l+R)ton : HL > Hr, r € Â} EC L(G), 


for one (and then any) positive Rockland operator of homogeneous degree v. 
We also set 


lollz2(8) = la+ R)* onllz a: (5.7) 
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(R) Let £2(G) denote the space of fields of operators o defined on H2 and satis- 
fying (5.2), that is, 
o= {on : Ht > Hr, 7 € GH, 
{onn(I +R)? : HL > Hr, r €} e L(G), 
for one (and then any) positive Rockland operator of homogeneous degree v. 


We also set 
løllz2@ = \lo,7(I + R)” lz2@y 
It is a routine exercise, using Proposition 5.1.11 and the properties of the 


Sobolev spaces (see Section 4.4), to show that 


Proposition 5.1.14. Leta € R. IfR is a positive Rockland operator of homogeneous 
degree v, the map ||- l2) given by (5.7) is a norm on the vector space L2 (G). 


Endowed with this norm, L2(G) is a Banach space which is independent of R. 
Two norms corresponding to any two choices of Rockland operators via (5.7) are 
equivalent. 


The Fourier transform Fg is an isomorphism between Banach spaces acting 
from L?(G) onto L?(G). It coincides with the usual Fourier transform on L?(G) 
fora=0. 


Let o = {on,m € G} be in L2(G). Then 
{1(X)°on, r € G} 


is in Laja 


(G) for anya € N}, and 
{r1 +R) or, T € G} 
is in L2_,(G) for any s € R. Furthermore, if f = F3'o € L2(G) then 
FalX f(r) =n(X) f(r) and Fell +R)” f)(m) =r +R)” f(r). 


We have similar results for the right Sobolev spaces. Furthermore the adjoint 
map o ++ 0* maps L2 (G) > L2 (G) and L2 (G) > L2 (G) isomorphically as Banach 
spaces. 


Recall that the tempered distributions X°f and (I + R)*/”f used in the 
statement just above are respectively defined via 


(X°f, ¢) = (F{X°}'), 6 ESG), (5.8) 


and 


(IER) Sp) =(f, 1+ R)/"0), 6 € S(G). (5.9) 
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For (5.9), see Definition 4.3.17. For (5.8), this is the composition of the formula 
obtained for one vector field (with polynomial coefficients) by integration by parts. 
See also (1.10) for the definition of {X° ¥. 


In Corollary 1.8.3, we stated the inversion formula valid for any Schwartz 
function on any connected simply connected Lie group. Here we weaken the hy- 
pothesis using the Sobolev spaces in the context of a graded Lie group G: 


Proposition 5.1.15 (Fourier inversion formula). Let f be in the left Sobolev space 
L?(G) or in the right Sobolev space L?(G) with s > Q/2. Then for almost every 
ma € RepG, the operator f(r) is trace class with 


[BF lduta) < 00. (5.10) 


Furthermore, f is continuous on G, and for every x € G we have 
f(a) = f TRD) | D (Flmele)) dum). (4) 


In the statement above, as s > Q/2 > 0, the field f is in L(G), it is 
then a field of bounded operators (even in Hilbert-Schmidt classes) and so can be 
composed on the left and the right with m(x). The (possibly infinite) traces 


nN 


Tr |ai(x)f(m1)}, Tr 


flm)m (x) | and Tr 


Fm) 


are equal for m} E€ RepG as mı is unitary. They are constant on the class of 
tı E€ RepG in G and are, therefore, treated as depending on 7 € Ĝ. They are 
finite for p-almost all r € G in view of (5.10). 

Note that (5.10) implies not only that the two expressions 


[ECAR aun) and f T (Pare) dul 


make sense but that they are also equal by the properties of the trace since m(x) 
is bounded. 


Proof of Proposition 5.1.15. Let R be a positive Rockland operator of homoge- 
neous degree v. Let f € L2(G) with s > Q/2. We set 


f= (I+ R)È f € PG). 


The properties of the trace imply 


Tr|f(m)| = Tr |a +R)TË f(r) < |] +R)? [las ll f5(7) las. 
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Integrating against the Plancherel measure, we obtain by the Cauchy-Schwartz 


inequality 
i Tr|f(m)|du(m) < aa +R lza lfl 


By Corollary 5.1.4, Cs := ||7(I+ R) lea is a positive finite constant. Since 


IFs(™)llz28 is equal to ||| 


Let € S(G). By the Plancherel formula, especially (1.30), we have 


(fora = (fs, +R) e)a) 


II 


= | Te (Fm) Pa) dnm) 
G 


L2(G) Which is finite, we have obtained (5.10). 


Lo (Fo) (Fo{(+)-#4}(m)*) dul) 
J 1 (10+ RERE Ba + R)-F) dln) 
G 


Note that the two functions fs and (I + R)*¢ are both square integrable so all 


the traces above are finite. 


We now fix a non-negative function y € D(G) with compact support con- 
taining 0 and satisfying Jex = 1. We apply what precedes to @ := Xe given 


by 
~2@y(e7"y), €>0, YEG, 


and obtain 


xda = | T (Fle) R) ) dul). 


Let us show that the right hand-side of (5.12) converges to 


: Tr (F (77) Re(n)") du(T) —+e+0 7 Tr (Fm) du(r). 


Note that the right hand-side of (5.13) is finite by (5.10). 
The integrand on the left-hand side is bounded by 


n~ 


< |RT) got.) Telf), 


Tr (Fem) Xe(n)*) 


and 
[R m)l eat.) < Ixe = Ixl- 


Hence 


Aa 


Te (Fa) Re(m)*)| < Ixl Tr FoI, 


and the right-hand side is -integrable by (5.10). 


(5.12) 


(5.13) 
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Let us show the convergence for every 7 € G 
Tr (Fr) Re(m)*) 40 Tr (Fm). (5.14) 


In order to do this, we want to estimate the difference 


II 


Tr (Fen) Re(n)") - Tr (Fm) 


Tr (Flr) (Re - D)| 
f). 


A 


< [Re(m)" — Illz=(6Tr 


Since 
Ae Í xe(y)m(y)dy = A <x (“'y)n(y) dy = l. x(2)r(ez)dz, 


and as fg xX = 1, we have 


Re i = | f, x(2) rle) -D delea) 
< f, Ix(2)| llez) — Ilg )dz 
< sup lirle) — Illean) I Ix(2)ldz. 


zEsuppx 


As 7 is strongly continuous and suppy compact, we know that 


sup ||r(€z) — Ill vq.) —e>0 0. 
zesuppxX 


This implies the convergence in (5.14) for each r € G. 


We can now apply Lebesgue’s dominated convergence theorem to obtain the 
convergence in (5.13). 


By the Sobolev embeddings (see Theorem 4.4.25), f is continuous on G and 
it is a simple exercise to show that the left hand-side of (5.12) converges to 


(f, Xe) L(G) —>.e—0 f (0). 


Hence we have obtained the inversion formula given in (5.11) at x = 0. Replacing 
f by its left translation f(x -) which is still in L2(G') with the same Sobolev norm, 
it is then easy to obtain (5.11) for every x € G. 


For the case of f € L2(G) with s > Q/2, we set fs := (I+ R)*f € L7(G) 
and we obtain similar properties as above, ending by using right translations to 
obtain (5.11). 
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5.1.2 The spaces K, (G), %,(L2(G), L?(G)), and L%,(G) 


In this section we describe the spaces Ka (G), Yr(L2(G), L7(G)) and LS, (6), 
extending the notion of the group von Neumann algebras discussed in Section 
1.8.2, to the setting of Sobolev spaces. 


Definition 5.1.16 (Spaces 2; (L2 (G), L?(G)) and Ka»(G)). Let a,b € R. We de- 
note by 
-Zr (L3(G), L5(G)) 


the subspace of operators T € (L? (G), L?(G)) which are left-invariant. 


We denote by 
Ka»(G) 


the subspace of tempered distributions f € S’(G) such that the operator S(G) 5 
p++ ġ * f extends to a bounded operator from L2(G) to L?(G). 


If a positive Rockland operator of homogeneous degree v is fixed, then the 
Ka»(G)-norm is defined for any f € Ka (G), as the operator norm of 6+ ọ * f 
viewed as an operator from L?(G) to L?(G), i.e. 


IF = llo = O* Fle), (5.15) 


Here we have considered the Sobolev norms ¢ + ||(I+ R)*@|l2 for c = a,b for 
L?(G) and L?(G), respectively. 


The vector space %;,(L?, L?) is a Banach subspace of (L2, L?). Since the 
Sobolev spaces L?(G) are independent of the choice of a positive Rockland operator 
R (see Section 4.4.5), so are Zz (L2 (G), L7(G)) and also Ka (G). However, the 
norms on these spaces do depend on a choice of a positive Rockland operator R. 

We may often write Ka,» instead of Ka (G) to ease the notation when no 
confusion is possible. 

We have the immediate properties: 


Proposition 5.1.17. 1. Ifa =b = 0 then 
Koo =k and L, (L2, L?) = Z (L?) 


The norms ||- ||Ko o and ||- || (defined in (5.15) and in (1.37) respectively) 
coincide. For any f E€ K we have 


Ifl = lfl where f*(x) = f(a), 


and 


Y>0 Ifo Dl =r2lflik. 
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2. Fixing a positive Rockland operator R, the mapping f +> ||f\|k.., defines 


a norm on the vector space Ka» which becomes a Banach space. Any two 
positive Rockland operators produce equivalent norms on Kap. 


. Leta,b E€ R. We have the continuous inclusion 


Kap(G) C S'(G). 


Moreover if Tp denotes the convolution operator ġo =œ ox f for f € S'(G), 
then the following are equivalent: 


fEKay 4 T; € Z(L2(G), L?(G)) 
<> (IHRT +R) Ë € Z(L?(Q)) 
< > (1+ R)*(1+R)*f €K(G), 


where R is any positive Rockland operator of homogeneous degree v. 


. For any c1,c2 > 0 we have the inclusions 


Bille 13) = a tee , Loe) 


and 
Kap (e Kater,b—ca: 


. If f € Kay then X°f € Kayo for any a € Ng and (I +R)” f € Kap-s 


for any s € R. Furthermore, X° and (I+ R)*/” are bounded on Ka»: 


IX Flo s- S Cantal Fla 


and 


+R)!” fleane < Coppell fleas 


or some positive finite constants Cabla] and C’ independent of f. 
,b,[a] 


a,b,s 


If —a and b are in vNo, a norm equivalent to the Ka p-norm is 


fo SO kex* file, 


[o]<—a, [8] <b 


and if a’ € [a,0] and b € [0,b] then 


ite Cnn 2 Ie ile 
[a]<—a, [B]<b 


The definitions of the tempered distributions X°f and (I + R)‘ f were 


recalled in (5.8) and (5.9) respectively. For the proper definition of the operators 
(I+ R)*, (I+ R)~*, see Definitions 4.3.17 and 4.4.31. 
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Proof of Proposition 5.1.17. Part (1) follows from the properties of the von Neu- 
mann-algebras K(G) and z (L? (G)) as well as from the following two easy ob- 
servations: 


-Q 
YY E€ L’(G) Iiye Drll2 = r7? lll], 
and for any f € K, ọ € S(G) and r > 0, 


o* (fo D,) (x) =r-@ ((¢oD1) «f) (ra). 


Part (2) is easy to check. Part (3) follows from the Schwartz kernel theorem, see 
Corollary 3.2.1. Parts (4) and (5), follow easily from the properties of the Sobolev 
spaces and Part (3). 


We now show that we can make sense of convolution of distributions in some 
Ka p(G)-spaces. The following lemma is almost immediate to check. 


Lemma 5.1.18. Let f E€ Ka p(G) and g E Kr (G) for a,b,c E R, and let Ty : 6 
ox f andT,: P |= ġ*g be the associated operators. Then the operator T Tp is 
continuous from L?(G) to L2(G) and its right-convolution kernel (as a continuous 
linear operator from S(G) to S'(G)) is denoted by h € Ka,-(G). 


If (fn) and (gn) are sequences of Schwartz functions converging to f in 
Kaw(G) and g in Kr (G), respectively, then h is the limit of fn * gn in Ka,c(G). 


Consequently, with the notation of the lemma above, h coincides with the 
convolution of f with g whenever the convolution of f with g makes any techni- 
cal sense, for instance, if the tempered distributions f and g (which are already 
assumed to be in Ka, (G) and Kp (G) respectively) satisfy 


e f and g are locally integrable functions with |f|» |g] € L(G), 
e or at least one of the distributions f or g has compact support, 
e or at least one of the distributions f or g is Schwartz. 

Hence we may extend the notation and define: 


Definition 5.1.19. If f € Ka (G) and g E Ki, (G) for a,b,c € R, and Ty : d+ Oxf, 
T :¢++ ġ * g are the associated operators, we denote by f x g the distribution in 
Ka,e(G) which is the right convolution kernel of T,T;. 


We obtain easily the following properties: 


Corollary 5.1.20. Let f € Ka p(G) and g E€ Ky,-(G) for a,b,c E R. Then we have 
the following property of associativity for any ¢ E€ S(G) 


o*(f¥g) =(O*f) *9, 
and more generally for any h € Kea(G) (where d € R) 


f*(g*h) =(f*g)*h, 
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as convolutions of an element of Ka»(G) with an element of Ky,a(G) for the left- 
hand side, and of an element of Ka,-(G) with an element of Ke a(G) for the right- 
hand side. 


The rest of this section is devoted to the definition of the group Fourier 
transform of a distribution in Ka, (G). We start by defining what will turn out to 
be the image of the group Fourier transform on Ka (G). We recall that L®(Ĝ) 
is the space of measurable fields of operators on Ĝ which are uniformly bounded, 
see Definition 1.8.8. 


Definition 5.1.21. Let a,b € R. We denote by L(G) the space of fields of opera- 
tors o = {on : HS > He, TE â} satisfying 


IC>0 Y$Es(G) — llodllza@ < Clidllzzi@: (5.16) 


Here we assume that a positive Rockland operator has been fixed to define the 
norms on L?(G) and L2(Q). 
For such a field ø, ||o|| z (@) denotes the infimum of the constant C > 0 
a,b 


satisfying (5.16). 
We may sometimes abuse the notation and write ||o7||;~ (@ When no con- 
a,b 
fusion is possible. 


Note that as ¢ € S(G), its group Fourier transform acts on smooth vectors, 


see Example 1.8.18. Hence the composition od above makes sense, see Section 
1.8.3. 
Naturally, the space L?,(G) introduced in Definition 5.1.21 is independent of 


the choice of a Rockland operator used to define the norms on L2(G) and L2(G): 


Lemma 5.1.22. If {on : HX > H?, m € G} satisfies the condition in Definition 
5.1.21 for one positive Rockland operator, then it satisfies the same property for 
any positive Rockland operator. Moreover, if Rı and Rə are two positive Rockland 
operators, and if lellzs, r, (ô) and loll n=, r, (Ô) denote the corresponding infima, 


then there exists C > 0 mdependeni ofo inch that 
| m ss xe 
C 'llelie, 2, @ = leles 2. @ © Elele 2, @: 


Proof. This follows easily from the independence of the Sobolev spaces on G and 
G of the positive Rockland operators, see Section 4.4.5 and Proposition 5.1.14. 


If the field acts on smooth vectors, we can simplify Definition 5.1.21: 


Lemma 5.1.23. Let o = {on : HX > HL, r € G} be a field acting on smooth 
vectors. Then o € L&,(G) if and only if 


{nI +R) on n(I +R) Ë : HL > He,t EGE L(G), (5.17) 
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where R is a positive Rockland operator of degree v, and in this case, 


b 
v 


lelizæ 6 = llr + R) on m(L+ R) lay: 


Proof. This follows easily from the density of S(G) in L?(G). 


Note that the composition in (5.17) makes sense as all the fields involved act 
on smooth vectors. In Corollary 5.1.30, we will see a sufficient condition (which 
will be useful later) for a field to be acting on smooth vectors. 


We can now characterise the elements of Ka (G) in terms of LX, (Ĝ): 


Proposition 5.1.24. Leta,b E R. 


(i) Ifo € LX,(G), then the operator To : S(G) + S' (G) defined via 
T,0(m) :=onb(m), $E S(G), reĝ, (5.18) 
extends uniquely to an operator in Z (L2, L2). Moreover, 
ITelz2,1 = loll a, (êy (5.19) 


where the Sobolev norms are defined using a chosen positive Rockland oper- 
ator R with homogeneous degree v. The right convolution kernel f € S'(G) 
of To is in Ka p(G). 


(ii) Conversely, if f E€ Ka»(G) then there exists a unique o € LY, (G) such that 


b« f(t) = orel), ESG, reâ. (5.20) 


Furthermore, if f is also in any of the spaces where the group Fourier trans- 
form has already been defined, namely any Sobolev space L?(G) or K(G), 
then o = {o,,7 E€ G} will coincide with the group Fourier transform of f. 


Proof. The properties of T, in Part (i) follow from the Plancherel theorem (The- 
orem 1.8.11) and the density of S(G) in L?(G). The right convolution kernel 
f € S'(G) of To is in Ka.»(G) by Proposition 5.1.17. 

Conversely, let f € Ka»(G). By assumption the operator Ty : S(G) 3 6 
$ * f admits a bounded extension from L?(G) to L?(G). Thus the operator (I + 
R)*T;(I+ R)~* is bounded on L?(G) and we denote by fap € K(G) its right 
convolution kernel. For any ¢ € S(G), we have ġa := (I+ R)*d € S(G) by 
Corollary 4.3.16 thus ġa * fa,» € L?(G) and we have 


b 
v 


Tj E€ L(G) with Typ = (I +R) (ba * fa) 
Consequently Fg(T;¢) € L2(G) and 


Fo(T yo) =n +R)? fapa = m+ R)~* fap +R)ËG. 


290 Chapter 5. Quantization on graded Lie groups 


One checks easily that {o, : HX > H}, r € G} defined via 
On = T(1 +R) faln) aI +R)? 
is in LS (Ĝ) and satisfies (5.20). The rest of the proof of Part (ii) follows easily 


from the computations above and the uniqueness of the group Fourier transforms 
already defined. 


Thanks to Proposition 5.1.24, we can extend the definition of the group 
Fourier transform to Ka (G): 
Definition 5.1.25 (The group Fourier transform on Ka (G)). The group Fourier 
transform of f € Ka»(G) is the field of operators {o, : HX > H?, m € G} in 
L&,(G) associated to f by Proposition 5.1.24, and we write 


Fm) :=a(f):=on, neĝ. 


As the next example implies, any left-invariant vector field is in some Ka (G) 
and their Fourier transform can be defined via Definition 5.1.25. As is shown in 
the proof below, this coincides with the infinitesimal representation of the corre- 
sponding element of U(g) defined in Section 1.7. 


Example 5.1.26. Let a € Ng. The operator X° is in Z (L} (G), L?(G)) and more 


generally in Z (Lias (G), L2(G)) for any s € R. Its right convolution kernel is the 
distribution Xd defined via (see (5.8)) 


(X%50,6) = (0, {X°}') = {X°}'6(0), 


which is in ja] o; and more generally in Ks+ja],s for any s € R. Its group Fourier 
transform is 
Fe(X%d0)(m) = 1(X%) = 1(X)* 

and coincides with the infinitesimal representation on U(g). It is in Lae) for 
any sER. 
Proof. By Theorem 4.4.16, X* maps Li, (G) continuously to L*(G) and, more 
generally, L?, /,)(G) continuously to L3(G). 

By Proposition 1.7.6, we have for any ¢ € S(G) 


A 


Fq(X°o)(m) = 1(X°) b(n) = r( X) G(r). 


This shows that Fg(X%5o) coincides with {7(X®), r € G}. 


As our next example shows, when multipliers in a positive Rockland operator 
are in 2r (L2 (G), L2_,(G)), the group Fourier transform of their right convolution 
kernels can also be given via the functional calculus of the Rockland operators: 
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Example 5.1.27. Let R be a positive Rockland operator of homogeneous degree 
v. Let m be a measurable function on [0, co) satisfying 


AC >0 VASO |m(dA)| < C+)". 


Then the operator m(R) defined by the functional calculus of R extends uniquely 
to an operator in %;,(L2,,(G), L2(G)) for any s € R. Its right convolution kernel 
M(R)odo is in Ks+b,s for any s € R. Its group Fourier transform is 


Fa(m(R)d0)(7) = m(x(R)) 


defined by the functional calculus of 7(R). It is in LX, (6) for any s € R. For a 
fixed s € R, we have 


Im(Rll az, 


(G),£2(@)) = IMR) dolls, = IIma(R)lnx, a 


< sup(1 + A)~* |m()|, 
A>0 


if we realise the Sobolev norms with R. 


We refer to Section 4.1.3 and Corollary 4.1.16 for the properties of the func- 
tional calculus of Ry and (FR). 


Proof. The function mı given by 
b 


my(A) := m(A) (1 +å)”, ASO, 


is measurable and bounded on [0, co). The operator mı(R) defined by the func- 
tional calculus of R is therefore bounded on L?(G) with 


I|m1(R) || gw2(ay) < sup |m1()]. 
ADO 
Again from the properties of the functional calculus of R, we also have 
m(R) > mi(R)(I+R)*, 


in the sense of operators. Since Dom(I+ R)*/” > S(G) (see Corollary 4.3.16), this 
shows that the domain of m(R) contains S(G) and that 


mi(R) = M(R)(I +R)? on S(G). 


The properties of the functional calculus of R yield for any s € R, 


Imi(R)|_ea2@) = Ima R)lleaz@y 
= |lm(R)\I+R)-* lee) 
= [MR] 22,6), 220) 
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By Corollary 4.1.16, the kernel of mı (R) is the tempered distribution m1(R)do 
with Fourier transform {m1(7(R)), 7 € G}. Adapting the proof of Corollary 4.1.16, 
we see that 


a 


mi(m(R)) = m(a(R))(I +R)? on HX, neĝ. 


It is now straightforward to check that the kernel of the operator m(R) is in Ks45,s 
and its Fourier transform is {m(z(R)), 7 € G}. 


Naturally, any Schwartz function is in any Ka,» and one can readily estimate 
the associated norm: 
Example 5.1.28. If ¢ € S(G), then for any a,b € R, the operator Ty : pH wx*¢ is 
in £(L7(G), Le (G)), 6 € Ka» and ¢ € LX,. If we fix a positive Rockland operator 
R of homogeneous degree v, then we have 


b 
v 


IT sll g(z2(@),22(a)) = Idllea, = lelle, < IO +R) (I+ R)~* dllnia@ < %, 
b 


E 
where the norms on -2 (L2 (G), Lj(G)), Ka,» and L%, are defined with R. 


With Definition 5.1.25, we can reformulate Proposition 5.1.24 and parts of 
Proposition 5.1.17 and Corollary 5.1.20 as the following proposition. 


Proposition 5.1.29. 1. Let a,b € R. The Fourier transform Fa maps Ka»(G) 


onto L=,(@). Furthermore, Fa : Kap(G) > LX, (G) is an isomorphism 
between Banach spaces. In particular, for f E€ Ka»(G), 


Fleas = WF lox a: 


It coincides with the Fourier transform on K(G) fora =b=0. 
2. Ifo, € LX (G) and oz E€ L& (G) with bo = a1, then their product 0102 


aı,bı az2,b2 
makes sense as the element of LL 


a2,b1 
(F3'o2) * (Fz*o1). 


In other words, if fi € Ka, b (Ĝ) and f2 € Kas b (Ĝ) with bo = a1, then 


Ea 


the Fourier transform of fo * fı E Kaz,bı (G) is 


Fa(fe * fi) = Fal fı) Falf). 


a 


(G) given by the Fourier transform of 


3. Let o = {or : HS > Hr, T E â} € L&,(G). Then we have for any a € NG, 
{0(X)%on : HE > Hr, T € G} ELS, 1,)(G), (5.21) 

and for any s € R, 
{r1 +R) 0r : HF > Hr, r € G} € Lp ,(G). (5.22) 
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Furthermore, if f = faa E Kap(G) then 


Aa 


Fa(X“f)(m) = n(A) fr) and Fall +R) IN) = w+ RY” ftr). 


The fields of operators in (5.21) and (5.22) are understood as compositions 
of fields of operators in LX% ,, and Le? ,, with b2 = a1, see Part 2 and Examples 


5.1.26 and 5.1.27. 


2 1 


With the help of Proposition 5.1.29, we can now give a usefull sufficient 
condition for a field to act on smooth vectors and reformulate Corollary 4.4.10 
into 


Corollary 5.1.30. Let a,b E€ R and let {y, L € Z} be a sequence of real numbers 


which tends to +o as L => too. Leto € LX yı »4.,(G) for every LE Z. Then o 


is a field of operators acting on smooth vectors: 


o = {on : HS > HX, € Gh. 


oO 


iG) for every y E€ R and for any c > 0, we have 


Furthermore o € L 


sup |løllzæ_ __(@) < Ce max | lloll =~ êp lellzæ @)> 
hee ô) ô) ô) 


a+y,b+y a+yg:b+ye a+y—g:b+y—e 


where L € No is the smallest integer such that ye > c and —y_¢ È c. 
Proof. By Proposition 5.1.29, 1(X)*%o € Do ition A A 
every l € Z. Thus choosing ye > [a] — b, we have 7(X)°od € L?(G) for every 
@ € S(G). Realising 7 € Ĝ as a representation of G and fixing v € HX, this 
implies that the mapping z > n(a)ono(m)v is smooth. Hence on o(m)v is smooth 
and o@ acts on smooth vectors. As this holds for every @ € D(G), so does o by 
Lemma 1.8.19. We conclude with Corollary 4.4.10. 


for every a € Nọ and 


We end this section with one more technical property: 


Lemma 5.1.31. Let o € L(G) where a,b € R. Let @ € S(G). Then we have 
od E€ £2(G) for any s E R and 


ps 
G 


Setting f := Fae € Ka», the function o* f is smooth and we have for any x € G 
the equality 


ond(7)| du(m) < oo. (5.23) 


$* f(a) = L Tr (m(x)o-4(n)) dun). 
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Remark 5.1.32. The composition od makes sense since ø is defined on smooth 
vectors and ¢ acts on smooth vectors. The composition 1(x)o,7(P) makes sense 
since m(x) is bounded and o@ is bounded (even in Hilbert Schmidt classes) since 
it is stated first that o € L2(G) for any s, hence in particular in L?(G). 


Proof. Let Tọ be the operator with right convolution kernel f := Fg lø. Then 
Ts € £(L2(G), L2(G)) and T*T, extends to an operator in #(L2(G)). For any 
@ € S§(G), the definition of the adjoint and the duality between Sobolev spaces 
yield 


II 


I|T-4llZ2(a@) (Te To, $) 12 (0x120) 


75 Toll. zz lelle a 


IA 


This last expression is finite since T*T, € Y(L?(G)) and S(G) C L?,(G) for any 
s’ € R. Thus T,¢ € L?(G) and its Fourier transform is o@ € L?(G). For any 
s € R, we may replace ¢ with $, = (I+ R)*/"¢ € S(G) and o¢, € L?(G) yields 
o¢ € L2(G). 

Applying Proposition 5.1.15 to o € £2(G) for some s > Q/2, we obtain 
(5.23). Note that f := Fat is a tempered distribution so ¢ * f is smooth (see 
Lemma 3.1.55). The group Fourier transform of ¢ x f is od by Proposition 5.1.29 
Part 2 and Example 5.1.28. We now conclude with the inversion formula given in 
Proposition 5.1.15. 


5.1.3 Symbols and associated kernels 


In this section we aim at establishing a one-to-one correspondence between a 
collection ø of operators parametrised by G x G and a function kK; this function 
will turn out to be the kernel of the operator naturally associated to ø. For the 
abstract setting behind measurable fields of operators and some of their properties 
we refer to Section B.1.6, especially to Proposition B.1.17, as well as Section 1.8.3. 


Definition 5.1.33 (Symbols). A symbol is a field of operators {o(a,7) : HX > 
Hr, Tt E€ G} depending on x € G, satisfying for each x € G 


Ja,bER  o(z,-):= {o(a, r) : HX > Hr, r € G} € LX, (Â). 


Here we use the usual identifications of a strongly continuous irreducible 
unitary representation from Rep G with its equivalence class in G, and of a field 
of operators acting on the smooth vectors parametrised by G with its equivalence 
class with respect to the Plancherel measure p. 


We will usually assume that the symbols are uniformly regular in z: 
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Definition 5.1.34 (Continuous and smooth symbols). 


e A symbol {o(2,7) : HX > Hz, T € G} is said to be continuous in x € G 
whenever there exists a,b € R such that 


VeEG o(a,-):={o(2,7): HL > He,t € G} € LQ, (Ô), 


and the map x ++ ø(x,-) is continuous from G ~ R” to the Banach space 


Aw 


L&,(G). 


e A symbol o = {o(x,m) : HX —> Hx, T € G} is said to be smooth in x € G 
whenever it is a field of operators depending smoothly in x € G (see Remark 
1.8.16) and, for every 6 € N}, the field {08o(x,7) : HX —> Ha, T € G} is 


continuous. 


Important note: In the sequel, whenever we talk about symbols (on graded Lie 
groups), we always mean the symbols which are smooth in x € G in the sense of 
Definition 5.1.34 unless stated otherwise. 


For a symbol as in Definition 5.1.34, we will usually write 
a = {o(e,n), (2,7) € G x Gh, 


but we may sometimes abuse the notation and refer to the symbol simply as 
olx, T). 


Lemma 5.1.35. If o = {0o(x, T), (£, t) E€ G x G} is a symbol, then 
ka = Fg {o(z,:)} 
is a tempered distribution and the map 
Gaur > kz € S'(G) 


is smooth. 


In other words, 
k E€ C”(G, S'(G)). 


Here C% (G, S'(G)) denotes the set of smooth functions from G to S' (G). 


Proof. Aso is a smooth symbol, for every 8 € Nọ, there exists ag, bg € R such that 
G > z = fo(z,-) € L& ,,(@) is continuous. By Proposition 5.1.29, composing 
this with bo implies that G 3 z > OB ky E Kag,bs is continuous. Since the 
inclusion Kag, C S’(G) is continuous, this implies that each map G 35 x +> 


Ə kz € S'(G) is continuous. Hence G 3 x£ > Kz € S’(G) is smooth. 
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Definition 5.1.36 (Associated kernels). If ø is a symbol, then the tempered distri- 
bution 


ky = Fg{o(a,-)} € S'(G) 


is called its associated kernel, sometimes its right convolution kernel, or just a 
kernel. We may also call the smooth map G 3 £ + kz € S'(G) or the map 
(x,y) > K2(y) = K(x, y) the kernel associated with ø. 


The smoothness of the map «++ a(x, -) implies easily: 


Lemma 5.1.37. Ifo = {o(x,7)} is a symbol with kernel kz then for any 8 € NG, 
X®o := {X8o(a,n)}, Xo :={Xo(z,m)}, and ofo := {0% a(z, m)}, 
are symbols with respective kernels 
XP ks, KË kgs and P ky. 


Examples of symbols are the symbols in the classes S$” ;(G) defined later on. 
Here are more specific examples of symbols which do not depend on z eG. 


Example 5.1.38. If f € Ka (G), then f = { f(x): HX 3 Hx, t € G} is a symbol 
with kernel f. 
The following are particular instances of this case: 


° 50 =I] = {I : HY > HY, we â} is a symbol and its kernel is the Dirac 


measure ôo. 

e For any a € NG, {1( X)" : HX > HS, Tt E€ G} is a symbol with kernel 
X69, see Example 5.1.26. It acts on smooth vectors, see Example 1.8.17, or 
alternatively Example 5.1.26 together with Corollary 5.1.30. 


e If R is a positive Rockland operator of homogeneous degree v and if m is a 
measurable function on [0,0o) satisfying 


IC>0 VASO [mA] < Ca +A”, 


then {m(x(R)) : HX + Hr, € G} is a symbol with kernel m(R)éo, see 
Example 5.1.27. By Corollary 5.1.30, this symbol also acts on smooth vectors 


{m(m(R)) : HL > HL, T € Gh. 


5.1.4 Quantization formula 


With the notion of symbol explained in Section 5.1.3, our quantization makes 
sense: 
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Theorem 5.1.39 (Quantization). The quantization defined by formula (5.1) makes 
sense for any symbol o = {a(x,7)}. More precisely, for any ¢ E€ S(G) andx EG, 
we have 


Op(o)o(e) = | T (ma)ole,7)6(n)) dum) = 0# rala), (524) 
G 

where Ko denotes the kernel of o. The integral over G in (5.24) is well-defined 

and absolutely convergent. We also have Op(o)ọ € C®(G). Furthermore, the 

quantization mapping o ++ Op(c) is one-to-one and linear. 


Proof. Lemma 5.1.31 (see also Remark 5.1.32) implies that the integral in (5.24) 
is well defined, absolutely convergent and is equal to ¢ * k(x). 
By Lemma 3.1.55, for each x € G, the function ¢* Kz is smooth. By Lemma 
5.1.35, £ >œ Kg E S’(G) is smooth. Hence by composition, £ +> ¢*K,(x) is smooth. 
The quantization is clearly linear. Since the kernel is in one-to-one linear 
correspondence with the operator, and by Lemma 5.1.35 also with the symbol, 
the quantization o ++ Op(c) is one-to-one. 


Definition 5.1.40 (Notation). If an operator T is given by the formula (5.24) with 
symbol o(x,7), so that T = Op(c), we will also write 


o=or or o(#,t)=o7(x,7) oreven o=Op '(T). 
This notation is justified since the quantization given by (5.24) is one-to-one by 
Theorem 5.1.39. 


The operators associated with the symbols given in Example 5.1.38 are the 
ones alluded to in the introduction of this Section: 


A 


Continued Example 5.1.38: If f € Ka (G), then Op(f) is the convolution operator 
or ox f with the right convolution kernel f. 


The following are particular instances of this case: 
e Op(I) = I and, more generally, for any a € Nj, Op(a(X)*%) = X®. 


These relations can also be expressed as 


oilz, T) = Iy, and oya (x, T) = 7(X)*. 


e If R is a positive Rockland operator of homogeneous degree v and if m is a 
measurable function on [0,0o) satisfying 


C>0 VASO [mA] cata)”, 


then Op(m(a(R))) = m(R). 


In these examples, the symbols are independent of x. However it is easy to 
produce x-dependent symbols out of them using the following two observations. 
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e If o = {o(2,7),(a,7) € G x G} is a symbol and c : G > C is a smooth 
function, then co := {c(x)o(a, 7), (x,t) € G x G} is a symbol. 


e Ifo = {o(x,m), (2,7) € G x G} and T = {r(x, 1), (a, 7) € G x G} are two 
symbols, then so is their sum o + T = {o (x, n) + T(x, T), (x,t) € G x G}. 


Remark 5.1.41. 1. The observations just above together with Example 5.1.38 
and its continuation above imply that any differential operator of the form 


5 Calz) X“ with smooth coefficients cq (5.25) 
[a]<M 


may be quantized, in the sense that Deer Ca (x)r(X)* is a (smooth) sym- 
bol and we have 7 


XO e@)X*=0p| XO ex@)n(xy 
[a] <M 


[la] <M 


The differential calculus is, by definition, the space of differential oper- 
ators of the form 


5 bo(«%)O% with smooth coefficients ba, 
|a|<d 


or, equivalently, of the form (5.25), see (3.1.5). Hence, we have obtained 
that the differential calculus may be quantized. This could be viewed as ‘the 
minimum requirement’ for a notion of symbol and quantization on a manifold. 


2. In order to achieve this, we had to consider and use fields of operators de- 
fined on smooth vectors in our definition of symbol. Indeed, for instance, the 
symbol associated to a left-invariant vector field X is {7(X)} while 7(X) are 
defined on H but is not bounded on Hy. 


This technicality has also the following advantage when we apply our 
theory in the setting of the Heisenberg group Hp, in Chapter 6. Realising 
(almost all of) its dual group fin, via Schrödinger representations, the spaces 
of smooth vectors will coincide with the Schwartz space S(R”°). In this con- 
text, the symbols will be operators acting on S(R”°) (which are smoothly 
parametrised by points in Hn, ). 


3. With our notion of symbols and quantization, we also obtain part of the 
functional calculus of any Rockland operators. More precisely, if R is a pos- 
itive Rockland operator, we obtain all the operators of the form m(R) with 
m : [0,co) + C a measurable function of (at most) polynomial growth at 
infinity. 
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4. The symbol classes that we have introduced are based on the quantization 
relying on writing the operators as operators with right-convolution ker- 
nels. There is an obvious parallel theory of quantization and of the corre- 
sponding symbols and their classes suited for problems based on the right- 
invariant operators. With natural modifications we could have considered 
at the same time right-invariant vector fields in Part (1) above and a quan- 
tization involving left-convolution kernels of operators, i.e. writing the same 
operators but now in the form ¢+> K,*@. As an outcome, with natural mod- 
ifications we would obtain a parallel theory with the same parallel collection 
of results to those presented here. 


Op(c) as a limit of nice operators 


The operators we have obtained as Op(c) for symbols ø are limits of ‘nice opera- 
tors’ in the following sense: 


Lemma 5.1.42. Ifo = {a(x,7)} is a symbol, we can construct explicitly a family 
of symbols oe = {o¢(x,7)}, € > 0, in such a way that 
1. the kernel «.(x,y) of oe is smooth in both x and y, and compactly supported 
in T, 
2. if ọ € S(G) then Op(o.)¢ E€ D(G), and 
3. Op(a.)@ =F Op(c)¢ uniformly on any compact subset of G. 
E> 


Proof of Lemma 5.1.42. We fix a number p such that p/2 is a positive integer 
divisible by all the weights v1,...,Un. Therefore, if |- |p is the quasi-norm given 
by (3.21), then the mapping x > |x|} is a p-homogeneous polynomial. We also fix 
Xo E CX (R) with Xo > 0, Xo = 1 on [1/2, 2] and Xo = 0 outside of [1/4, 4]. For 
any € > 0, we write 

Xe(®) := Xo(€|x|5). 
Clearly x. € D(G). 


If x € G, we denote by |r| the distance between the co-adjoint orbits corre- 
sponding to 7 and 1. 


Applying the orbit method, one can construct explicitly for each 7 € G a basis 
(ven)? formed by smooth vectors and such that the field of vectors G 3 T > vp,5 
is measurable. We denote by proj,, the orthogonal projection on the subspaces 
spanned by v1,,,---,Ve,, Where £ is the smallest integer such that £ > et, 


We consider for any € € (0,1) the mapping 
GAS, T) = Xe (x) 1jq|)<e-10(2, T) Q Proj. a 
By Definition 5.1.36, the symbol and the kernel are related by 


Fa(Ke,2)(7) = o¢(@, 7). 
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By the Fourier inversion formula (1.26), the corresponding kernel is 


Kea (Y) = Ke(a,y) = xele) f Tr (a(x, T) proje.(y)) dum), 


|r|<e71 
which is smooth in x and y and compactly supported in zx. 


The corresponding operator is Op(o-), given for any ¢ € S(G) and z € G by 


II 


Op(ox T <(x, r)O(m)) d 
plode) = f T(m(a)oe(a,m)6(H)) dul) 
= Xxe(2) Tr (a(a)o(x, 7) proje.6()) du(7). 
vee) fo, r(a(x)o(e, = proje, r)) mes 
It is also given by 
Op(o.)0(x) =  ¥ Ken (2). 
Clearly Op(o-)¢ is smooth and compactly supported. 


Since 
GoaawtTr 


a(x, m)8(7)| 


is integrable against u, using the dominated convergence theorem, we obtain easily 
the uniform convergence of Op(a.)¢ to Op(a)¢ on any compact set. 


5.2 Symbol classes ano and operator classes wi 


In Section 5.2, we will define and study classes of symbols S75 = S7(G). By 
applying the quantization procedure described in Section 5.1, we will then obtain 
the corresponding classes of operators 


p5 = OP(Sp'5)- 


In Section 5.5, we will show that this collection of operators Umer V's forms an 
algebra and satisfies the usual properties expected from a symbolic calculus. 


Before defining symbol classes, we need to define difference operators. 


5.2.1 Difference operators 


On compact Lie groups the difference operators were defined as acting on Fourier 
coefficients, see Definition 2.2.6. Its adaptation to our setting leads us to (densely) 
defined difference operators on Ka (G) viewed as fields. 
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Definition 5.2.1. For any q E€ C™(G), we set 


a 


Aq f(T) := af (x) = n(qf), 


for any distribution f € D'(G) such that f € Ka» and qf € Kw for some 
a,b,a',b' ER. 


Recall that if f € D'(G) and q E€ C™(G), then the distribution qf € D’(G) 
is defined via 


(af, $) := (f,4¢), ¢ € D(G), (5.26) 


which makes sense since qp € D(G). In Definition 5.2.1, we assume that the two 
distributions f and qf are in Uar berar bn. Note that, as all the definitions of 
group Fourier transform coincide, different values for the parameters a, b, a’, b' in 
Definition 5.2.1 yield the same fields of operators {f (n): HZ —> Hr, r E€ G} and 
{qf (n) i HE + Hg, TE â}. This justifies our use of the notation A, without 
reference to the parameters a, b, a’, b’. 


Remark 5.2.2. In general, it is not possible to define an operator A, on a single 
am, and it has to be viewed as acting on the ‘whole’ fields parametrised by G: 
For example, already on the commutative group (R”, +), the difference operators 
corresponding to coordinate functions will satisfy 


A°o(€) = oe R” 
HO = (FF) 80. eer, 
with appropriately chosen functions q, thus involving derivatives in the dual vari- 
able, see Example 5.2.6. Furthermore if q is not a coordinate function but for 
instance a (non-zero) smooth function with compact support, the corresponding 
difference operator is not local. 


Also, on the Heisenberg group Hn, (see Example 1.6.4), taking q = t the 
central variable, and m) the Schrödinger representations (see Section 6.3.2), then 
A; is expressed using derivatives in A, see Lemma 6.3.6 and Remark 6.3.7. 

Let us fix a basis of g. For the notation of the following proposition we refer 
to Section 3.1.3 where the spaces of polynomials on homogeneous Lie groups have 
been discussed, with the set W defined in (3.60). We will define the difference 
operators associated with the polynomials appearing in the Taylor expansions: 


Proposition 5.2.3. 1. For each a € NG, there exists a unique homogeneous poly- 


nomial qa of degree |a] satisfying 


1 ifB=a 
n B — _ , 
E K Qa l0) = dag = { 0 otherwise. 
2. The polynomials qa, a € NG, form a basis of P. Furthermore, for each M € 
W, the polynomials qa, [a] = M, form a basis of Piaj=m- 
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3. The Taylor polynomial of a suitable function f at a point x € G of homoge- 
neous degree M E€ W is 


PHO = Y a fe): (5.27) 


[la] <M 


4. For any a € Nọ, we have for any x,y € G, 


da(ry) = 5 Cai 2 Fors (Z) Gaz (Y) 


[o1]+[e2]=[o] 


for some coefficients Co, as E R independent of x and y. Moreover, we have 


M _J 1 fasa . _jJ 1 ifag=a 
219 ~ ) O otherwise >? “°° ~ | 0 otherwise 


Proof. For each M e€ W, by Corollary 3.1.31, there exists a unique polynomial 
da € Pam satisfying X°qa(0) = a.g for every 8 € N} with [8] = M, therefore for 
every 3 € Nj. This shows parts (1) and (2). Part (3) follows from the definition 
of a Taylor polynomial. 


It remains to prove Part (4). For this it suffices to consider qa(xy) as a 
polynomial in x and in y, using the bases (qa, (x)) and (qa, (y)). Therefore, ga (xy) 
can be written as a finite linear combination of qa, (£)qa (y). Since 


da((r2)(ry)) = rqa (zy), 


this forces this linear combination to be over a1, a2 E€ NG satisfying [a1] + [a2] = 
[a]. The conclusions about the coefficients follow by setting y = 0 and then x = 0, 
see also (3.14). 


In the case of (R", +) the polynomials qa are the usual normalised monomials 
(aq!...Q,!)~ta*. But it is not usually the case on other groups: 


Example 5.2.4. On the three dimensional Heisenberg group Hı where a point is 
described as (x, y, t) € R? (see Example 1.6.4), we compute directly that for degree 
1 we have 

q(1,0,0) = ©, 4(0,1,0) = Y, 
and for degree 2, 

2 2 1 
q(2,0,0) =X", 4{0,2,0) = Y^, 4,1,0) = TY, 4(0,0,1) =È — gue 

Definition 5.2.5. For each a € Nj, the difference operators are 

AY Dua: a ENG, 


where 
Ga(x) = dokti-”) 
and qa € P—jq) is defined in Proposition 5.2.3. 
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The difference operators generalise the Euclidean derivatives with respect to 
the Fourier variable on (R”, +) in the following sense: 


Example 5.2.6. Let us consider the abelian group G = (R”, +). We identify R” 
with R”. If the Fourier transform of a function ¢ € S(R”) is given by 


Fod(é) = (2n)7? | ce §(a)de, EER", 


n 


a 
Thus, A® coincide with the operators D® = G 2) usually appearing in the 


Fourier analysis on R”. 


Example 5.2.7. A? is the identity operator on each Ka (G). 
Example 5.2.8. For I = 6, = {1 : H® > HX, r € G} and any a € Ng \ {0}, we 
have A°T = 0. 
Proof. We know that I = ôo (see Example 5.1.38). The distribution faĝo is defined 
by 
(Fa50; o) = (ôo, Ga); (o) € DG), 

see (5.26). Since 

(ðo, da?) = (da) (0) = Ga(0) (0) =0 


we must have qdo = 0. Therefore, A°I = qô =. 


More generally, we have 
Lemma 5.2.9. Leta, 6 € N?. Then the symbol {n(X)? : HS > HL, T € G} (see 
Example 5.1.88) satisfies 
A@n(X)? =0. if [a] > [8]. 


If [a] < [8], then A&r(X)? is a linear combination depending only on a, 8, of the 
terms n(X)® with [82] = [6] — [a], that is, 
A(X) = Y (XP. 
[o]+[82]=[6] 


Proof of Lemma 5.2.9. We see that A®7(X)Ê is the group Fourier transform of 
the distribution ĝa Xf ĉo defined via 


(Ga XE So, 6) = (XP ôo, Gad) = {XP ¥ {ãa 0} (0) 


for any ¢ € D(G), see Example 5.1.38. This is so as long as we prove that ĝa X? ôo 
is in some Ka». Let us find another expression for this distribution. As {Xf} is 
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a [3]-homogeneous left-invariant differential operators, by the Leibniz formula for 
vector fields, we have 


{XPH {iao} = Xo X ğa X26. 
(81]+[62]=[6] 


We easily see that X°'qG, € P—o|-[6,) and, therefore, by Part (2) of Proposition 


5.2.3 we have — 
RPG: S| tee 
[o’}=[o]—[61] 


Hence we have obtained 


{XV {Gad} = JO der Xo, 
[61]+[82]=[A] 
[o’]=[a]—[61] 


and 


GaX°o,d)= E (Gav X"24)(0)= S X29(0), 


[81]+[62]=[6] [61]+[82]=[6] 
[e"]=[e]—[61] 0=[a]- [61] 


with the convention that the sum is zero if there are no such 681, 82. Thus 


fa X’ So = 5 XP ôo. 
[81]+[62]=[8] 
[a]=[61] 
Since X25 € K{g.},0 (see Example 5.1.26), we see that Ga XP ôo € Kg),0- Further- 
more, taking the group Fourier transform we obtain 


A(X) P= SD (XY. 


(81]+[82]=[8] 
[a]=[41] 


This sum is zero if there are no such £1, So, for instance if [6] < [a]. 


Let us collect some properties of the difference operators. 


Proposition 5.2.10. (i) For any a € NG, the operator A® is linear, its domain 
of definition contains Fg(S(G)) and A°Fe(S(G)) c Fe(S(G)). 


(ii) For any a1,a2 € NG, there exist constants Coi aza E R, with a € Ng such 
that [a] = [a1] + [a2], so that for any ¢ € S(G), we have 


Ae (AMS) ROAM) E aA 


[o]=[a1]+[a2] 


where the sum is taken over all a € NG satisfying [a] = [ai] + [a2]. 
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(iii) For any a € NG, there exist constants Caa a E R, 1,02 € NG, with [ai] + 
[a2] = [a], such that for any 1,2 E S(G), we have 


AS (a ba) = S, Guesa (5.28) 
[oa}+[a2]=[a] 


where the sum is taken over all aj,a2 € Nọ satisfying [a1] + [a2] = [a]. 
Moreover, 


1 ifa,=a č 1 ifaz=4a 
C — R = . 
a1,011 ,0 0 otherwise > ~%%% 0 otherwise 


The coefficients Co, aza in (ii) and Co,e,,0 in (iii) are different in general. 
We interpret Formula (5.28) as the Leibniz formula. 


Proof. Since the Schwartz space is stable under multiplication by polynomials, 
dav is Schwartz for any ¢ € S(G), and A°¢(7) = m(Ga¢). This shows (i). 


For Part (ii), we see that the polynomial qq, qa, is homogeneous of degree 
[a1] + [ag]. Since {qa, [a] = M} is a basis of P- by Proposition 5.2.3, there exist 
constants Ca, ,a.,0 E€ R, a1, € Nọ with [a1] + [a2] = [a], satisfying 


da; daz = Cay,02,0 Ia: 
[ai]+[a2]=[a] 
Therefore 
A“ (A™4(z)) =T(Garda2) = 5 Cay 02,07 (Ga) 
[a1}+[a2]=[a] 
— 5 Cay ,a2,02A°O(7). 

[a1}+[a2]=[a] 

This and the equality Ga, qa. = fazla, show (ii). 

Let us prove (iii). By Proposition 5.2.3 (4), 


Cu temo f gala -y y”) palu) diy a) dy 
= 5 Casas | daa (Talo) dai (zy) br (yt) dy 


[ai}+[a2]=a] 


= > Car ,a2 (daz 2) * (Ga, 01); 


[ai}+[a2]=a] 


with constants depending on a, a ,,@2. Taking the Fourier transform implies the 
formula (5.28), with conclusions on coefficients following from Proposition 5.2.3. 


We will see that the difference operators A® defined in Definition 5.2.5 appear 
in the general asymptotic formulae for adjoint and product of pseudo-differential 
operators in our context, see Sections 5.5.3 and 5.5.2. 
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5.2.2 Symbol classes 5%; 

In this section we define the symbol classes S75 = S's (G) of symbols on a graded 
Lie group G and discuss their properties. We use the notation for the symbol 
classes similar to the familiar ones on the Euclidean space and also on compact 


Lie groups. 
Let us give the formal definition of our symbol classes. 


Definition 5.2.11. Let m,p,ô € R with 0 < p < 6 < 1. Let R be a positive 
Rockland operator of homogeneous degree v. A symbol 


o = {o(z,7): HL > Hr, (z,7) € G x G} 
is called a symbol of order m and of type (p,6) whenever, for each a, 8 € Nj and 
y € R, we have 

sup IXEA°o(@, lr @ <% (5.29) 


y,pla]—m—s[B] +7 
The symbol class Sf"; = S’';(G) is the set of symbols of order m and of type (p, 6). 


By Corollary 5.1.30, the symbols X8A“o are fields acting on smooth vectors. 
By Lemma 5.1.23, we can reformulate (5.29) as 


sup ra + R) XP APO(@, rn +R) legn) <00 (5.30) 
LEG, tEG 


Recall that, as usual, the supremum in 7 in (5.30) has to be understood as the 
essential supremum with respect to the Plancherel measure. 

Clearly, the converse holds: if ø is a symbol such that X?A°%o are fields 
acting on smooth vectors for which (5.30) holds, then ø is in S75. 

We note that condition (5.30) requires one to fix a positive eae operator 
R in order to fix the norms of LY y (G). However, the resulting class 5%”; does not 
depend on the choice of R, see Lemma 5.1.22. 

If a positive Rockland operator R of homogeneous degree v is fixed, then we 
set for o € iy and a,b,c € No, 


|7||s™,,a,b,c “= sup sup | XP A%o(a 2+) || p. 
ly|<e rEG plo] —m—6[B] +7 
[o]<a, [8] <b 


(G): 


This quantity is also equal to 


lollsm,abe = sup _llo(z,T)llse, at, 
reG, neĝ : 


where we define for any symbol ø, a,b,c € No, and (x,7) E€ G x G (fixed) 


lo] —m— = sl [B]+y 
j 


lo(z,T)lsm, abe: = sup [lrI+R XfA*o(x, n)a +R)? le) 
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Here, as always, the supremum has to be understood as the essential supremum 
with respect to the Plancherel measure. 


Before making some comments, let us say that the classes of symbols we have 
just defined have the usual structures of symbol classes. 


Proposition 5.2.12. The symbol class Doe is a vector space independent of any 
Rockland operator R used in (5.29) to consider the L& aie m—6[8)+y(G)-norms. 
We have the continuous inclusions 


my Sm, 6462, pr z>p2 = ity a as (5.31) 


We fiz a positive Rockland operator R. For any m € R, p,ô > 0, the resulting 
maps ||- ||g,,a,b,c, a,b,c € No, are seminorms over the vector space Sps which 
endow Sis; ‘with the structure of a Fréchet space. 


We may replace the family of seminorms || - Ils,,a,b,c, a,b,c E€ No, by 
o sup sup ||XPA%o(z,-)||,< a, a,bENo, EZ, 
ee De I s ( ME EE ? 

[B]<b 


where the sequence {ye, L E Z} of real numbers satisfies u se, E 


Two different positive Rockland operators give anian families of semi- 
norms. The topology on Si; is independent of the choice of the Rockland operator 
R. 


Proof. Using Corollary 5.1.30 and Lemma 5.1.22, this is a routine exercise. 


Remark 5.2.13. Let us make some comments about Definition 5.2.11: 


1. In the abelian case, that is, R” endowed with the addition law, and R = —L 
with £ being the Laplace operator, S75 boils down to the usual Hormander 
class, in view of the difference operators corresponding to the derivatives, see 
Example 5.2.6. 


2. In the case of compact Lie groups with R being the (positive) Laplacian, 
a similar definition leads to the one considered in (2.26) since the operator 
n(I+R) is scalar. However, here, in the case of non-abelian graded Lie groups, 
the operator R can not have a scalar Fourier transform. 


3. The presence of the parameter y is included to facilitate proving that the 
space of symbols Umer Sy ‘5, With suitable restrictions on p, 6, forms an algebra 
of operators later on. It irae has enabled us to see that the symbols are 
fields of operators acting on smooth vectors and therefore can be composed 
without using the composition of unbounded operators (in Definition A.3.2). 


We will see in Theorem 5.5.20 that in fact we can remove this y. By 
this we mean that a symbol ø is in S% if and only if the condition in (5.29) 
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holds for any a, 8 € Nj and y = 0. Furthermore, the seminorms ||- Ils, ,a,b,05 
a,b € No, yield the topology of Sps- 

We could have used other families of difference operators instead of the A®’s 
to define the symbol classes S75. For instance, we could have used any family 
of difference operators ed with a family {pa}aenn of homogeneous 
polynomials on G which satisfy 


e for each a € NJ, Pa is of homogeneous degree [al], 
e and {pa}aenn is a basis of P(G). 
Indeed, in this case, the following properties hold. 
- Any ĝa is a linear combination of pg, [8] = [a]. 
- Conversely, any pq is a linear combination of gg, [8] = [a]. 
Thus, 
- any A® is a linear combination of A,,, [8] = [a]. 
- Conversely, any Ap, is a linear combination of Aĉ, [8] = [a]. 
It is then easy to see that a symbol ø is in S’; if and only if for each 
a,b ENG andyeR, 


sup | Xf Apa a(z, Plza a) < %. 
«LEG 


pla|—m— siplty' 


Note that this implies that the symbol class $7; does not depend on 
a particular choice of realisation of G through a basis of g (of eigenvectors 
for the dilations) but only on the graded Lie group G and its homogeneous 
structure. 


For such a family Ap„, the same proof as for Proposition 5.2.10 shows 
a Leibniz formula in the sense of (5.28). 


Although we could use ‘easier’ difference operators to define our symbol 
classes, for instance Aza, a E Nj, we choose to present our analysis with the 
difference operators A® given in Definition 5.2.5. Note that the asymptotic 
formulae for composition and adjoint in (5.57) and (5.60) will be expressed 
in terms of the difference operators A® and derivatives X$. 


Note that the change of difference operators explained just above is lin- 
ear, whereas in the compact case, one can use many more difference operators 
to define the symbol classes Sro see Section 2.2.2. 


The type (1,0) can be thought of as the basic class of symbols and the 


types (p,ô) as its generalisations. There are certain limitations on the parame- 
ters (p,6) coming from reasons similar to the ones in the Euclidean settings. For 
type (1,0), we set 


S™ := S15, 
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and 


llo(a, 7) || 97,,0,b,¢ = llo (x, T)lla.b,e> [lollsp,.a.b,c = llellao,c, etc... 


We also define the class of smoothing symbols 


Definition 5.2.14. We set 


s> = () S 


mER 
One checks easily that 
Sa = N een 
meR 


independently of p and 6 as long as 0 < 6 < p < 1 and p Æ 0. Moreover, 857° 
is equipped with the topology of projective limit induced by NmerSh's5, again 
independently of p and ô. 

We will see in Corollary 5.4.10 that the symbols in S~° really deserve to be 
called smoothing. 


5.2.3 Operator classes V7; 


The pseudo-differential operators of order m € R U {—oo} and type (p,6) are 
obtained by the quantization 


Op(o)o(z) = f Te (a(a)o(x,n)4(n)) dula), 


G 
justified in Theorem 5.1.39, from the symbols of the same order and type, that is, 
L := Op( Mee) 
They inherit a structure of topological vector spaces from the classes of symbols, 
|Op(o)||wm,,a,b,¢ = lols, ,a,b,c- 
For type (1,0), we set as for the corresponding symbol classes: 


Uw" = Yio- 


310 Chapter 5. Quantization on graded Lie groups 


Continuity on S(G) 


By Theorem 5.1.39, any operator in the operator classes defined above maps 
Schwartz functions to smooth functions. Let us show that in fact it acts con- 
tinuously on the Schwartz space: 


Theorem 5.2.15. Let T € ws where m € R,1> p > 6 > 0. Then for any 
@ € S(G), To € S(G). Moreover the operator T act continuously on S(G): for 
any seminorm ||-||s(q),n there exist a constant C > 0 and a seminorm || -||s¢a),Nn’ 
such that for every ọ € S(G), 


Tolisa, < Cllollsca,nr- 


The constant C can be chosen as Ci ||T| 


wm ,,a,b,c where Cı is a constant of and the 
seminorm || - Ilwm, a,b,c depend on G, m, p,6, and on the seminorm ||- ||s(q),n- 


In other words, the mapping T œ> T from Yis to the space -2 (S(G)) of 
continuous operators on S(G) is continuous (it is clearly linear). 


Our proof of Theorem 5.2.15 will require the following preliminary result on 
the right convolution kernels: 


Proposition 5.2.16. Let o = {a(x,7)} be in S™; with 1 > p > 6 > 0. Let ky 
denote its associated kernel. If m < —Q/2 then for any x € G, the distribution Ky, 
is square integrable and 


IlKellnz(a) < C sup |a +R) a(x, 7) || 2) 
TEG 


lkellzz(@) < C sup lolz, rjr (l +R)” |2) 
TEG 


with C = Cm > 0 a finite constant independent of o and z. 


The proof below will show that we can choose Cm = ||B-m]|z2(a) the L?-norm 
of the right-convolution kernel of the Bessel potential of the positive Rockland 
operator R. 


Proof of Proposition 5.2.16. We write 
lo(æ,r)lis = rO + R)¥ r+ R)~ a(x, 7)las 
< |lr(I+ R)* aslla +R) o(z, r)a) 


which shows 


\lo(@,7)|lus < sup |m (€ +R) a(x, m )llean llr +R)” Ils- 
™m1E€G 


Squaring and integrating against the Plancherel measure, we obtain 


D lo(z,m)lèsdu(r) < sup Im (LER)"o(e, m)l) Í Ir A+R)* [edqu(r). 
mıEG 
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By the Plancherel formula and Corollary 5.1.4, if m < —Q/2, we have 
Cam | I0 + R)* Uadi(n) = [B-mllbacay < o. 
This gives the first estimate in the statement. For the second estimate, we write 


olx, T) = olx, r)r(1+ R) m+ R)®, 


and adapt the ideas above. 


We can now prove Theorem 5.2.15. 


Proof of Theorem 5.2.15. Let T € Yrs where m € R, 1 > p > ô > 0. Then for 
any ¢ € S(G), T¢ is smooth by Theorem 5.1.39. 

Let & : (x,y) + Kgly) be the kernel associated with T. Let R be a positive 
Rockland operator of homogeneous degree v. The properties of R (see Sections 
4.3 and 4.4.8) yield for any ¢ € S(G) and z € G that 


II 


T¢(2) L A a 


= f (arr M+ Ry} y)] sez) 


G 
= ud +R) O}(y) {I+ R) ea} (y*2)dy, 


thus, by the Cauchy-Schwartz inequality, 
ITe(z)| < I+ Róla l+ R) Kell z2(@)- 


Since Fe{(I+ R)Nra} (1) = o(e,n)m(1+ R)-® yields a symbol in SFN”, by 
Proposition 5.2.16, we have 


(+ R) Koll za(ay < C sup llo(x, rjr +R)” |2) 
TEG 


whenever m — Nv < —Q/2. Note that in this case, 


sup ||o(x, r)a +R) Y lem) < lels”, 00ml +R YHE | eet.) 
TEG 


and by functional calculus 


Ira +R Y len) < sup(1 +A? <1. 


Thus if we choose N € No such that N > (m + ÌẸ)/v, then 


|T9(x)| < Clløllsm,,0,0,1m IE +R)” dllz2(c)- 
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This shows that Tọ is bounded. 
Let 6 € Ng. Using the Leibniz property of vector fields, we easily obtain 


X°T4(z) = K | OXEA ysta (ady. 
wo ote 


As above, we can insert powers of I + R. Noticing that the symbol 


Fo{(I+ R)z "X81, Xe, } = (X) XP ole, r) +R) 


6 ett 


rol [61]+[82]— 


is in ee , we proceed as above to obtain 


|XfTo(x)| < C1 5 I+ RY dll c2cq)llr(X) XP o(@, m)m(I+R) || pa 
(81]+[62]=[6] 
< Calloll sm, .0,(6),1mi+taill + R)” llr): 


as long as N > (m + [8] + 2)/v. 
Let a € Nj. Proceeding as in the proof of Proposition 5.2.3 (4), we can write 


Gyr YS. hoa tee Jaa (Y) 
[a1]+[e2]=(o] 


Using this, we easily obtain 


u°T¢(a) 


II 


fw y 'x)"b(y)Ka(y” 'x)dy 
G 


= dhasaa | do: Wana Erol 2) dy. 


Noticing that 
Feill +R)" {asta} = {A%o(z,-)} m+ R)-% € Spg eea, 
we can now proceed as in the first paragraph above to obtain 
°T < a Š A+R) {dar P}llall R) {ore} 
[a1]+[a2]=[a] 
< Collo (x, 7) || 5m >X I+ R)F ap} 
S G2 , sm,,[a],0,|m|+pla] y or 2 


[e1]<[a] 


as long as N > (m + Q/2)/v. 
We can combine the two paragraphs above to show that for any a, 8 € Nọ, 
we have 


|z°X°T4(2)| < Cllo(z, m)lls, fal,{e11mi+(sltoie) >, IER) {aor All, 


[aı]<[a] 
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as long as N > (m + [6] + Q/2)/v. By Lemma 3.1.56, we have 


Yo I+ RF {dar P}ll2 < C'llPllscay,n 


[oa] <[a] 


for some N’ € N depending on N and a, and Tọ is a Schwartz function. Further- 
more, these estimates also imply the rest of Theorem 5.2.15. 


Theorem 5.2.15 shows that composing two operators in (possibly different) 
ae makes sense as the composition of operators acting on the Schwartz space. 
We will see that in fact, the composition of T} € a with Ty € vos is 71T in 
Grima, see Theorem 5.5.3. 

We will see that our classes of pseudo-differential operators are stable under 
taking the formal L?-adjoint, see Theorem 5.5.12. This together with Theorem 
5.2.15 will imply the continuity of our operators on the space S’(G) of tempered 
distributions, see Corollary 5.5.13. 


Returning to our exposition, before proving that the introduced classes of 
symbols Umer S's and of the corresponding operators Umer Y's are stable under 
composition and taking the adjoint, let us give some examples. 


5.2.4 First examples 


As it should be, Umer¥™ contains the left-invariant differential operators. More 
precisely, the following lemma implies that Žig] <m CBX 8 € Y™., The coefficients 
Ca here are constant and it is easy to relax this condition with each function cq 
being smooth and bounded together with all of its left derivatives. 


Lemma 5.2.17. For any Bo € N}, the operator X°° = Op(m(X)*) is in wll, 
Proof. By Lemma 5.2.9, we have 
O if [a] > [80], 
A*r(X)® = © a(X)® if [a] < [2d]. 
[o]+[62]=[4o] 
Recall that, by Example 5.1.26, {7(X)°,7 € G} € A for any 


y € R,B € NG. So {A%r(X)o,m € â} is zero if [a] > [8o] whereas it is in 
LX (8.)-[a),7(@) for any y € R if [a] < [6]. 


Remark 5.2.18. Lemma 5.2.17 implies that UnerW¥™ contains the left-invariant 
differential calculus, that is, the space of left-invariant differential operators. 


One could wonder whether it also contains the right-invariant differential 
calculus, since we can quantize any differential operator, see Remark 5.1.41 (1). 
This is false in general, see Example 5.2.19 below. Thus, if one is interested in 
dealing with problems based on the setting of right-invariant operators one can 
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use the corresponding version of the theory based on the right-invariant Rockland 
operator, see Remark 5.1.41 (4). 


Example 5.2.19. Let us consider the three dimensional Heisenberg group Hı and 
the canonical basis X,Y, T of its Lie algebra (see Example 1.6.4). Then the right 
invariant vector field X can not be in UncRV™. 


Proof of the statement in Example 5.2.19 . We have already seen that any opera- 
tor A € Ẹ™ acts continuously on the Schwartz space, cf. Theorem 5.2.15. We will 
see later (see Corollary 5.7.2) that it also acts on Sobolev spaces with a loss of 
derivative controlled by its order m. By this, we mean that, if an operator A in 
WwW” is homogeneous of degree v4, then we must have 

r_n SCllfllzz, 


s—m 


VsER IC>0 VfEs(G) |l4f| 


and when s + m and s are non-negative, we realise the Sobolev norm as || f||;2 = 
| fllz2 + \|R* fl|z2 for some positive Rockland operator of degree v, cf. Theorem 
4.4.3 Part (2). Applying the inequality to dilated functions f o D, and letting 
r — oo yield that m > va. 

Applying this to the case of X shows that if X were in some W™ then m > 1 
and X would map L? to L?_,, hence to L? continuously. We have already shown 
in the proof of Example 4.4.32 that this is not possible. 


An example of a smoothing operator is given via convolution with a Schwartz 
function: 


Lemma 5.2.20. Let r E€ S(G). We denote by Te : 64 ¢* xk the corresponding 
convolution operator. Its symbol or, is independent of x and is given by 


or, (n) =R(T). 
Furthermore, the mapping 
S(G) d> k Tp E V” 


is continuous. 
Proof. For the first part, see Example 5.1.38 and its continuation. 


For any & € S(G), we have far € S(G) for any a € Nj, and 


for any a,b € N (see also (4.34) and Proposition 4.4.30). For any m € R, y E€ R 
and a € NO, we have by (1.38) 


[a]=m+y¥ 


lri +R) &  AMn(K)r(L +R)? Ilzo 


II 


ane ~ 
A Al 22 oy me) 


la]-m+y 


C+ RR) A+R) {Gor} loc): 


IA 
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As K € S(G), this L'-norm is finite and this shows that or, € Y7%®. More precisely, 
this L'-norm is less or equal to 


Bolla + R) {Gar} la if y and BETH > 0 and a = [A *), 
|B_ter-mer|li|0+R)'{Gor}lla if y and BEZET < 0 and b = [- 4, 


v 


where [x] denotes the smallest integer > x and B, is the right-convolution kernel 
of the Bessel potential of R, see Corollary 4.3.11. By Proposition 4.4.27, these 
quantities can be estimated by Schwartz seminorms. 


More generally, the operators and symbols with kernels ‘depending on x’ but 
satisfying the following property are smoothing: 


Lemma 5.2.21. Let k : (x,y) > Kaly) be a smooth function on G x G such that, 
for each multi-index p € NG and each Schwartz seminorm ||-||s(a),w, the following 
quantity 

sup ||X?kalls(a),n < %, 

zEG 


is finite. 
Then the symbol o given via o(x,7) = Rs(T) is smoothing. Furthermore for 
any seminorm ||- ||sm a,b,c, there exists C > 0 and B E Nọ, N € No such that 


lo || s™,a,b,c < C sup |X2rellscq),w- 
zEG 


Proof of Lemma 5.2.21. By (1.38), we have 


sup ||o(x, 7) ||_go,) = sup |[Re(™)||_ go.) < [Kell 21(G)- 
TEG TEG 


More generally, for any 71,72 € R, denoting by Nı, Na € No integers such that 
yı < Nı %2 < No, we have 


sup ||(I+ R)V XP A%a(az, 7) TI + R)” || eeu.) 
TEG 
< sup |11 + R) XPA%o(2,m) r+ R) || ga.) 
TEG 
= sup [Fo + RY (I+ RY XE gate} (m) || eH) 
TE 
< || + RY A + RY X frella). 


This last Lt-norm is, up to a constant, less or equal than a Schwartz seminorm of 
Xf kg, see Section 3.1.9. This implies the statement. 


In Theorem 5.4.9, we will see that the converse holds, that is, that any 
smoothing operator has an associated kernel as in Lemma 5.2.21. 
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5.2.5 First properties of symbol classes 


We summarise in the next theorem some properties of the symbol classes which 
follow from their definition. 


Theorem 5.2.22. Let 1>p>6>0. 
(i) Leto € os have kernel ka and order m E R. 
1. For every x E€ G and y E€ R, 


aX’ Kx € Ky plal—m—o[B]+7 


2. If Bo EN} then the symbol {X®eo(x, r), (x, r) € G x Q} is in i dae 
with kernel X8eK,, and 


|XPeo(2,7)| 


s™t5t8ol abe £ Cb,Bo llo(z, 7) ll sm,,a,b+[Bo],¢ 


3. If a E€ NG then the symbol {A°%°o(x, T), (x, T) € Gx G} is in sos alee) 
with kernel qa,K2, and 


[A®%0(z,7)| m-ra a p,e £ CaaellO(t, lls atlante 


4. The symbol 7 
o* := {o(a,7)*,(x,7) € G x G} 


is in Si; with kernel kẹ, given by 
K3(Y) = Rely), 
and 


llo(@, 2)" lle saime = 


pla]—m— S18] + 


sup |1 +R) * XP A%o(x,m)m(I +R)" l2) 


(ii) Let o € S3 and a2 € sm 5 have kernels Kix and Kox, respectively. Then 
olz, T) := 01(@,7)02(a, T) 


defines the symbol o in S 5, Mm = mı + mg, with kernel Kox * Kiz with the 
convolution in the sense of Definition 5.1.19. Furthermore, 


o(x,r)| S75:a,b,C < Cllor(2, 7) Il gm a,b c+pa+|mo|+8b|72(%, T)Ilsme a,b,c? 


where the constant C = Co.b,c,m1,m2 > 0 does not depend on o1, 02. 
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Note that, in Part (ii), the composition o(#,7) := 01(%,7)o2(x,7) may be 
understood as the composition of two fields of operators acting on smooth vectors 
as well as the composition of 1 (2,-) € LẸ 4, my (G) with o2(2,-) € L& G) 
for any choice of 71, 72 € R such that yı — Mı = Je. 


Taam Siil 


Proof. Properties (1), (2), (3), and (4) of (i) are straightforward to check. 


Let us prove Part (ii). By Property (1) of (i), or by the definition of symbol 
classes, 
Kjæ E Ky, —mj;+7, for any y ER, j= 1,2, 


thus choosing y = yz and 71 = —m2 + %2, we have by Corollary 5.1.20 
Kar * Kig E Ky—m+y for any yER. 
Its group Fourier transform is 
n(Kiz)n(Kor) = o1 (x£, T)o2(£, 7) = olx, T). 
Therefore, g is a symbol with kernel Koy * Kiz- 


Let a, 8 € NG and y € R. From the Leibniz rules for A® (see Proposition 
5.2.10) and X®%, the operator 


T 
v 


n(I +R) llm Yb AA G(x, Tyr (I +R) 


is a linear combination over 81, 82, Q1, @2 € N” satisfying [81] + [82] = [6], [a1] + 
[a2] = [a], of terms 
pla]-m- alel B a B a aa 
m(I+R)* 7 XP A oy (x, 7) XPA 09(x, 7) m(I +R)? 


whose operator norm is bounded by 


mg —d[Balty 


m pla2]— 
E XPA o (x, ryn CAR I ET eH) 
ra + R) oo 


ela]— 


[7+ R) 
XP A ¢9(a,0)m(I+ R)~* || ea1,): 


This shows that the inequality between the seminorms of ø, 01 and o2 given in 
(ii) holds. Consequently o is a symbol of order m = mı + mg and of type (p, 96), 
and (ii) is proved. 


A direct consequence of Part (ii) of Theorem 5.2.22 is that the symbols in 
the introduced symbol classes form an algebra: 


Corollary 5.2.23. Let 1 > p > ô > 0. The collection of symbols Umer Sie forms 
an algebra. 

Furthermore, if a E€ S° and o E€ Si; is of order m E R, then ooo and 
aoco are also in S~°. 
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The fact that the symbol classes J m. form an algebra does not imply 


mER ~ p,ô 
directly the same property for the operator classes U ner ve since our quanti- 


zation is not an algebra morphism, that is, Op(o1c2) is not equal in general to 
Op(o1)Op(o2). However, we will show that indeed Umer Y7’ is an algebra of 
operators, cf. Theorem 5.5.3, and we will often use the following property: 


Lemma 5.2.24. Let o1 and o2 be as in Theorem 5.2.22, (it). We assume that o2 
does not depend on x: 0g = {02(m): m E€ G}. Then 

olx, T) := 01(",7)02(T) 
defines the symbol o in Sis, m= my + mz and 

Op(a) = Op(o1)Op(o2) 


Proof. We keep the notation of the statement. Let «1, and kg be the convolution 
kernels of cı and a2 respectively. Hence «ə is a function on G independent of x. 
By Theorem 5.2.22(ii), Kg * K1 is the convolution kernel of ø, thus 


V@ES(G) — Op(a)(9)(@) = $ * (f2 * Kıs). 


As $* k2 = Op(o2)¢, this implies easily that Op(c) is the composition of Op(o1) 
with Op(o2). 


The following will also be useful, for instance in the estimates for the kernels 
in Section 5.4.1. 


Corollary 5.2.25. Let 1 > p > ô> 0. Leto € ane have kernel kx. If 61 and G2 are 
in NG, then 

{1(X)"o(a, 2) m(X)*2, (x7) € G x G} e smi Pe] 
with kernel Xg X$ Ka(y). Furthermore, for any a,b,c there exists C = Ca,b,c,b1,b2 
independent of o such that 


IIn(X)"o(a, w)n(X)™| 


gm,,a,b,0 < Cllol|s™, a,b,ctpa+[61]+[62]-+56- 
If B2 = 0, for any a,b,c there exists C = Ca b,c, p, independent of o such that 
la(X) "o| 


sm, abe < Clois, abc 


Proof. The first part follows directly from Theorem 5.2.22 Part (ii) together with 
Lemma 5.2.17. 

We need to show a better estimate for 62 = 0. Let a, 8, € Nj. By the Leibniz 
formula (see (5.28)), we have 


Xp A*{n(X)*a(a,7)} 


= X cama {AX} (XA oe, a}: 
[a1]+[a2]=[a] 
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Hence, denoting mo := m + 6[6.], we have 


pla]— mo- Bilty a — 
r+ RY" XE A {r(X) olx, r) jn +R)? | ec.) 
<o E [r+ Ry er XP RY E a) 
[oa]+[e2]=[o] 
It RYE XP Aaa, n)a + RY len 
As {r(X)} € SA by Lemma 5.2.17, each quantity 
pla]=mo-l61]+7 l=mo+y 
sup _||r( +R) P Ang(X) (+R) let.) <% 
lyl<e,reG 
is finite for any c > 0 and ay, a2 € Nọ such that [ay] + [a2] = [a]. This implies 


ple|—mo-[81]+7 x 
sup _||7(1+R) vo XBAMT(X) (a, r) jal +R) |e) 
ly|Se,7EG 


pla2]-mo+y y 
< 0 a sup ||7(1+ FR) a XP A®o(x, ryn (1 +R) |2) 


Taking the supremum over [a] < a and [8] < b yields the stated estimate. 


5.3 Spectral multipliers in positive Rockland operators 


In this section we show that multipliers in positive Rockland operators belong to 
the introduced symbol classes Y™. 

The main result is stated in Proposition 5.3.4. This will allow us to use the 
Littlewood-Paley decompositions associated with a positive Rockland operator, 
and therefore will enter most of the subsequent proofs. 


5.3.1 Multipliers in one positive Rockland operator 


The precise class of multiplier functions that we consider is the following: 


Definition 5.3.1. Let Mm be the space of functions f € C™%(R4) such that the 
following quantities for all 2 € No are finite: 


fllMne = sup) (ATH ak FO). 
ADO, = 


In other words, the class of functions f that appears in the definition above 
are the functions which are smooth on R} = (0,00) and have the symbolic be- 
haviour at infinity of the Hérmander class S7% (R) on the real line. However, we 
rather prefer the notation Mm in order not to create any confusion between these 
classes and the classes ra (G) defined on the group G. 
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Example 5.3.2. For any m € R, the function A+> (1+ A)™ is in Mm. 


It is a routine exercise to check that Mm endowed with the family of maps 
lAl Mme £ € No, is a Fréchet space. Furthermore, it satisfies the following property. 


Lemma 5.3.3. If fi E Mm, and f2 E€ Mm, then fifo E€ Mmiı+m, with 
fi fall Mmitma e < Cell fill Mm ell fellMing,e- 


Proof. This follows from the Leibniz formula for |3“ (fı f2)| and from the following 
inequality which holds for A > 0 and 04, 05 < £: 


(1 4 Amt Ha DE AOA] OR PAN S fron, ell foll Mma. 


which implies the claim. 


The main property of this section is 


Proposition 5.3.4. Let m € R and let R be a positive Rockland operator of homoge- 
neous degree v. If f € Mm, then f(R) is in Y™ and its symbol {f(m(R)), n € G} 
satisfies 


Va, b,c € No XEN, C>0: [FER lave < CF lla me, 


with £ and C independent of f. 


Proof. First let us show that it suffices to show Proposition 5.3.4 for m < —v. If 
f ¢ Mm with m > —yv, then we define 


mə 
v 


e AA) = +AT f(A) and fo(A) = (1+). 
By Example 5.3.2 and Lemma 5.3.3, we see that fı € Mm with mi = m — mo. 
By Lemma 5.2.17, we see that fo(a(R)) € S™. If Proposition 5.3.4 holds for 


mı < —v, then we can apply it to fı and hence fi(7(R)) € S™. Thus the 
product 


m 


e mz > v such that is the smallest integer strictly larger than %, 


f(a(R)) = AAR) fala (R)) 
is in gtm: — gm, 
Therefore, as claimed above, it suffices to show Proposition 5.3.4 for m < —v. 


Now we show that we may assume that f is supported away from 0. Indeed, 
if f € Mm, we extend it smoothly to R and we write 


f =fxo +f- Xo), 


where yo € D(R) is identically 1 on [—1,1]. Since fy, € D(R), by Hulanicki’s 
theorem (cf. Corollary 4.5.2), the kernel of (fXo)(R) is Schwartz and by Lemma 
5.2.20, we have (fx.)(R) € Y7% with suitable inequalities for the seminorms. 
Thus we just have to prove the result for f(1 — x.) which is supported in [1, 00) 
where À x 1 + à. The statement then follows from the following lemma. 
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Showing Proposition 5.3.4 boils then down to 
Lemma 5.3.5. Let m < —v. If f € C™(R) is supported in [1,00) and satisfies 


VEEN, ICe VAZ1 (FO) < CHAE 
then F(R) € Y”, and for any a,b,c € No we have 


IF(Ryllwnase<SC sup [A * ta FOA), 
AD>1,0/=0,...,£ 


with L = ly ab. E N and C = Cm a,b,c > 0 independent of f. 


The proof of Lemma 5.3.5 relies on the following consequence of Hulanicki’s 
theorem (see Theorem 4.5.1). 


Lemma 5.3.6. Let R be a positive Rockland operator on a graded Lie group G. 
Letm € D(R) anda, € Nj. We denote by m(R)õo the kernel of the multiplier 
m(R) and we set 


The function k is Schwartz. 
For any p € (1,00), N EN anda € R with 0 < a < Nv, there exist C > 0 
and k E N such that for any ¢ € S(G), 


IR” (4 * K)llp < C aap (1+A)*|Axm(A)| IIRS ell zea): 
k 
Proof of Lemma 5.3.6. By Hulanicki’s Theorem 4.5.1 or Corollary 4.5.2, x € S(G). 


It suffices to prove the result with X“, [a] = Nv, instead of RW. By Corollary 
3.1.30, we can write X° as a finite sum of X%po.g with po,g a homogeneous 
polynomial of homogeneous degree [8] — [a] > 0. We then have 


X (par) = b*X%K =X b* (XP pa pr) =X_ (X°) * (Da,ah)- 


Therefore, by Proposition 4.4.30, 


—[8]+a 


IXe wp < SOR XFS) s (RO pa. 6k) lly 


[8]-a 


-[B]+a z 
SUR X’ bl[pIIRo 7 po,prlla. 


IA 


By Theorem 4.4.16, Part 2, 


—[8]+a 


IR n X’ éll < CIIR¥* dlp. 


And we have oe ee 
RO Pa prli = |R Ba shill, 
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see Section 4.4.8. By Theorem 4.3.6, since [6] > [a] = Nv > a, we obtain 


[Bl-a 4 Bla Bla 
a papkll1 < Cllbaahlly °™ IR” Baphia - 


IR 
Note that because of (4.8), we have 


R(x) := (—1)!*la°im(R)do (2). 


By Hulanicki’s theorem (see Theorem 4.5.1), ||po,gA||1 and |R? Pa gR 1 are 


S sup (1+A)"|A\m(A)], 


for a suitable k, therefore this is also the case for ine Pa,Bkl|1- 
Combining all these inequalities shows the desired result. 


Proof of Lemma 5.3.5. Let f be as in the statement. We need to show for any 
a € Nọ that the convolution operator with right convolution kernel ga f(R)ôo 
maps L? (G') boundedly to Liaj-m+(C) for any y € R. It is sufficient to prove this 
for y in a sequence going to +00 and —co (see Proposition 5.2.12) and, in fact, 
only for a sequence of positive y since 


(faf (R)50)* = (~1)! fa F(R) bo. 


At the end of the proof, we will see that, because of the equivalence between the 
Sobolev norms, it actually suffices to prove that for a fixed y in this sequence, the 
operators given by 


la]-m+y 


$i 6% (Gaf(R)bo) and p Ro ({R-Fb} x (Ga f(R)So)), (5-32) 


are bounded on L? (G). So, we first prove this by decomposing f and applying the 
Cotlar-Stein lemma. 

We fix a dyadic decomposition: there exists a non-negative function 7 € D(R) 
supported in [1/2, 2] and satisfying 


VA>1  1= D2 (A) where n(A) = (2792). 
JENo 


We set for j € No and A> 1, 


HA) = AMF FAM), 
FPA) = HA, 
gA) = AY f(D). 
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One obtains easily that for any 7 € No and £ € No, we have 


BAO) = D APE (NO) 2-742), 
Li +l2+£3 =£ 
IMHO! < Ce sup #8 Jay FA) 5 ATE ATEI (8n) (2-5 A)], 
<e £1 +l2+l3 =l 


where © stands for a linear combination of its terms with some constants. As 7 


is supported in [1/2,2] and since \ x 27, we have 


it £ jls jli +l2 +4: 
À 1) 29 13 x? Iki Tt2 a 


so that o 
5 pena enc 2-483 (8f) (27I d)| < Cen t. 
Li +l2+l3 =l 
Therefore, we have obtained 
|a°F(A)| < Ce sup ATË [OK F(A)| 277. 
D1 


e'e 


Hence, for each j € No, fO) is smooth and supported in [1/2, 2], and satisfies for 
any £ € No the estimate 


FOA) = [20 AA) < Cesup A? Jay FOA). 
à>1 
Ue 
Consequently, each g; is smooth and supported in [1/2, 2], and satisfies 
Vl E€ No sup |d°g;(A)| < Ce sup ATF [AK FA). (5.33) 
à>1 
£'=0,...,e Wes 
Clearly f(A) is the sum of the terms 
29% gi (2TA) = FAMA) 


over j € No and this sum is uniformly locally finite with respect to A. Furthermore, 
since the functions f and g; are continuous and bounded, the operators f(R) and 
g;(2-9R) defined by the functional calculus are bounded on L?(G) by Corollary 
4.1.16. Therefore, we have in the strong operator topology of “(L?(G)) that 


FR) = > 2 eR) 
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and in K(G) or S’(G) that 
F(R)bo = X 2#? 95(2-IR) bo. 
We fix a € NO. For each j € No, by Hulanicki’s theorem (see Corollary 4.5.2), 
gj (2-9 R)6_ is Schwartz, thus so is 
K; = 29% Gag3(2 ÍR) So 
and also (see (4.8)) 
K? =: K? (x) = Kj(x71) = (1) A Y gagi (2 TİR)So (17). 
We claim that for any a,b € R satisfying 
e cither b € vNo and a € [0, b) 


e or b>0anda< |b/v] 
there exist / € N and C > 0 such that for all 7 € No, we have 


IRTËRË Kill SCQF EN sup ATEH IFA (5:34) 
<e 


and the same is true for RIR? K*. 
Let us prove this claim. By homogeneity (see (4.3)), we see that 
93(27R)bo(x) = (27) 2g; (R)ð (27 2), 


thus 


F j 


jæ) = 2% (2h) lq, (2%) (27+) 2gj(R)5o(2¥ =) 
= (av) Fl? (agi (R)So) (2% x). 


More generally, by Part (7) of Theorem 4.3.6 for R and consequently for R (see 
(4.50)) we have 


RER K; = (24 mlela- (R-ERÈ (Gagj(R)bo}) oD, z, 
whenever it makes sense (that is, K; is in the L?-domain of R? such that Re K 7 
is in the L?-domain of R~“). Consequently, by Proposition 5.1.17 (1), with norms 


possibly infinite, we have 


ee İ\m-ja]—a D-EpÈ fz 
IR“FRE Kille = (24) elet |R- RE {Gagi(R)Oo} 


le 
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Since (RER? Kj) = RERE K? for any a,b whenever it makes sense, or by the 
same argument as above, we also have 


IRERE K; le = RYT [R-E R? {Gas (R8) 


k l 
Therefore, if b € vNo and a € [0, b), by Lemma 5.3.6, there exist £ = La,» € N such 
that 


[RER (Gag; (R)5o} (1+ A)185 gO) 


IA 
= 
se 
n 
£ 
j= 


k A>0 


IA 
Q 
o~ 
n 
= 
ie 
Q 
rN 
S 
Z% 


since each gj is supported in [1/2, 2]. As gj satisfies (5.33), we have shown Claim 
(5.34) in the case b € vNo and a € [0, b). 


If a < |b/v| then we can apply the result we have just obtained to v(|b/v]) 
and v[b/v]. Using Theorem 4.3.6 we then have for any ¢ € S(G), with 0 := 
LiT}, that 


V 


IR?gll2 < CIREAIT IR ell 


1—0+0 


C| sup [BAGA IR dla , 
A>0 


IA 


for some £. This shows Claim (5.34) in the case a < |b/v]. 


We set Tj : S(G) 3 ọ => ọ * Kj. We want to apply the Cotlar-Stein lemma 
(Theorem A.5.2) to two families of L?(G)-bounded operators: first to Tj, j € No, 
and then to a 

Tj py: 9 — px RR Y Kj, j ENo. 


where y € VN is such that 6 := [a] — m + y > 0. 
Let us check the hypothesis of the Cotlar-Stein lemma for Tj. By Claim (5.34) 
for a = b = 0, there exists £ € Ng such that for any j,k € No, 
max (||T* T| 22) TT lza) 
< Cmax (||TF 22a) 


Till eaz llege ITE leaa) 


< 027 lo) (sup AW +f JAX FA 
AD1 
Uze 
< C2 lal) (sup AF +" [aK FAN? 
àA>1 
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since m — [a] < 0. 


Let us check the hypothesis of the Cotlar-Stein lemma for T} gy. By Propo- 
sition 4.4.30 the right convolution kernel of the operator T7 g „Tk,g,y is given by 


Boxe 3 ~ 28 
v 


RŽ Ky) * (RËRË K) = (ŘTŽRŽ Kp) * (Ro RK). 


(R 


Therefore, its operator norm is 


26-7 


IT} 6 Tr pall eaa) S IRER? Killik R 


R-¥ Kž||x. 


E(m—[al—y+9) 95 (m—lal—7+28-7) | sup ATEH [ae FA) 
Ai 
K<e 


bi 


for some £, thanks to Claim (5.34) with a = b = y € vN and with b = 28 — y = 
2[a] — 2m + y and a = y. So we have obtained 


k=i fy — lex omp 1 
IT} ga Th palgaga S270 | supa- #+ af) 
<e 
e a adjoint of T? o y Tk,B,y is Tyg y15,8,7. We may replace k — j above by 
k- jl. 


We proceed in a similar way for the operator norm of T}, 6, y Tk g „ whose right 
convolution kernel is 


Therefore, we obtain 


Tipa Tk Ba Il e(z2(@))) 


Ei m-a) (sup AFH" Jak’ FAN. 
Azi 


<e 


max (||T} g Tkg vlea) | 
< C2 


By the Cotlar-Stein lemma (see Theorem A.5.2), $> T} and )/,7j,3,, con- 
verge in the strong operator topology of -Z (L? (G)) and the resulting operators 
have operator norms, up to a constant, less or equal than 


sup AT’ JAFA): 
ADI L<k 


Clearly >` Tj and )`; Tj g, coincide on S(G) with the operators in (5.32), respec- 
tively. Using the equivalence between the two Sobolev norms (Theorem 4.4.3, Part 
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4), this implies 
C (ld * (faf (R)o)ll2 + IR* (6 * (faf (R)öo) lla) 
Csupa TËT af FOA) (olla + IR? Alla) 


AD 1 
<e 


Csup\~* +" [aX FO)Ilollz2 o) 
>i 
“<e 


|e * (Gof (R)d0)llr3 (a) 


IA 


IA 


IA 


We have obtained that the convolution operator with the right convolution 
kernel ĝa f (R)d9 maps L2 (G) boundedly to Le ee (G) for any y € VN such that 
m — [a] + y > 0, with operator norm less or equal than 


sup AT YT” Ja F(A), 


AD 1,0/<e 


up to a constant, with @ depending on y. This concludes the proof of Lemma 
5.3.5. 


Hence the proof of Proposition 5.3.4 is now complete. 
Looking back at the proof of Proposition 5.3.4, we see that we can assume 
that f depends on a € G in the following way: 


Corollary 5.3.7. Let R be a positive Rockland operator of homogeneous degree v. 
LetmeéER andO<6< 1. Let 


f:Gx*R,3 (@,A)6 fe(A) EC 


be a smooth function. We assume that for every B € N}, XË fe € M m+s101. Then 
a(x, T) = fa(m(R)) defines a symbol o in Si"; which satisfies 


[a] 4 


Va,b,c € No XEN, C>0: loll sx, ,a,b,o < C sup IX fallM nis 
' [B]<b v 
with L and C independent of f. 


5.3.2 Joint multipliers 


To a certain extent, we can tensorise the property in Proposition 5.3.4. But we need 
to define the tensorisation of the space Mm and the multipliers of two Rockland 
operators. 


First, we define the space Mm, ® Mm, of functions f € C®(R+ x R+) such 
that 


IFlMa Map = sup (L4A1) 441 + Ag) 2141051 82 FCA, Az) |, 
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is finite for every £ € No. It is a routine exercise to check that Mm, 8 Mm, is a 
Fréchet space. 


Secondly, we observe that if £ and R are two Rockland operators on G which 
commute strongly, meaning that their spectral measures FE; and Er commute, 
then we can define their common spectral measure Eg r via 


Ec r(Bı x B2) := Ec(Bi)ER(B2), for B,, B2 Borel subsets of R, 


and we can also define the multipliers in £ and R by 
NER) = f PAn A)dBe rl A), 
R+ xR+ 
for any f € L® (R4 x R+). 


Corollary 5.3.8. Let L and R be two positive Rockland operators on G of respective 

degrees vg and vr. We assume that L and R commute strongly, that is, their 

spectral measures Ec and Er commute. If f E€ Mm @ Mm then f(L, R) is in 
g UR 


yrrm2 | Furthermore, we have for any a,b,c € No, 
IF (LZ, R)||wm1+ms a,b,c < Cll fll my @M mg £ 
e UR 


where £ and C > 0 are independent of f. 


Proof. By uniqueness, the spectral measure Egr is invariant under left transla- 
tions. Denoting by 7(Ez,r) for x € G its group Fourier transform, we see that the 
group Fourier transform of a multiplier f(2,R) for f € L° (R, x R+) is 


n(f(£,R)) = | f(Aa, \a)dr (Hew (On, do), 


Ry xR+ 


since it is true for a function f of the form f(Aq, A2) = fi(A1) fe(A2) with fi, fo € 
L®(R+), by Corollary 5.3.7. 


We fix n € C™(R) supported in [—4, £] such that 


WeR Son’ +s’) =1. 


EZ 


We also fix another function 7 € C(R) supported in [—1,1] such that 7 = 1 on 
[—3, 5]. For any j’,k’ € Z, we define oj, E€ C™(R) by 


dim (N) = FOAM — 5'). 
It is easy to show that for any @’ € No there exists C = Cy > 0 such that 


Vy’, k E Z lbj l| Mme < c(i + Kh a i ype. 
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Since the symbols form an algebra (see Section 5.2.5), and by Proposition 5.3.4, 
writing m = mı + mz, we have for any 71, j2, k1, k2 € Z: 


Vj ,k (m(L))Wjo,ko (m(R))|l3™,0,b,c 
< Clbk (m(L))|| sm ,a1,b1,C1 Il252,ke2 (1(R)) || 52 ,a2,b2,c2 
< O(L+ [hr |) (1 + lal)” eT + |deol) (1 + j2) 77+ (5.35) 
for some 44, l2 € No. 
Let f be as in the statement. We extend f to a smooth function supported 
n (—1, 00)? and decompose it as a locally finite sum: 
f= >of; where HA) = AMA = HMA- J) A= (Ar, A2). 
jEZ2 


For each j € Z, we view f;(-+) as a smooth function supported in [—1, 1] x [-1, 1] 
and we expand it in the Fourier series 


FAFA) = Yg, pE A 
keZ? 


The hypothesis on f implies that for any 41,2 € No, we have 
lczel < Ceea l| flat mi 8M mə titta (1 [ki]) (L + [kal x (5.36) 
Za VR 


; mip P m2_ g 
x(1 + |jal)re A+ [gale 
We have obtained that (taking different ¢’s) 
SS lexalllbas, rll ma t lV, kallM ma slg < œ. 
j,kEZ? 


We have therefore obtained the following decomposition of f in the Fréchet 
space M mı ® M m2, 
gia VR 


FAL, A2) = J Gata A a) 


j,kEZ? 
And so for any a,b,c with 41, l2 as in (5.35), 
IFE), TR) lsm abe < XO lezli r (E), (W(R)) Il abe 
j,kEZ? 
< Se egal + ki hE (1 + lial) EH + Jka) + lja) oe 
j,kEZ? 


< Cll fl] my @M mg 140445 
up UR 


by (5.37) with 41 + 2 and 42 + 2. This shows that f(7(L),7(R)) € S™ and the 
desired inequalities for the seminorms. 
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Corollary 5.3.8 could be generalised by considering a finite family of positive 
Rockland operators which commute strongly between themselves (i.e. with com- 
muting spectral measures), with symbols possibly depending on x in a similar way 
to Corollary 5.3.7. 


5.4 Kernels of pseudo-differential operators 


In this section we obtain estimates for the kernels of operators in the classes Lae 
(cf. Section 5.4.1) and some consequences for smoothing operators (cf. Section 
5.4.2) and for operators of Calderén-Zygmund type in the calculus (cf. Section 
5.4.4). We will also show the L? boundedness of Y° in Section 5.4.4. 


For technical reasons which will become apparent in Section 5.5.2, we will 
also consider the seminorms: 


P _ m=elal+618]) 
lollsmR as = sup |A°X2o(x,m)m(1+ R) vo lean) (5-37) 
ú (a,7)EGxXG 
[a] <a,[B]<b 


where œR is a positive Rockland operator of homogeneous degree v. The superscript 
R indicates that the powers of +R are ‘on the right’. As for the S/”";-seminorms, 
this is a seminorm which is equivalent to a similar seminorm for another positive 
Rockland operator. 


5.4.1 Estimates of the kernels 


This section is devoted to describing the behaviour of the kernel of an operator 
with symbol in the class S’”;. As usual in this chapter, G is a graded Lie group of 
homogeneous dimension Q. Our results in this section may be summarised in the 
following theorem. 


Theorem 5.4.1. Let o = {o(x,7)} be in SM; with 1 > p > ô> 0, p #0. Then 
its associated kernel k : (a, y) > Kaly) is smooth on G x (G\{0}). We also fix a 
homogeneous quasi-norm |-| on G. 


(i) Away from 0, Ky, has a Schwartz decay: 


YM EN 3C>0,4,b,cEN: V(a,y)eGxG 
lyl > 1 = |Kx(y)| < C suppea |lo(z, T)ar, apelul. 


(ii) Near 0, we have 


Q+ 
P 


— ifQ+m > 0, kx behaves like |y|~ = : there exists C > 0 and a,b,c E N 


such that 


_Qtm 
s™,,a,b,clY| Py 


V(x, y) E€ G x (G\{0}) [Ke (y)| < C sup |lo(a, m)| 
TEG 
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— if Q+m = 0, ky behaves like In|y|: there exists C > 0 and a,b,c € N 
such that 


V(a,y) € G x (G\{Of) [ke(y)| < C sup |lo(x, 79”, a,0,¢ 0 yl; 
TEG 


— if Q+m <0, Ke is continuous on G and bounded: 


ap |Ka(z)| < C sup |o (zx, 7)||5™,,0,0,0- 


ZE neG 
Moreover, it is possible to replace the seminorm ||- ||5™,,a,b,c in (i) and (ii) 
with a seminorm ||- Isms a,b given in (5.37). 


Remark 5.4.2. Using Theorem 5.2.22 (i) Parts (3) and (2), and Corollary 5.2.25, 
we obtain similar properties for XP: Xp (XP Ga(y)Kx(y))- 


We start the proof of Theorem 5.4.1 with consequences of Proposition 5.2.16 
as preliminary results on the right convolution kernels and then proceed to analy- 
sing the behaviour of these kernels both at zero and at infinity. 

Proposition 5.2.16 has the following consequences: 


Corollary 5.4.3. Let o = {o(x,7)} be in SM; with 1 > p > 6 > 0. Let kz denote 
its associated kernel. 


1. If a, By, b2, Bo E NG are such that 


m — pla] + [81] + [82] + 6[8.] < —Q/2, 


then the distribution XP X%2(X%G.(z)Ke(z)) is square integrable and for 
every x € G we have 


m 2 
| KPRP Ailas) dz < C sup lole, Dipy ae 
G TEG ies 


where a = [a], b = [Bo], c = pla] + [81] +[82]+8[80] and C = Cim,o,61,82,8. > 9 
is a constant independent of o and x. If Bı = 0 then we may replace the 
seminorm ||- ||s™,,a,b,¢ with a seminorm ||- Ilse? a „p given in (5.37). 


2. For any a, b1, b2, Bo E NG satisfying 
m — pla] + [81] + [62] + ôl] < —Q, 


the distribution z œ X81 X82 XLo ğalz)Kka(z) is continuous on G for every 
x € G and we have 


sup bees {XP Ga(z)¥2(2)}| < C sup ||o(a,7)| 
TEG 


z€G S75 (o],[Bo],[B2]> 
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where C = Cin,0,81,82,85 > O is a constant independent of o and x. If bı = 
0 then we may replace the seminorm || - Il 5, ,[c) [801,142] with the seminorm 


|| IIs," fa], [B0)? see (5.87). 


Consequently, if p > 0 then the map «k : (x,y) > Kx(y) is smooth on 
G x (G \{0}). 


Proof. Part (1) follows from Proposition 5.2.16 together with Theorem 5.2.22 (i) 
Parts (3) and (2), and Corollary 5.2.25 . Now by the Sobolev inequality in Theorem 
4.4.25 (ii), if the right-hand side of the following inequality is finite: 


sup |X P {XPeda(2)e(2)}| < C |(THR) KEXP {Xf iaer) 
zE 


L? (dz) 
for s > Q/2, then the distribution 

z XP XP {XPGa(z)Ke(z)} 
is continuous and the inequality of Part (2) holds. By Theorem 4.4.16, 


r+ R XE KH {Xfiale)relz)}]| 


L? (dz) 
s+[81] ~ [fel = 
<C |a+R) 4 (I+) 22 {XP Ga(z)rx(2)}| iid 
<C za +R) ybe Ao(x, rn +R) as 
L2 (G) 


by the Plancherel formula (1.28). By Proposition 5.2.16 (together with Theorem 
5.2.22 (ii)) as long as 


m +s+ [81] — pla] + 4[8o] + [82] < —Q/2, 


since 
s+[81] ~ 


CER) (I+ RY {XPoGa(z)Ke(2)} 


is the kernel of the symbol 


m(1+R) Z Xe A“o(x,ryn(I + RF, 
we have 


s+[61] [82] 


| ra+R) Ph ypo Aatox, 2)m(1+ R) = 


<C Ln fod , 
ae S lemleri 


if s + [81] < pla] — m — ô[8o] — [82]. This shows Part (2). 
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Estimates at infinity 


We will now prove better estimates for the kernel than the ones stated in Corollary 
5.4.3. First let us show that the kernel has a Schwartz decay away from the origin. 


Proposition 5.4.4. Let o = {o(x,7)} be in Si; with 1 > p > ô> 0. Let ky denote 
its associated kernel. 

We assume that p > 0 and we fix a homogeneous quasi-norm |-| on G. Then 
for any M € R and any a, 61, 82,85 E No there exist C > 0 and a,b,c E€ N 
independent of o such that for alla € G and z € G satisfying |z| > 1, we have 


XP XP? (XP? Ga(z)Kx(z))| < C sup |lo(2,7)| 
TEG 


sm a,b,elz|7™. 


Furthermore, if pı = 0 then we may replace the seminorm ||- ||sm,.a,0,c with a 
seminorm ||- Il gm,r ap given in (5.37). 
Meme 


Proof. We start by proving the stated result for a = 8, = b2 = bo = 0 and for 
the homogeneous quasi-norm |-|, given by (3.21). Here p > 0 is a positive number 
to be chosen suitably. We also fix a number b, > 0 and a function no € C%(R) 
valued in [0,1] with 7, = 0 on (—oo, 4] and no = 1 on [1, 00). We set 

n(a) := Nobo Plan). 


Therefore, 7 is a smooth function on G such that n(z) = 1 if |z|p > bo. Conse- 
quently, 


sup ||z|}/«2(z)| < sup ||z|p" &e(z)n(z)| 
|zlp>bo z€G 


<o D XP {legirem} 


[8']<1Q/2] 


(5.38) 


L2(G,dz) 


by the Sobolev inequality in Theorem 4.4.25. 
We study each term separately. We assume that p/2 is a positive integer 
divisible by all the weights v,,...,Un and we introduce the polynomial 


n 
kg = Do lal 
Zip Zj 
j=1 


and its inverse, so that 


XP {lzi kelele) } = XP {l2 lellere) n(z)} 


= X XË {flne} X {zgr}, 
[61]+[82]1=[8"] 
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where ` means taking a linear combination, that is, a sum involving some con- 
stants. We observe that, using a polar change of coordinates, 


By — 
Xz" {lzlplelp?n(2)} llz2a,az) < 00 


as long as 2(M — p—[64]) +Q—1 < —1. We assume that p has been chosen so that 
2(M — p)+Q < 0. Therefore, all these L?-norms can be viewed as constants. By 
the Cauchy-Schwartz inequality and the properties of Sobolev spaces, we obtain 


IXP {le relee} lrc < C SL XP {lelPmo(2)} Ile2@ae) 
[64]<[8°] 
s0 F. YIP {Gare} lle, 


[83118] [a] <p 


since |z|§ = Jai g” is a polynomial of homogeneous degree p. Therefore, by 


Corollary 5.4.3 Part (1), we get 


xP {lzi s Kal z)n(z)} Ilz2(G,az) < C sup lla (x, T)|| sm, p,0,p+18"] 
TEG 


if pp—m > Q/2+[8']. We choose p accordingly. Combining this with (5.38) yields 


M 
sup ||z|p Kx(2)| < C sup |lo(2,7)||3™,,p,0,or+1Q/21- 
|z|p2bo TEG 


Therefore, we have obtained the result for the homogeneous norm |- |, and a = 
Bi = Bo = Bo = 0. 

The full result follows for any homogeneous norm and indices a, 31, G2, Bo 
from the equivalence of any two homogeneous norms and by Theorem 5.2.22 (i) 
Parts (3) and (2), and Corollary 5.2.25. 


Remark 5.4.5. 1. During the proof of Proposition 5.4.4, we have obtained the 
following statement which is quantitatively more precise. We keep the setting 
of Proposition 5.4.4. Then for any M € R and bo > 0, there exists C = 
CM,b,,m > 0 such that 


sup BMA) < C sup l|lo(a, 7)| 


S™;.p,0,pp+[Q/2]> 
|z|p2>bo TEG 


where p € N is the smallest positive integer such that p/2 is divisible by all 
the weights v1,...,Un and p > max(Q/2 + M, Z(m +Q+1)). 


2. Combining Part (1) above, Theorem 5.2.22 (i) Parts (3) and (2), and Corol- 


lary 5.2.25, it is possible (but not necessarily useful) to obtain a concrete 
expression for the numbers a, b,c appearing in Proposition 5.4.4, in terms of 


mM, Pp, 6, Q, Br, Ba, Bo and of Q. 


Furthermore, the same statement is true for |z| > bo for an arbitrary 
lower bound bo > 0. However, the constant C may depend on bo. 


5.4. Kernels of pseudo-differential operators 335 


Estimates at the origin 


We now prove a singular estimate for the kernel near the origin which is (therefore) 
not covered by Corollary 5.4.3 (2). 


Proposition 5.4.6. Let o = {o(x,7)} be in SM; with 1 > p > 8> 0. Let ky denote 
its associated kernel. 

We assume that p > 0 and we fix a homogeneous quasi-norm |-| on G. Then 
for any a, 61, B2, Bo E NG with Q + m + 6[B.] — pla] + [81] + [82] > 0 there exist 
a constant C > 0 and computable integers a,b,c € No independent of o such that 
for alla € G and z € G\{0}, we have that if 


Q +m + [50] — pla] + [61] + [62] > 0, 

then 
xee (X2da(2ee(2)| < C sup bedenen sib en ulii 
TEG 

and if 

Q +m + ô|] — pla] + [61] + [62] = 0, 
then 

poean E sup ole, m)l abe In [a] 
TE 

In both estimates, if 8; = 0 then we may replace the seminorm ||- || s7,,a,b,c with 
a seminorm ||- Isms ab given in (5.37). 


During the proof of Proposition 5.4.6, we will need the following technical 
lemma which is of interest on its own. 
Lemma 5.4.7. Let o = {o(x,7)} be in Sl; with 1 > p > ô> 0. Letn € D(R) and 
Co > 0. We also fiz a positive Rockland operator R of homogeneous degree v with 
corresponding seminorms for the symbol classes Sis. 


Then for any £ € No, the symbols given by 
OLe(X, T) = n2 on (R))o(ax, T) and orelx, T) := o(a,7)n(2~“°°n(R)), 


are in ST™®. Moreover, for any mı E R and a,b,c € No, there exists a constant 
C = Cm,mı,p,ô,a,b,c,n,co > 0 such that for any £ € No we have 


st a,c SC sup |lo(a, T)|lsm, a,b, #00. 


ms TEG 


loz elz, 7)| 


The same holds for og e(x, T), but with a possibly different seminorm on the right 
hand side. 
Only for or e(x, T), we also have for the seminorm || ‘Igmn ap given in (5.387), 
De 1% 
the estimate 
lor elz, ™llgma-® ap <C ap lo(a, TM meg p2 0T. 
? TE i 
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Proof of Lemma 5.4.7. For each £ € No, the symbol n(2~en(R)) is in S~° by 
Proposition 5.3.4. Therefore, by Theorem 5.2.22 (ii) and the inclusions (5.31), oL, 
and ory are in S- 

Let us fix ag, 8o E€ NU and y € R. By the Leibniz formula (see (5.28)), 


pleo)—m1— 5[Bolt+y7 x 


TI+R) Xe Aor en(I +R) 
sarn ee A {n( (27er (R))o(x,7)}m(1+R)-¥ 


= 5. Con aT +R) Bleol -mr HBoltY Aor n(2-*em(R)) 
[oa]+[o2]=[e] 


2 
v 


Xe A%o(x, njn +R) F. 


Therefore, taking the operator norm, we obtain 


[ao -m 6[Bol+ 


InI +R)" “XL A gy on(I + R)-*|| 
<c) (I e amtenar e e 
laı]-+læ2]=[@0] 
[a+ Ry ypo AMG (a, n\n R) | 
< Cllo(@, *)lls-, ,fa0).{60).11 
So |i eR) Aen (2K) (I+ RY I 
[a1]+[o2]=[e] 


By Proposition 5.3.4, 


plao]— mı- 5[Bol+ plag|—m— eleet 


* A%n(2-"on(R))m(I +R) | 
< OE mea n 


rI + R)" 


for some k, where mə is such that 


[a1] — m2 = pla] — mı — 6[Bo] + y — (ela2] — m — 6[Bo] + 7), 


that is, 


Mz = mı — m + [ay](1 — p). 


Now, we can estimate 


[In(2-"°-) lM ma sk BF (27A) 


II 
mn 
= 
kS) 
= 
+ 
> 


= sup (1+ A)¥ 2er (9k n) (274A) 


^ 

Q 

N 
§ 
| 
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Therefore, 


— ploeg]—m—s[Bol+7 


plal—~my+y 
Y rt Re AM (2K (L)) (1 + R) 
[a1]+[a2]=[ao] 


| 


m y—m+[a4](1—p) my—m 
LOJ a ar Core, 
[a1}+[o2]=[a0] 


and we have shown that 


ao]—m 1 —5[Bol +7 


el x 
|7(I +R) 7 Xe Aor px(1+ R) || 
ee 


< Casllo(2, m)l, lao] Boh °°” 


The desired property for øz ¢ follows easily. The property for o r,e may be obtained 
by similar methods and its proof is left to the reader. 


Proof of Proposition 5.4.6. By Theorem 5.2.22 (i) Parts (3) and (2), and Corollary 
5.2.25, it suffices to show the statement for a = 3; = b2 = Bo = 0. By equivalence 
of homogeneous quasi-norms (Proposition 3.1.35), we may assume that the homo- 
geneous quasi-norm is |- |, given by (3.21) where p > 0 is such that p/2 is the 
smallest positive integer divisible by all the weights v1,..., Un. Since Ky decays 
faster than any polynomial away from the origin (more precisely see Proposition 
5.4.4), it suffices to prove the result for |z|, < 1. 


So let o € S7’ with Q +m > 0. By Lemma 5.4.11 (to be shown in Section 
5.4.2) we may assume that the kernel « : (x, y) > Kz(y) of o is smooth on G x G 
and compactly supported in x. By Proposition 5.4.4 it is also Schwartz in y. 


We fix a positive Rockland operator R of homogeneous degree v and a dyadic 
decomposition of its spectrum: we choose two functions 70,71 € D(R) supported 
in [—1, 1] and [1/2, 2], respectively, both valued in [0, 1] and satisfying 


VA>O So m(A)=1, 
£=0 


where for £ € N we set 

me(d) = m (270A). 
For each £ € No, the symbol ne(n(R)) is in S7% by Proposition 5.3.4 and its kernel 
ne(R)do is Schwartz by Corollary 4.5.2. Furthermore, by the functional calculus, 
pare ne(R) converges in the strong operator topology of -Z (L? (G)) to the identity 
operator I as N —> oo, and thus pyle ne(R)do converges in K(G) and in S'(G) to 
the Dirac measure ĉo at the origin as N > oo. 


By Theorem 5.2.22 (ii), the symbol ce given by 


celz, 7) := olx, n)ylr(R)), (x,t) EG Xx â, 
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is in S~°. The kernel associated with og is Ke given by 
Ke(@,Y) = Kex(y) = (ne(R)d0) * Key). 


For each x, we have ke, E€ S(G). The sum D Kg,» converges in S'(G) to Ky as 


N — œ since be = 
X Op(oe(a,-)) = Op(o(a,+)) X me(R) 
£=0 £=0 


converges to Op(a(z,-)) in the strong operator topology of Z (L? (G), L? m(G)). 
This convergence is in fact stronger. Indeed, by Lemma 5.4.7, 


ells: ae SC sup [lollsm,,a9,020"—™), 
i TEG 


> lleellse 1 abe < 


LEN 
if mı > m. Consequently, the sum }°, og is convergent in SS + and, fixing x € G, 
the sum y supzeg |Ke,2(Z)| is convergent where S is any som pack subset of G\{0} 
by Proposition 5.4.4 or more precisely the first part in Remark 5.4.5. Necessarily, 
the limit of 5°, o¢ is ø and the limit of X; Ke, for the uniform convergence on 
any compact subset of G'\{0} is kz with 


thus 


|ke(2| < $- |ree(z)], z € G\{O}. 


By Corollary 5.4.3 (2), for any mı < —Q and r € No, we have 


sup |z|p" resl) < C $ sup ||A%ox(2,7)Ils”2 00,0 
zE€G [aJ= =pr TEG 


Ceapa mmi ppr) (5.39) 


IA 


by Lemma 5.4.7 and its proof, with co,r := sup eG ||7(x, 7) ||s™, pr.0,0- 


We write |z|, ~ 27%? in the sense that 4, € No is the only integer satisfying 
lee (er) 2720], 

Let us assume that Q +m > 0. We use (5.39) with r = 0 and mı such that 
m — mı =(Q+m)/p. In particular, 


Q 


1 
mı =m(1—-—-)-—= < -Q. 
p 
The sum over £ = 0,...,. — 1, can be estimated as 
la=1 lo-1 
5 [Ke,0(z)| < 5 Ceg o2 mmm) 2 Co 022 mmm) 
£=0 £=0 
_ Qtm 
< Cco,o|z|p . 
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We now choose r € N and mı < —Q such that 


_atm 
> 


m—m,—ppr<0O and pr(l—p)+m-—m 


More precisely, we set r := [(m+Q)/(pp)], that is, r is the largest integer strictly 
greater than (m + Q)/(pp), while mı is defined by the equality just above; in 
particular, 


+ 
m m > Sm (1-p) 


utm thus mı < -Q. 
p 


We may use (5.39) and sum over £ = lo, lo +1..., to get 


co co 
5 leB |e,0(z)| < Ceo 5 gelmemi apr) < Ce, p2 o -mip 
=e =o 


Therefore, we obtain 


CoO 
SOpel) 2 Cegn2tolr—m—err) |2| vr 
t=, 
Q+m 


Ce mamper} = Cco,r|zlp P 


IA 


This yields the desired estimate for ky when Q +m < 0. 
Let us assume that Q + m = 0. Using (5.39) with r = 0 and mı = —m, we 
obtain 


£51 e,-1 
XO eal) < JO Oco 02m < coolo 
1=0 1=0 

< Cceoln|z|p. 


Proceeding as above for the sum over £ > lo, we obtain that S772). |Kv,2(z)| is 
bounded. This yields the desired estimate for ky in the case Q +m = 0. 


Remark 5.4.8. It is possible to obtain a concrete expression for the numbers a, b, c 
appearing in Proposition 5.4.6, in terms of m, p, ô, œ, 71, 62, Bo and of Q. 


5.4.2 Smoothing operators and symbols 


The kernel estimates obtained in Section 5.4.1 allow us to characterise smoothing 
operators in terms of their kernels. Moreover they also imply that the operators 
in W-* map the tempered distribution to smooth functions and enable the con- 
struction of sequences of smoothing operators converging in Yis 
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Theorem 5.4.9. 1. [fT € WT, then its associated kernel K : (a, Y) > Kaly) is a 
smooth function on G x G such that for each x € G, y > Ke(y) is Schwartz. 
Moreover, for each multi-indexr 8 € Nj and each Schwartz seminorm || - 
ls(a),n, there exist a constant C > 0 and a seminorm ||- ||gm,a,b,c (both 
independent of T) such that 


sup || Xf kellsca),y < Cllolls™ a,c: 
«LEG 


The converse is true, see Lemma 5.2.21. 


2. IfT € Y7”, then T extends to a continuous mapping from S'(G) to C®(G) 
via 


T f(x) = f * kz(z) 
where f € S'(G), x E€ G, and Ky is the kernel associated with T. 


Furthermore, for any compact subset K C G and any multi-index p € 
NG, there exists a constant C > 0 and a seminorm ||- \|s-(G),n such that 


sup |0°T f()| < Cll flls(a),n- 
cek 


Moreover C can be chosen as Cil|o||sm a,b,c, and C1 > 0 and N can be chosen 
independently of f and T. 


Part 1 may be rephrased as stating that the map between the smoothing 
operators and their associated kernels is a Fréchet isomorphism between W~°° 
and the space Cp°(G,S(G)) of functions k E€ C% (G x G) satisfying 


sup |X 2 Kells(a).w < OO. 
«LEG 


Here CP°(G,S(G)) is endowed with the Fréchet structure given via the seminorms 


KH max sup | Xo K2|ls(a).w < 00, N € No. 
[B]SN xeG 


Part 2 may be rephrased as stating that the mapping T > T from Y™®™ to 
the space Z (S'(G), C®(G)) of linear continuous mappings from S’(G) to C% (G) 
is continuous (it is clearly linear). 


Proof. Part 1 follows easily from Theorem 5.4.1 and Remark 5.4.2. By Lemma 
3.1.55, for any tempered distribution f € S’(G), the function f * K, is smooth on 
G and the function £ > f * K,(x) is smooth on G. Hence T extends to S’(G) and 
Tf Ee C” if f € S'(G). 

Note that Lemma 3.1.55 also implies the existence of a positive constant C 
and N € No such that 


lf * kald] < CA ++ lal) If lls@,wlleells(@)v- 
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Using the Leibniz property for vector fields, one checks easily that for any 
multi-index 8 € Nj, we have 


XT F)(@)= O 6,610. Xana f * Xe Kira) (1): 
[8114 1P2]=16] 


Thus, proceeding as above, passing from left derivatives to the right, and using 
Lemma 3.1.55, we get 


XATA < C 5 1+ |æ (Xf al * (Xf rke ))(£1)| 
[81]+[82]=[8 
< C 5 1+ |æ) (Xft af) * (XB Ke) (21)| 
[81]+[82]=[8 
< C 5 1+ |æ TNX fll seca), w||Xe2_ Kee lisa), 
[81]+[82]=[8 
< C(t |al)"? | fllsce ny |X 2 Kee lls), 


with a new constant C > 0 and integers N2, N1, N € No. This shows that fo Tf 
is continuous from S’(G) to C™(G). 

Using Part 1, the inequality above also shows the continuity of T+ T from 
W- to the space of continuous mappings from S’(G) to C% (G). This concludes 
the proof of Theorem 5.4.9. 


Using the stability of taking the adjoint, reasoning by duality from Part 2 
of Theorem 5.4.9, will yield the fact that smoothing operators map distributions 
with compact support to Schwartz functions, see Corollary 5.5.13. 

Note that the proof of Part 2 of Theorem 5.4.9 yields the more precise result: 


Corollary 5.4.10. fT € W7” and f € S'(G), then Tf is smooth and all its 
left-derivatives XPT f, B € Ng, have polynomial growth. More precisely, for any 
multi-index B € NG, there exist a constant C > 0, and integer M € No and a 
seminorm ||- ||s:(q),n such that 


|XPT f(x)| < CA + le)” If lls@w- 


Moreover C can be chosen as C\||o||3m,a,b,c, and C1 > 0 and N,M can be chosen 
independently of f and T. 


5.4.3 Pseudo-differential operators as limits of smoothing opera- 
tors 


In the proof of Lemma 5.1.42, for a given symbol ø, we constructed a sequence of 
symbols ge such that Op(o,) is a sequence of ‘nice operators’ converging towards 
Op(c) in a certain sense. If we assume that o € Sọ, then we can construct 
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a sequence of smoothing operators with a convergence in Taa described in the 
next lemma and its corollary. These operators are therefore ‘nice’ since they have 
Schwartz associated kernels in the sense of Theorem 5.4.9. 

Lemma 5.4.11. Let 1 > p > ô> 0. Ifo = {o(x,r)} is in Ss, 
struct a family oe = {0.(x,T)}, € > 0, in ST% , satisfying the following properties: 


then we can con- 


1. For each e > 0, the x-support of each o, is compact, or in other words, 
the function x ++ sup eg lolx, T)|| 2(u,) is zero outside a compact set in 
G. Hence the kernel ke : (£,Y) > Ke,2(y) associated with each symbol a, is 
Schwartz on G x G and compactly supported in x. 


2. For any seminorm ||- [s74 ,a,b,o there exist a constant C = Ca, b,c,m,mıp,5 > 0 
such that 
Ve € (0,1) IIoell sms, a,b,c £ Cllollsm,,a,b,c€ EE 
and when m < mı, 
vee (0,1) [løe — allor abe S Cllolise,.a.bcrpa€ 7" 


Here v is the degree of homogeneity of the positive Rockland operator used to 
define the seminorms. 


Consequently, when m < mı, the convergence oe > o as € — 0 holds 
in SS: 
3. If ġ € S(G) then Op(a.)¢ € D(G) and the convergence 
Op(o.)6 —} Opa) 


holds uniformly on any compact subset of G and also in S(G). 


Remark 5.4.12. As the construction will show, the symbols o, are constructed 
independently of the order m € R. 


Proof of Lemma 5.4.11. We consider the function Xe on G constructed in Lemma 
5.1.42. Let 7 € es, be such that 7 = 1 on [0,1]. Let R be a positive Rockland 
operator. Let o € . We set 


<(@, T) = Xe(w)o(x, w)n(em(R)). 
Arguing as in Lemma 5.4.7 and its proof yields that 
{o(a,m)n(em(R)), (z,7) € G x G} 


is in S~°°. Moreover, for any mı € R and a,b,c € No, there exists a constant 
C = Cm,mı,p,ô,a,b,c,ņn > 0 such that for any £ € No we have 


mym 


os ae j 


lo (x, ™)nlem(R) Nhs ab, S e [o(x,7)]| 
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From this, it is clear that Property (1) and the first estimate in Property (2) hold. 
Let us prove the second estimate in Property (2). We notice that 


lrA +R) (o(@,@)n(em(R)) — o(2,7)) l2) 
= |r +R) o(2, x) (nlen(R 0 ects) 

< rA +R) olz, rjr +R) 2u) 
lra +R)? (MerR)) -D lem) 


and the spectral calculus properties (cf. Corollary 4.1.16) imply 


sup ||7(I+R)~ > (n(en(R)) -= 1 leat.) 


TEG 
=||(I+R) ~~ MER) -D ll vara) < sup(1 +A) 7 = |n(ed) — I. 
One checks easily that 
sup(1 +å) > |n(eA) —1| < lin- 1l sup (1 +A) 7 
A>0 A>e-l1 


mı- m 


(ite = < O, 


IA 


provided that m — mı < 0. Hence 


sup |10 +R) (o(2, m)n(em(R)) — o(a,m)) leat) 
(a,m)EGXG 


< Cllo|l sm, .0,0,)m1—mi€ 5 


More generally, we can introduce derivatives in x and difference operators and use 
the Leibniz properties (cf. Proposition 5.2.10): 


XPAS (a(x, 7)n(em(R)) — o(x,7)) 


= Y caaraeXPAo(x,m) A%(n(em(R)) — 1I), 
[ai]+[a2]=[a] 


so that the quantity 


-mı +elo]—s[B]—7 


[TA +R) 7 XA” (a(x, n)n(en(R)) — olz, 7)) aI +R)? lem) 
is, up to a constant, less or equal to the sum over [a1] + [a2] = [a] of 


mi +ele) my —m—plag|+ 


a aia a (x, rn +R) TT en) 
xlr +R) E Ae (nfen(R))- Deel + R)? lea) 
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Applying Proposition 5.3.4, we obtain 


my—m=— -lag|+ mam 


I|r(I+ R)~ "A (n(em(R)) — Dr(1 + R)* lle.) < Ce 


Collecting the estimates and taking the supremum over [a] < a, [8] < b, |y] < 
c yield the second estimate in Property (2). 

Property (3) follows from Property (2) and the continuity of o œ> Op(c) 
from S75 to Y(S(G)), see Theorem 5.2.15. 


Keeping the notation of Lemma 5.4.11, we can also show that the kernels ke 
converge in some sense towards the kernel of o. In order to make this more precise, 
let us define the space Cp°(G,S'(G)) as the space of functions £ +> kz E€ S'(G) 
such that for each a € G, y > Kgz(y) is a tempered distribution and, for any 
BENG, the map tr XË kg is continuous and bounded on G. This definition is 
motivated by the following property: 


Lemma 5.4.13. Ifo € 9’; then its associated kernel k = K) is in C2°(G,S'(G)) 
defined above. Furthermore, the map 


ory K) 


from Si; to CR (G, S'(G)) is continuous. 


Naturally, we have endowed CP (G, S'(G)) with the structure of Fréchet 
space given by the seminorms 


H XÊ rall , NeNo- 
K red k Kallsa),N 0 


Proof of Lemma 5.4.18. By Lemma 5.1.35, if ø is a symbol then its kernel is in 
C™(G,S'(G)). Adapting slightly its proof yields 

P kelloa < B E 

sup ||Xfkallsre) < C sup |XLo(@ Nig pê 


As the inverse Fourier transform is one-to-one and continuous from LẸ _ m ap 6] (G) 
to S'(G), this shows the continuity of the map o +> Kl?) from Sirs to Ce°(G, S'(G)). 


We can now express the convergence in distribution of the sequence of kernels 
Ke constructed in the proof of Lemma 5.4.11: 


Corollary 5.4.14. We keep the notation of Lemma 5.4.11. The sequence of kernels 
Ke converges towards the kernel x associated with o in Cp°(G,S'(G)). If p > 0, 
the convergence is also uniform on any compact subset of G x (G\{0}). 


Proof. The statement follows from the convergence of o, to o in soe for mı < m 
by Part 2 of Lemma 5.4.11, together with Lemma 5.4.13 for the first part and 
Corollary 5.4.3 for the Me part. 
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5.4.4 Operators in V° as singular integral operators 


From the kernel estimates obtained in Section 5.4.1, one can show easily that the 
operators in Y? are Calderén-Zygmund, and generalise this to some classes Wie 
see Theorem 5.4.16. We are then led to study the L?-boundedness. 

First let us notice that thanks to the kernel estimates, our operators admit 
a representation as singular integrals in the following sense: 


Lemma 5.4.15. Let ky be the kernel associated with T € ve with m E€ R and 
1>p>6>0 withp#0. For any f € S'(G) and any 29 € G such that f =0 on 
a neighbourhood of xo, the integral 


p f(y) Keo (Y~ '20)dy 
G 


makes distributional sense and defines a smooth function at xo. 
This coincides with Tf if f € S(G). 


Proof. Let T and Kz be as in the statement. Let f € S’(G) and zo € G. We 
assume that there exists a bounded open set Qə containing x) and where f = 0. 
Let Q Ç Qı Ç N2 be open subsets of Qə such that xo € Q, Q C Qi, and Qı C No. 
We can find x1, x € D(G) such that xı = 1 on Qı but xı = 0 outside Q2, x = 1 
on Q but x = 0 outside Q4. At least formally, we have 


xa) f FW) Fuke ady = [tw FU) XE- x1) (v) a (y z)dy, 


since f = 0 on {x1 = 1}. Clearly the function (x, y) > x(x)(1 — x1)(y) is smooth 
on G x G and supported away from the diagonal {(z,y) E€ Gx G: x = y}. By 
Theorem 5.4.1, the function 


y— x(x)(1 — x1) (y) Ka (y*2), 


is Schwartz and this yields a smooth mapping G —> S(G) (which is also compactly 
supported). The rest of the statement follows easily. 


In Corollary 5.5.13, we will see that an operator in we extends naturally 
to S’(G). Lemma 5.4.15 and its proof above will then imply that the operator 
admits a singular representation for any tempered distribution in the sense that 
the following formula makes sense and holds 


= f f(y)Ke(y~*a) dy, 
G 


for any f € S’(G) and any x € G such that f = 0 on a neighbourhood of x. We 
will not use this. 


We can now give sufficient condition for operator in some Wiis to be Calderón- 
Zygmund. 
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Theorem 5.4.16. 1. If T € W° then the operator T is Calderén-Zygmund in the 
sense of Definition 8.2.15. 
2. If T € Wis with 
m < (p= 1)Q, 
1 > p>ô>0 and p £0, then the operator T is Calderón-Zygmund in the 
sense of Definition 3.2.15. 
In Parts 1 and 2, the constants appearing in the Definition 3.2.15 are y = 1 
and, up to constants of the group, given by seminorms of T € Wi; 


Proof. We fix a homogeneous quasi-norm |- | on G. 

Let T € Y°. We denote by « its associated kernel. Then its integral kernel «o 
is formally given via Ko(x, y) = K2(y'x). By Theorem 5.4.1, for any two distinct 
points y, x € G, we have 


lko(z,y)| = |Ka(y~*a)| < Cly*a|-2@. 
Using Remark 5.4.2 as well and the Leibniz property for vector fields, we obtain 
|(Xj)ato(x, y)| < (Xj )ar=ahny (Y7 1r)| + |(Xj)r2=r ka (Y7 ‘r2)| <Cly "er korres) 


and 
(X; )ykolt, Y)| < |(Xj)ecy-te¥e(2)| < Cly2e|- Ot). 

Hence «o satisfies the hypotheses of Lemma 3.2.19. This shows Part 1. 

Let us now assume that T € Vis Again, let & be its associated kernel. Let 
x € CY (G) be supported in the unit ball {x € G : |x| < 1} and such that y = 1 
on {x € G : |x| < 1/2}. By Theorem 5.4.1 and Remark 5.4.2 together with Lemma 
5.2.21, the operator given by ¢++ ġ*{(1—x)«} is smoothing (as p # 0) hence it is 
a Calderón-Zygmund operator by Part 1. Thus we just have to study the operator 
d+ dx {xr}. Its integral kernel is so given via 


ko(z, y) = x(y a) (y z). 


Proceeding as above, in particular by Theorem 5.4.1, we have 


(xtee)(y~*2)| S yta 


Iko% y) = 
=e Q+tm+vj 
|(Xj)yro(z y) = \(Xj)z=y-take (2) S ly Lal 
and Ko is supported on {(x,y) € G : |y~ta| < 1} where we have 
(Xj )ato(z,y)| < |(Xj)e=ahe, (Y7 ‘x)| + |(X;)z2=r 5a (Y7 ‘r2)| 


MAB; Qe y Qtm 5 


Sythe 4 yp tep A s fy tal pvi 
= _Qtm+vj 
< ily 2 e, 


since |y~ta| < 1. Hence if (Q + m)/p < Q, we can apply Lemma 3.2.19. 
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In order to apply the singular integrals theorem (Theorem A.4.4), we still 
need to show that the operators are L?-bounded. In the case (p,6) = (1,0), it is 
not very difficult to adapt the Euclidean case to show that the operators in Y° 
are L?-bounded. 


Theorem 5.4.17. If T € W° then T extends to a bounded operator on L?(G). 
Furthermore, there exist constants C > 0 and a,b,c € No of the group such that 


VfES(G) — ITfllzzc) < CllT lw .a.b,cllfllz2(@)- 
During the proof of Theorem 5.4.17, we will need the following observation: 


Lemma 5.4.18. The collection of operators V° is invariant under left translations 
in the sense that 


Tew — Yrs E€ G ome Ta: Ey’, where Tx, : f > f(£o >). 


Furthermore, if Kx is the kernel of T and o = Op” '(T) is its symbol, then the 
operator oe bis has Kz ,x as kernel and o(xaox,7) as symbol, and 


|T || wo a,b,c = ees Pte, [etek 
Proof of Lemma 5.4.18. Let T € Y°? and let kz be its kernel. Then 
Tal To, (2) = T(r, F)(eo2) = Gf) * Kea (Lo) 


= [fees Drea eon dy 
L f(2)herse(2-2e)dz 


after the change of variable z = x7 ty. Therefore 


Tt te) =f * Keon 2) s 


Since Fg(Kx,2)(7) = o(Xox, T) if o denotes the symbol of T, we see that Kz, is the 
kernel associated to the symbol {o (zox, 7), (x,t) € Gx G} and the corresponding 
operator is Te, I T3, 1. The rest of the statement follows easily. 


Proof of Theorem 5.4.17. The proof follows the Euclidean case as given in [Ste93, 
ch. VI §2]. Let T € W° and let o = Op '(T) be its symbol. We claim that it 
suffices to show Theorem 5.4.17 under the additional assumption that the kernel 
k associated with ø is smooth in x and Schwartz in y, and such that G 3 x œ> 
Kx E€ S(G) is smooth. Indeed, this would imply that Theorem 5.4.17 is proved 
for each operator Te = Op(o-.) where ce is as in Lemma 5.4.11. The properties 
(2) and (3) in Lemma 5.4.11 allow to pass through the limit as € > 0 and imply 
then the theorem. This shows our earlier claim and hence we may assume that 
G 5 T> kg E S(G) is smooth. 
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We fix |- | to be the homogeneous quasi-norm | - |, given by (3.21), where 
p > 0 is such that p/2 is the smallest positive integer divisible by all the weights 
U1,+++;Un- The balls are defined by B(xo,r) := {x € G: |x~'axo| <r}. We denote 
by Co > 1 a constant such that for all x,y € G, we have 


|zy| < Cola] + lyl) and |y| < “> 5 = Ilevl - lell < Coly, 


see the triangle inequality in Proposition 3.1.38 and its converse (3.26). 
Let f € S(G) and let us write it as 
f=fi+ f, 


where fı and fz are two smooth functions supported in B(0,4C,) and outside of 
B(0,2C,), respectively, and satisfying | fil, | f2] < |f]. 


First, we claim that there exists a constant C > 0 of the group such that 


f IPfile)Pae < Colo oromo IAilzo: (5.40) 
B(0,1) 

Let us prove this. We fix a function y € D(G) which is identically 1 on B(0,1). 
Then 

f irnteyPar < f IXE) f» role) Pate 
B(0,1) B(0,1) 
< f sup |y(z) fi * Kz(x)|?de. 
( 


B(0,1) z€G 


We now use the Sobolev inequality in Theorem 4.4.25 to get 


suplx(2) hsrs E [IXA fen.) dz: 


[la] <[Q/2] 
Since 
XP{x(2) fi * Kz(£)} = fi * X? {x(2)kz} (2), 
we have obtained 


PARS a x? 2}(a)|? ded 
in fi(z)| dæ < M: 2 fr * X°Ly(z)ee} (2) |? dedx 


-= © f _ Ih * X2{x(2)me}(2)? ded, 


[a]<[Q/2] 


by Fubini’s property. But the integral over B(0, 1) can be estimated using Planche- 
rel’s Theorem (see Theorem 1.8.11) by 


r n [fie XS {xlz)k- Ha) de < fix Xx 
IIm(XE{x(2) 2 IIF =a lfl- 


IA 
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Now the Leibniz formula for X gives 


x 


ImM(X2{x@eVigare < Yd) canalla (XxX) leaa) 
[aa]+[a2]=[o] 


< Ca eo Ir (X82) laze) 5 |X“ x(z)]. 
~ [a]<[e] 


Since n (Xr) = Xo(z,7), we have obtained 


fo le XIOP 
B(0,1) 
|X2o(z, ™ IF. @llfill2 5 |X y(z)?. 


<C max 
[8]<[a] lalia] 


Therefore, 


f IT fi(x)|2de 
B(0,1) 


IA 


cy f = Ifi X24 (2)m2}(0)P dade 


la]<[Q/2] 
C ax su sy z lla 2. 
ae 0p IX2o(2,7) Rey IMB 
This concludes the proof of Claim (5.40). 


Secondly, we claim that for any r € N, there exists a constant C = C, > 0 
such that 


[IP fale)Pae < Clos prog I+: D Alao (5.41) 
B(0,1) 
Let us prove this. We write 
TRæ = f a a (| - PP" ee) (yt). 
y¢B(0,2C.) 


If x € B(O,1) and y ¢ B(0,2C,), then 


ee = = al 1 
ly t| — ly tz] < Colz| < Co thus |y7*a| > |y|—Co > =|y| > =(1+ lyl), 
2 4 


and 


IA 


IT fa(2)| al (FA + ld) M Prady 
y¢B(0,2C.) 


Wa + |)?" Alzo IC Palla » 


IA 
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after having used the Cauchy-Schwartz inequality. Integrating the square of the 
left-hand side over x € B(0,1), and taking the supremum over x € B(0,1) of the 
right-hand side, we obtain 


J IT fo(x)| dz < 4” sup |||- Pralea) IE D liea (5-42) 
B(0,1) x€ B(0,1) 


Now writing |z|2" = dU iaj=pr Ca9a(z), we have 
I|: P”rallž2c) <C- DY [areliiacay 
[o]=pr 


and since by Corollary 5.4.3 (1), if [a] > Q/2, 


IIGakxll72(@) < Ca sup llo(2, T)llsm, [a],0, la]? 
TEG 


we have obtained that if pr > Q/2, then 


sup I 3 |P" Kell 22a) < Crllo|l30 propr 
z€B(0,1) 


This and (5.42) show Claim (5.41). 
Now, combining together Claims (5.40) and (5.41), we obtain 


la p [THE ae < CAIT Reon ayaier +1 DP Face 


and this is so for any f € S(G). Therefore, by Lemma 5.4.18 (and its notation), 
we have for any £o € G, that 


r 2 = 2 = 1\|2 f 
f ITIO de a ITF (a) Pde | gall fon!) Pate 


Heil) 5 tal<l 


II 


f Irz, (TF2) Pda’ = f (Te TTZ) (o,f) (0) Pde 
B(0,1) 


B(0,1) 
2 Cpllte. T5230 pr,9/2 or WA +1 d lace) 
Crl|TlI20 pr,1Q/21,pr IE + 1+ N T flo. 


Integrating over x, E€ G, we obtain for the left hand side, 


J, Jy, Ti @aeae = Lf weal te x)|?dxda, 


J inalt Fe) Paedy = IBO DINT AIB 
GJG 


5.5. Symbolic calculus 351 


and for the last term in the right hand side, 
= A 2 
[lott Dto = f f latter teen) |? andr, 
G GJG 
II f (1 + |z|) ?"dz. 


Assuming —2pr + Q < 0, this last integral is finite. 
We have obtained that if r > Q/2p (for instance r = [Q/2p]) then pr > Q/2 
and 


|B, DIIT FIZ < CUT So pr, 1Q/2prll fll 
This concludes the proof of Theorem 5.4.17. 


Remark 5.4.19. More precisely we have obtained that if T € W°, then 
IIT Fll2 < CllT lwo, pr,ra/2tprllflla, 


where r := [Z], and p € R is such that p/2 is the smallest positive integer divisible 
by all the weights v1,..., Un. 


Theorem 5.4.16 and Theorem 5.4.17 show that any operator of order 0 and of 
type (1,0) satisfies the hypotheses of the singular integrals theorem, see Sections 
3.2.3 and A.4. Therefore, we have the following corollary: 


Corollary 5.4.20. If T € W° then T extends to a bounded operator on L? (G) for 
any p € (1,00). Furthermore, there exist constants a,b,c € No such that 


Vp E€ (1,œ) AC>0 Vf Ee S(G) ITF llzec@) < CIT livo, abell flle). 


5.5 Symbolic calculus 


In this section we present elements of the symbolic calculus of operators with 
symbols in the classes Sra In particular, we will discuss asymptotic sums of 
symbols, adjoints, and compositions. 


5.5.1 Asymptotic sums of symbols 

We now establish a nilpotent analogue of the asymptotic sum of symbols of de- 
creasing orders going to —oo. 

Theorem 5.5.1. We assume 1 > p > ô > 0. Let {a;}j;en, be a sequence of symbols 


such that oj € S3 with mj strictly decreasing to —oo. Then there exists o € SS? 


unique modulo ST™®, such that 


M 
YMEN o-S oje spy". (5.43) 
j=0 
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Definition 5.5.2. Under the hypotheses and conclusions of Theorem 5.5.1, we write 
o~ 5 Oj. 
J 


Proof. We keep the notation of the statement. We also fix a positive Rockland 
operator R of homogeneous degree v on G. Let x € C%°(R) with xi(—%,1/2) = 0 
and Xj[1,00) = 1. We fix t € (0, 1). 
Let us check that for any seminorm || - || $9 a,b,c? there exists a constant 
C = Cab, > 0 such that for any t € (0,1) and any j € N, we have 
mo-mj 


lo;(@, 7) x(tr(R sme, a,b,c = < Clio; (x, T)I| smo pe ,a,b,c+pa+mo— sagt 5 ii (5.44) 


Indeed, from the Leibniz formula (see Formula (5.28)), we obtain easily 


plaol-mo-58l6o]+ " z 
Ira + R)I ypo AM (o; (x, r) xltr(R)) A+R len) 
< Ð re ey x82 AMG; (2,1) 


[ou] +loa}=[0 
A x(tr(R)) rI +R) |2) 


S 3, des, 7) llamo ar} {80),0((e0]~lan))-+mo—mj-+la1 
[o1}+[o2]=[a0] 
de Neal i +7 ‘a = 
[a+ FR) A™ x(tr(R))mI +R)» lem) 
By the functional calculus, we have 


plag]—mo+m5 +7 


Ir +R) 2x (te (R)) (E+ R) lh eg) 
< || + R) A(t a(R + R)-* cn 
S sup(1+A)— > FF ak’ {x(t} St 
k'<k 
A>0 


by Proposition 5.3.4 for some k € No. This shows (5.44). 


Let us choose strictly increasing sequences {az}, {be} and {cr} of positive 
integers. For each £ there exists Cy > 0 such that for any j € N and t € (0,1), we 
have 


momi 


J 
Ilo; (£; T)XT(R sre, ae,be,ce S Cello; (z, T) Il seo, whe ae ý 
We may assume that the constants Ce are increasing with £. 


We now choose a decreasing sequence of numbers {t;} such that for any 
JEN, 
THET 


mi v =i 
So 2 05,0; ,¢;+paj+mo— m;tj < a 


€ (0,27) and C} sup |lo;(a,7)| 
xEG 


neĝ 
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For any 7 € N, we define the symbols 
G(x, T) := 0; (x, 7)x(t;7(R)). 


For any £ € N, the sum 


oo £ oo 
5 IF lso ae,be,ce Š > lO sll 379 ae,be,ce T >., 2, 
j=0 j=0 j=ltl 


is finite. Since S73 is a Fréchet space, we obtain that 
co 
o := 5 Õj, 
j=0 
is a symbol in ane: 
Starting the sequence at Mmm+1, the same proof gives 


co 
Zoi MM+1 
> a; € Sp . 


j=M+1 


By Proposition 5.3.4, each symbol given by (1 — x)(t;7(R)) is in 57%. Thus by 
Theorem 5.2.22 (ii) and the inclusions (5.31), each symbol given by oj;(#,7)(1 — 
x)(t;7(R)) is in S~°°. Therefore, the symbol given by 


M M oo 
-X o;(2,n) =>  0;(2,m)(1— x)\(ty(R)) + XO G;(a,7), 
j=0 j=0 j=M+41 


is in ae This shows (5.43) for ø. 
if T is another symbol as in the statement of the theorem, then for any 
MEN, 


M M 
=T= o- > aj) — r-) Oj 
j=0 j=0 


is in S™M+1, Thus o — r € S7 


We note that the proof above does not produce a symbol o depending con- 
tinuously on {o;}, the same as in the abelian case. 


5.5.2 Composition of pseudo-differential operators 


In this section, we show that the class of operators Umer Y's is an algebra: 
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Theorem 5.5.3. Let 1 > p > ô > 0 with ô £41 andm,,m2 E R. FT, € Wea and 
Th € L are two pseudo-differential operators of type (p, 8), then their composi- 


tion TIT is in U Moreover, the mapping 
(T,,T2) > TT 


; . mı m2 mı +m 
is continuous from Ve x aie to Wa i 


Since any operator in UW’; maps S(G) to itself continuously (see Theorem 
5.2.15), the composition of any two operators in 7"; and Y$ defines an operator 


in £(S(G)). 


Let us start the proof of Theorem 5.5.3 with observing that the symbol 
of TıTə is necessarily known and unique at least formally or under favourable 
conditions such as between smoothing operators: 


Lemma 5.5.4. Let 0, and a2 be two symbols in S~* and let kı and kK be their 
associated kernels. We set 


kely) ‘= I toai rain nyet 


Then o(a,7) = T(Kx) defines a smooth symbol o in the sense of Definition 5.1.34. 
Furthermore, it satisfies 


Op(o1)Op(o2) = Op(c). 


and 


olz, T) -f K1,2(2)(z)*oo(xz~*, T) dz, (5.45) 
G 
In particular, if o2(x,7) is independent of x then o1 0 02 = 0102. 


We will often write 
o := 01,009. 


Proof of Lemma 5.5.4. We keep the notation of the statement. Clearly « : (x, y) => 
Kz(y) is smooth on G x G, compactly supported in x. Furthermore, £g is integrable 
in y since 


f Ike(y)ldy < f i Inez, yo yat det 
G GJG 
< f | Ik2,22-1 (w)ļdw |pca (cr, 2) [dz 
GJG 
< 


< max | Ikaar(w)law f [k1 æ(z)|dz. 
G G 


x'EG 


Therefore, o(x,7) = T(Kx) defines a symbol ø in the sense of Definition 5.1.33. 
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__ Using the Leibniz formula iteratively, one obtains easily that for any 8, € NG, 
Xb. kely) is a linear combination of 


Xf? thing (YE oe ae ee (z)dz, [81] ale [82] = [Bo]. 
G 


Hence proceeding as above 


f Berous E max f Rerloldw f mald 
5 (81]+[82]=[8o] © 


This together with the link between abelian and right-invariant derivatives (see 
Section 3.1.5, especially 3.17) implies easily that ø is a smooth symbol in the sense 
of Definition 5.1.34. 

The properties of xı and Kz (see Theorem 5.4.9) justify the equalities 


Op(ar)Op(a2)(e) = f Taol) a(o a)dy 

J, [eterna eta) ola dey 

. [ i $(2) 42, au- (27 ewn 2 (w)dedw 
= [eo Ande de Pena, 


II 


with the change of variables y™txz = w. This yields TT = Op(c). We have then 
finally 


o(z,7) = Ren) = jar e(y)m(y)*dy 
= n fr ka s2- (y2™})ki a(2)r(2)*m(y2?)*dydz 
= I kaalz)r(2)*on(a2-, m) de, 


after an easy change of variable. 


From Lemma 5.5.4 and its proof, we see that if T = Op(o1)Op(o2) then 
the symbol ø of T is not 0,02 in general, unless the symbol {c2(a,7)} does not 
depend on x € G for instance. However, we can link formally ø with cı and o2 
in the following way: using the vector-valued Taylor expansion (see (5.27)) for 
d2(x,7) in the variable x, we have 


olez t, n) & 5 do(z~1)X202(2, 7), 
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Thus, implementing this in the expression (5.45), we obtain informally 


olz, nr) & J maene) E lAo) dz 


Q 


=e gale") )K1,2(z)a(z)*dz X*o9(a, 7) 


= 5 Aoi (x, T) XSoa(x, 7). 


We will show that in fact these formal manipulations effectively give the asym- 
potitcs, see Corollary 5.5.8. From Theorem 5.2.22, we know that if o € S™ at 
o E S” f 5 then 

E N Py, (5.46) 


The main problem with the informal approach above is that one needs to estimate 
the remainder 
019003 — 5 A“ X2. 
[a] <M 


We will first show how to estimate this remainder in the case of p > 6 using the 


following property. 


Lemma 5.5.5. We fix a positive Rockland operator of homogeneous degree v. Let 
mı, m2 €R,1>p>6 <0 with p#0 andd€1, Bo E NG, and M, Mı E€ No. We 


assume Bis 


m2+6(cayt+vUn j 
matien to) < yM, < M — Q — m — ôlfo] + P(Q + v1), ei 
mz + 6(ca) + Un + M) < vM; < =Q — mı — Òlo] + P(Q + M), 
where 
p= max ']. 
d [802]< [80] | 
[8’]>[B02], 18121802 
If M > vMi, only the second condition may be assumed. 
Then there exist a constant C > 0, and two pseudo-norms ||- || gmi? a, p> 
1) a is 


|| - |s” 0,b,,0 Such that for any 01,02 E ST? and any (x, T) € G x Ĝ we have 
m2 0,bz, 


|| X Po (01 o 09(a,7) T) -> Ke oil T T) xX? olz, T)) \leot, 
laJ zM 


< Cllorll smi ® a,b, o2lls2.0,b2,0- 


In the proof of Lemma 5.5.5, we will use the following easy consequence of 
the estimates of the kernels given in Theorem 5.2.22. 
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Lemma 5.5.6. Leto € Sry with 1 > p > ô > 0 with p # 0. We denote by Ky 


its associated kernel. For any y € R, if y+ Q > max( T2, 0) then there exist a 


constant C > 0 and a seminorm || - | 


s™,.a,b,c Such that 
Ps 


| lel" ee(2)Idz < Cllollsm,.0.ie 
i 


We may replace || - Ils, a,b,c with ||- Il grr nae 
mt a, 


Proof of Lemma 5.5.6. We keep the notation and the statement and write 


[letle@ld = f +f . 
G |z|>1 Jz|<1 


The estimate for large |z| given in Theorem 5.4.1 easily implies that the integral 
g g y 8 
Siasi is bounded up to a constant of y, m, p, ô, by a seminorm of ø. The estimate 


for small |z| yield 


_ mt+tQ F 
Jie <i ll” e dz mad 2, 
I |z|7|Ka(z)|dz S Jiasi [417110 [| |dz ifm+Q=0, 
lds Jazid ifm+Q<0. 


Using the polar change of coordinates yields the result. 


Proof of Lemma 5.5.5, case Bo = 0. By Lemma 5.5.4 and the observations that 
follow, we have 


a(x, T) — 5 Ao (x, T) Xr o(x, T) 
la] <M 


= f malne) go(xz—',m) — da(z~1)X2a0(x, T) | dz 
G 


= | Ka aler RPE (2 dz, 
: 


where R7*(-”) denotes the remainder of the (vector-valued) Taylor expansion of 
v > 02(av,7) of order M at 0. We now introduce powers of m(I+ R) near 7(z)* 


a(z)* = n(n (1 +R Er +R)" = y n(z)*a(X)oa(l +R) 
[8] <vMı 


and we notice that 


* 


n(2) a(X)? = (-1)!8! (a(X)fr(z)) = (1)! (X2n(2)) l (5.48) 
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We integrate by parts and obtain 


a(x, T) -5 A“ci(x, T) X2oo(x, 7) 


[la] <M 
— TESE 
= J | Rine XE RM PO (29 dz 
[81]+[82] <v Mı 
© x pr(I+R) 7M1 XP202(,T) p — 
= 5 o a= 2K12(21) T(z) sae a( (z dz 
[81]+[82] <v Mı 


by Lemma 3.1.50. Taking the operator norm, we have 


olx, 7) -> A“o (x, T) Xfo2(2x, T)| eeu 
[la] <M 


n(I+R Mı Xb20 T 
S Emal Ra O Nadz 
ae ]<vMı 


The adapted statement of Taylor’s estimates remains valid for vector-valued func- 
tion, see Theorem 3.1.51 and Remark 3.1.52 (3), so we have 


A+R) M1 XP202( n) 1 
|R; m-i) G 


S 5 |2|% sup |r +R) X} Xf o(21, T) 2) 
IvI<[(M-[62])+]+1 HEG 


[y]>(M—[62])+ 


Illea) 


We have obtained that 


olx, 7) -5 Aoi (a, T) Xg oalx, T) 2H) 
la]<M 


a = f A0 Rhesa ldz 


[h]>(M-[62])+ 
lyl<f(M— [62)).]-+1 


sup ||7(1 + R) X} XP 00(x1, T)|| 2u) 


z1EG 


If M — [62] < 0, the integrals above are finite by Lemma 5.5.6 and the suprema 
are bounded by a Sp g -seminorm in o2 when 


mı + [Bi] +Q < p(Q +v) 
—vM, + Mə + (vn + [82]) <0 ’ 


and it suffices 


mı +vMı -M +Q < p(Q +v) 
vMi Fm 4 O(Un } vMi) <0 
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If M — [62] > 0, the integrals above are finite by Lemma 5.5.6 and the suprema 
are bounded by a S$/"3-seminorm in 72 when 


{ mı + [61] + Q < p(Q + [y]) 
—yM, + m2 + 6([y] + [62]) < ? 


and it suffices 
mı +vMı +Q < p(Q+M) 
—vMı +m + ô(un +M) <0 


Our conditions on M and Mı ensure that the sufficient conditions above are 
satisfied. Collecting the various estimates yields the statement in the case p 4 0 
and o = 0. 


Proof of Lemma 5.5.5, general case. Using Formula (5.45), the Leibniz property 
for left invariant vector fields easily implies that 


Xo Gq, o 09(x,7) = 5 XE ki 3 (z)m(z)* XBZ o2(£227t, T) dz. 
[801]+[S02]=[4o] 


Proceeding as in the case 6o = 0, we have 


X® | o 009(z,7) - > Ao (a, 7) Xfo0(x, T) 
[la] <M 


ss EEO Ja(z Bo eal gl) de. 
[Boi]+ 2 [Bo] 


Introducing the powers of 7(I+ R), each integral on the right-hand side above is 
equal to 


XE ki alzi ale) 
[61]+ [Be]<vmi C 


n(I+R) M1 X 202, XP209(a2 -,7) 
Ro, M-[8a 22O (271) dz, (5.49) 


by Corollary 3.1.53. We use a more precise version for the Taylor remainder than 
in the proof of the case Bo = 0: 


m(I+R)—™1 X202 XP20o3(£2;T), _ 
Ilo [89] ? (z Viet.) 


< Cu 5 |z [P1 S(z, M1, 7, Bor, 82), 
[]>(M-[82])+ 
IyI<[(M-[62])+]+1 


where S(z, M1, Y, Bo2, 82) denotes the supremum 


S(z, M1, Y, Bo2, b2) := sup [n (I +R) XP Xp XP o9(xoy, T) 2): 
lyl<nIMJ+1|2| 
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For any reasonable function f : G —> C, the definitions of left and right-invariant 
vector fields imply 7 
XP f(xy) = X} f(y) (5.50) 
and the properties of left or right-invariant vector fields (see Section 3.1.5) then 
yield 
XP F (ey) = Xi flay) = X Qs.er(W)Xy Fey), (5.51) 


18"|<|B| 
[6’]2[8] 


where Qg,p are ([8'] — [8])-homogeneous polynomials. Therefore 


S(z, Mı, Y, Boz, B2) Ss 5 | z|!Fo2)— [02] (M, [h] + [Boa] + [62]), 


[862]= [802] 
|Bo21<| 502! 


where (M1, [G9]) denotes the supremum 


$(Mi,[Go]) = sup sup [r+ R) XY oa(21, T) 
[y’]=[6o] 11EG 


We then obtain that (5.49) is bounded up to a constant by 


f, [XP XP al) SD b 


[81]+ x [y]>(M—[62]) + 
lyl<[(M—[82])+)+1 


NO jalol- (M, fy] + [ba] + [62]) dz 


[862] =[802] 
|Bo21<|Bo2| 


We conclude in the same way as in the case 8o = 0. 


To take into account the difference operator, we will use the following obser- 
vation. 


Lemma 5.5.7. Let 01,02 E S~™. For any a € Nj, A®%(o1 o o2) is a linear com- 
bination independent of 01,02 of (A%a1) o (A%o2), over ay,a2 E€ NỌ satisfying 
[a1] + [a2] = [a]. It is the same linear combination as in the Leibniz rule (5.28). 

Proof of Lemma 5.5.7. We keep the notation of Lemma 5.5.4 and adapt the proof 


of the Leibniz rule for A® given in Proposition 5.2.10. By Proposition 5.2.3 (4), 
we have 


Golueo(v) = | dalura (v27 mr alee 
G 
= y J0 1ko gz-1(Y27!) ĝo (2)k1,2(2)dz, 
fa1]+[a2]= 


where = denotes a linear combination. Lemma 5.5.4 implies easily the statement. 
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Proof of Theorem 5.5.3 with p > 6. We assume p > 6. We fix a positive Rockland 

operator R of homogeneous degree v. Let us show that for any ao, o € Ng, and 

Mo € N, there exists M > Mo, a constant C > 0 and seminorms || - || gmi.r 
psd 


,a1,b1’ 


—Co 
|| ls ,az,b2,c2 such that for any 01,02 E S7% we have 


m—(p- SMi- plao]+s[Bol 


|| X£ A ry¢(a, T) mI+R) loa. ) 


< Clloall gma. a, p, lo2llsig as,ba,e' (5.52) 
where we have denoted m = mı + mz and 


TM := 01 O 02 — ) A oX T3 
[a] £M 


By Lemma 5.5.7, it suffices to show (5.52) only for ag = 0. 
Let Bo € No and Mo € N. We fix mh := —m + (p — 8) Mo — ôlbo]. As p > ô, 
we can find M > max(Mo, v1) such that 


(—Q — mı — 6[6o] + p(Q + M)) — (m, + d(cg, + Un + M)) >v 


This shows that we can find M; satisfying the second condition in (5.47) for m1, mj 
and therefore also the first. Hence we can apply Lemma 5.5.5 to M, Mı and the 
m—(p—s 6 
symbols gı and ogn(I +R) 2 with orders mı and m4. The left-hand 
side of (5.52) is then bounded up to a constant by 
_ m-(p—8)Mo+ô[80] 


loll sm ® a, |020 + R) ls” 0,60,0 


Ss larll sma a, by lo2llsm2 0,b2,00° 
Hence (5.52) is proved. 


Using (5.46), classical considerations imply that (5.52) yield that for any 
Mo € No, and any seminorm ||- lsr- Mo(o-5).R „ p there exist a constant C > 0 and 


|| - ils ts bey i that for any 01,02 E ST we 


two seminorms || || gmr? a, p? 
p, rn) 


have 
Irn gmmMo(o-2 a p S Coal gr: a, p Pall aa,to.co (5.53) 


In Section 5.5.4, we will see that for any seminorm || - || gm, a,b, there exist a 
P, PARISI 
constant C > 0 and a seminorm ||- || SR a,b such that 
m 


Vo e S7” \|o| 


S™ a,b,é £ Cloll gm. (5.54) 


Š ,a,b° 


Inequalities (5.54) together with (5.53) and Lemma 5.4.11 (to pass from S~°° to 


S57 5,6) conclude the proof of Theorem 5.5.3 in the case p > ô. 
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Note that the proof of the case p > 6 above also shows: 


Corollary 5.5.8. We assume r >p>d>0. Ifoe H and o2 € b ae , then there 
exists a unique symbol o in Sps, M =m, +mo, sich. hai 
Op(c) = Op(o1)Op(a2). (5.55) 
Moreover, for any M € No, we have 
-= 5 Ato, X20} € 8m PM (5.56) 
[o]<M 


Furthermore, the mapping 


is continuous. 


Consequently, we can also write 


o~ ` X Aor XP | (5.57) 
j=0 


[ols 
in the sense of an asymptotic expansion as in Definition 5.5.2. 

The case p = ô is more delicate to prove but relies on the same kind of 
arguments as above. If p = 6, the asymptotic formula (5.56) does not bring any 
improvement and, in this sense, is not interesting. 

We will need the following variation of the properties given in Lemma 5.5.6 
obtained using Corollary 5.4.3 instead of Theorem 5.4.1. 


Lemma 5.5.9. Leto € roe) with 1 > p> ô> 0. We denote by kz its associated 
kernel. Let y > 0 andm £ —Q. Then there exist a constant C > 0 and a seminorm 
Il - Ilsm,.a,b,¢ such that 


[le e@ldz < Clollsgsate 
G 
We may replace || - Ilsm,,a,b,c with ||- Isms a,b 


Proof of Lemma 5.5.9. By Part 2 of Corollary 5.4.3, z +> |k,(z)| is a continuous 
bounded function if m — py < —Q hence the integral Jaja |z|7|Kkz(z)|dz is finite. 
By the Cauchy-Schwartz inequality, we have 


I prieto < |z| -2-4 | |e[?1+2+4 ica (z) [dz 
|z|>1 jz[>1 |z|>1 


S YS} Mdakellz@, 


[aJ=M 
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where M/2 € N is the smallest integer divisible by v1,...,Un satisfying M > 
27+Q+3, having chosen (3.21) with p = M for quasi-norm. By Part 1 of Corollary 
5.4.3, the sum above is finite when m — pM < —Q/2, which holds true. 


Using Lemma 5.5.9 instead of Lemma 5.5.6 in the proof of Lemma 5.5.10 
produces the following result. 


Lemma 5.5.10. We fix a positive Rockland operator of homogeneous degree v. Let 
mı €R,1>p>6<0 withd #1, Bo ENG, and M, Mı € No. We assume that 


mı +vMı < -Q 
vMi + m2 + lcg, + Un + max(v Mı, M)) < 0 f 


where 
Cho (= ax 
a [B02]£ [ol 
[8'12 [802]; 18"|=18021 
Then there exist a constant C > 0, and two seminorms ||- || gmi.r by? I 
pð ete 
Il sme 0,b,07 Such that for any 01,02 E S~* and any (a,7) € G x G we have 
3 50,62, 
IXS (a, 002(a,m7)— XO A®oi(x,) XPo0(2,7)) || ect.) 
[a]<M 
< Cllorll gm a,b, lo2llsm2,0,52,0- 
The details of the proof of Lemma 5.5.10 are left to the reader. The first 


inequality in the statement just above shows that we will require the ability to 
choose m; as negative as one wants. We can do this thanks to the following remark: 


Lemma 5.5.11. Let 01,02 E ST®. For any X €E g and any 01,02 E S-™, we have 
(o17(X)) 00g = 010 (Xz02) + 01 0 (n(X)o2). 
More generally, for any P € Nọ, we have 
{oyn(X)9}oo.= > a1 0 {n(X)* XP}, 
(61]+[82]=[6] 
where = denotes a linear combination independent of 01,02. 
Note that in the expression above, 7(X)°! and X%? commute. 


Proof of Lemma 5.5.7. We keep the notation of Lemma 5.5.4. Using integration 
by parts and the Leibniz formula, we obtain 


(o10(X)) 0 09 (£, 7) = J Fairiella) oale, n) dz 
= -f K1,2(Z) (X.,<21(z1)"02(v271, 2) + n(2)"Xzq=202(251,7)) dz 
G 


= | male) (x(z)*m(X)oo(az7", T) + 1(z)* Xp .=02-102(£2, 7) dz. 
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This shows the first formula. The next formula is obtained recursively. 


We can now sketch the proof of Theorem 5.5.3 in the case p = ô. 


Sketch of the proof of Theorem 5.5.8 with p = 6. We assume p = ô € [0, 1). Writ- 
ing o1 = oyr(I+ R)Na(1+R)% and using Lemma 5.5.11, it suffices to prove 
(5.52) for mı as negative as one wants. We proceed as in the proof of the case p > 6 
replacing Lemma 5.5.5 with Lemma 5.5.10. The details are left to the reader. 


5.5.3 Adjoint of a pseudo-differential operator 


Here we prove that the classes Wiis are stable under taking the formal adjoints of 
operators. 


Theorem 5.5.12. We assume 1 > p > ô > 0 withdAlandmeR. T€ urs 
then its formal adjoint T* is also in Wis: Moreover, the mapping T ++ T* is 
continuous on vs 


Recall that the formal adjoint of an operator T : S(G) —> S’(G) is the 
operator T* : S(G) + S'(G) defined by 


Vo, Y € S(G) ECOLO aj de= f oe) TJE) 


We observe that the operator T = Op(c) € U7; maps S(G) to itself contin- 
uously (see Theorem 5.2.15) and therefore has a formal adjoint T*. 

Before beginning the proof of Theorem 5.5.12, let us point out some of its 
consequences. 


Corollary 5.5.13. 1. We assume 1 > p> ô> 0 withd#1, andmeR. 


Any T € UW"; extends uniquely to a continuous operator on S' (G). Fur- 
thermore the mapping T ++ T from VW"; to the space 2(S'(G)) of continuous 
operators on S'(G) is linear and continuous. 


2. Any smoothing operator T € YT% maps continuously the space E'(G) of 
compactly supported distributions to the Schwartz space S(G). Furthermore 
the mapping T ++ T from U~* to the space L(E'(G),S(G)) of continuous 
mappings from E'(G) to S(G) is linear and continuous. 


Proof of Corollary 5.5.13. We admit Theorem 5.5.12 (whose proof is given below). 
The statement then follows by classical arguments of duality and Theorem 5.2.15 
for Part 1, and Part 2 of Theorem 5.4.9 for Part 2. 


Let us start the proof of Theorem 5.5.12 by observing that the symbol o) 
of the adjoint T* of T = Op(c) is necessarily known and unique at least formally 
or under favourable conditions such as in the case of a smoothing operator: 
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Lemma 5.5.14. Leto € S~™ and let k : (x,y) > Ka(y) be its associated kernel. 
We set 


Ko (y) = ily 3 LYE G. 


Then K®) : (x,y) > KS (y) is smooth on GxG and for every a € NG, r+ Xe 


is continuous from G to S(G). 
The symbol o*) defined via 


0) (x, r) := Fe(K0)\(r), (x,7) € Gx â, 
is a smooth symbol in the sense of Definition 5.1.34 and satisfies 
(Op())* = Op(o™). 
In particular, if o does not depend on x, then o) = o*. 


Note that this operation is an involution since 
k= hm AG): 


Recall that if o = {o (x, T), (x,t) E Gx â} then we have defined the adjoint 
symbol 


o* = {o(z,7)*, (x,m) € G x G}, 


(see Theorem 5.2.22). Hence we may write 
o” (a7) :=o(a,7)*. 
Proof of Lemma 5.5.14. By Corollary 3.1.30, we have 


XP {KL (y)} = XE {Ray (T = (DPX {Rays (T) 


=(-1) > pay XE _, 1 {Ran U} 
|B\<|Bol, [8]2 [80] 


a(l S Quat i aa Raa h 
IBI<|80l; [8]2 [Bo] 


where the Qg,,8’s are ([82] — [(])-homogeneous polynomials. The regularity of «K 
described in Theorem 5.4.9 implies that 6) : (a, y) => KS (y) is smooth in x and 
y (but maybe not compactly supported in x), and it is also Schwartz in y in such 
a way that all the mappings G 3 x > Xan) € S(G) are continuous. Clearly 


o) (2,7) = (Ko?) defines a smooth symbol a“). 
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Let ¢,w € S(G) and let x € Œ. The regularity of x described in Theorem 
5.4.9 justifies easily the following computations: 


[OON = [ox rsteyitear= f f oea adda 
S S Oa- 2) le )dede 


(2-12) h(x) deda 


= — (z)dz 


This shows that Op(o)*u(z) = Y * KS? (2). 


lI 
yà 
asa 


In general, o) is not the adjoint o* of the symbol ø, unless for instance 
it does not depend on x € G. However, we can perform formal considerations to 
link a) with o* in the following way: using the Taylor expansion for «* in x (see 
equality (5.27)), we obtain 


KY (y) = ~ Di daly age id *( = Do daly) )XK* 4 (y). 


Thus, taking the group Fourier transform at 7 € G. we get 


o (x, r) =r) xY r (aly) XS rž ( Peni z, T) 


a 


From Theorem 5.2.22 we know that if o € S's then 


Arko ay ea Ol, (5.58) 


From these formal computations we see that the main problem is to estimate the 
remainder coming from the use of the Taylor expansion. This is the purpose of the 
following technical lemma. 


Lemma 5.5.15. We fix a positive Rockland operator of homogeneous degree v. Let 
méER,1>p>6>0 with p #0 andô £1, Bo € Nọ, and M, Mı E No. We 
assume that M > vM, and (p — 8)M + pQ > m + ô[bo] + vM, + Q. Then there 
exist a constant C > 0, and a seminorm || - Ils, ,a,b,0> such that for any o € S7% 


and any (x, r) € G x Ĝ we have 


IXE (z,n) - XO AXo (a, r)a +R” lem) < Cllolls,.a,b,0- 
[a] <M 
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Proof of Lemma 5.5.15, case Bo = 0. By Lemma 5.5.14 and the observations that 
follow, we have 


ao) (2,7) — 5 AC X*o* (x, T) 


[a] <M 


= f, kial) So qa(7HXSki (2) | a()*dz 


[a] <M 
= | REP madz, 


where R denotes the remainder of the (vector-valued) Taylor expansion of 
v > kž„(z) of order M at 0. Using (5.48), we can integrate by parts to obtain 


(o (*) (x, a) -> AXo” (x, r)ja(I +R)” 


_lelsm 


m I že RRB) ar ta(e)"dz 
[81]+ x 
Xf2_ X1 n} (22) P 
E 3 g Prasa, M-[61] (2 * )r(2)*dz. 
Bıl+[82] <V M: 


Taking the operator norm, we have 


(o,r) X AXo (x, r)a +R | ect.) 
la] <M 


Bo XP wh, (zo), _ 
[ir Eo Pinen (z H|dz. 
Mia p> ]<vMı 


For |z| < 1, we will use Taylor’s theorem, see Theorem 3.1.51: 


Ba XP Ke (22), _ 
Rie M eT (z DIS X [z| sup [XY Žž X Pir Kr, (22), 
lvls [(M—[61])4J-+4 me 
[y]>(M—[61])+ 


together with the estimate for z near the origin given in Theorem 5.4.1. The link 
between left and right derivatives, see (1.11), implies 


sup |XX B2_ aoa (z2)| = = hee [x7 XB Xl hz, (22). 


Tı Ky, 
xı EG 


Proceeding as in the proof of Lemma 5.5.6, we obtain that the integral 
=2Xe! Ky (22) ai 


J 5 / a [IP sup 1X3, XE Xfi e, (2 


lyi<[(M—[61])4J+1 TEG 
[y]>(M—[61))+ 
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is finite whenever [y] + Q > (m + [G2] + 6([y] + [81]) + Q)/p with the indices 
as above. These conditions are implied by the hypotheses of the statement. The 
estimates for z large given in Theorem 5.4.1 show directly that the integral 


KPR XG WE, (22), 
m [Foes a M at oa (z ‘)\dz, 


is finite. Collecting the various estimates yields the statement in the case p # 0 
and Bo = 0. 


Proof of Lemma 5.5.15, general case. We proceed as above and introduce the de- 
rivatives with respect to x. We obtain 


XB(o(e,m)— D Axson) = f RAG Oade 


la] M 
And adding (I+ R)™:, we have 


XE (o () (x, a) T) -5 AXo” (a, T) (+R) 
[la] <M 


X82_, x81 xP One zı (Z Je a k 
= oe Rees M-61] * (271 )a(z)*dz. 
[81]+[82] <v Mı 


Taking the operator norm, we have 


Ixen S, AX n)a AR le 


[a] <M 
X22 X1 Xpo nt n (22), 1 
< 5 Reno. i a | 


[B1]+[B2]<v Mı 


For |z| < 1, we use the more precise version of Taylor’s theorem than in the case 
Bo = 0: 


RE KE A ei PO 
(Re M-e] me (27?) 
5 >, le sup Xp XP, XG XP ws, (z2)|- 


<[(M—[1])4J +1 ulm MD 41412) 
+ 


[y]>(M—[61])+ 
We proceed as in the proof of Lemma 5.5.5, that is, we use (5.51) to obtain 
sup | Ea) 


Z2=zZ 


ly|<n! MD] 2 
S$ SD jbo sup |X we, (20). 
[94] [60 ce 
|Bol<|Bol 0 


We conclude by adapting the case So = 0. 
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To take into account the difference operator, we will use the following obser- 
vation. 


Lemma 5.5.16. For any a € N? anda € S~%, A%a™) can be written as a linear 
combination (independent of o) of {A% a} over a! € N}, [a] = [a]. This is 
the same linear combination as when writing A%o* as a linear combination of 


{A1 o}. 


Proof of Lemma 5.5.16. For o € S7, let ko be the kernel associated with the 
symbol o and similarly for any other symbol. 
Let us prove Part 1. We have 


{Jako at(y) = da (Whe syi (y—"). 


As Gq is a [a|-homogencous polynomial, by Proposition 5.2.3, fa is a linear com- 
bination of gq over multi-indices a’ € Nj satisfying [a’] = [a]. Hence 


{fako et (y) = 5 ihre = 5 {Gato} (y), 
[a']=[a] [a]=[a] 


where D means taking a linear combination. Taking the Fourier transform, we 
obtain 


Fo {Gatto s}(n) = A00 (z,n) = XO {A%o}©). 
[a']=[a] 


We can now prove Theorem 5.5.12 in the case p > ô. 


Proof of Theorem 5.5.12 with p > 6. We assume p > 6. We fix a positive Rockland 
operator of homogeneous degree v. Let us show that for any ao, 8o € Nọ, and 
Mo € N, there exists M > Mo, a constant C > 0 and a seminorm ||- || s7, ,a1,b1,0, 
such that for any ø € S7% we have 


m-(p—ô8)Mo-plao]+ô8[80 
v 


|| X29 A Tu (zx, 7) mI+R) | ll ect) 


< Cllol|sm,ai,01,0; (5.59) 


where we have denoted ty := o@) — ie A°X°o*. By Lemma 5.5.16, it 
suffices to show (5.59) only for ap = 0. 
Let 6o € No and Mo € N. Let Mı € No be the smallest non-negative integer 


such that 
m — (p — 6)Mo + [6o] 
v 
We choose M > max( Mo, vM) such that (p —6)M + pQ > m-+6[69] +v Mı +Q. 
This is possible as p > 6. Then (5.59) follows from the application of Lemma 5.5.15 
to M, Mı and the symbol ø. 


< Mı. 
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Using (5.58), classical considerations imply that (5.59) yields that for any 
Mo € No, and any seminorm ||: || gm—mo(e-s).n „ p there exist a constant C > 0 and 
p,d aa 


a seminorm ||- ||s~,,a1,b:,0, Such that for any 01,02 € S~° we have 


[Tmo || gm=motw-s.2 4 < Cllollsm,a1,b1,0- 


We can then conclude as in the proof of Theorem 5.5.3 in the case p > ô. 


In fact, we have obtained a much more precise result: 


Corollary 5.5.17. We assume 1 > p >ô > 0. Ifo € Sra then there exists a unique 


symbol a) in Sis Such that 
(Op(a))* = Op(o™). 
Furthermore, for any M € No, 
fo(a,n)— E XZA%o"(a,m)} E Sy OO, 
[a]<M 


Moreover, the mapping 


is continuous. 


Consequently, we can also write 
CA DENGE (5.60) 


where the asymptotic was defined in Definition 5.5.2. 


As for composition, in the case p = 6, the asymptotic formula does not bring 
any improvement and, in this sense, is not interesting. The proof of this case is 
more delicate to prove but relies on the same kind of arguments as above. Using 
Lemma 5.5.9 instead of Lemma 5.5.6 in the proof of Lemma 5.5.15 produces the 
following result: 


Lemma 5.5.18. We fix a positive Rockland operator of homogeneous degree v. Let 
meER, 1<p<6 <0 withd Al, bo E NG, and M, Mı € No. We assume that 


M>vM, and m+06(M+cg,)+vM < -Q, 


where 
CB (= max B'). 
(84)< [60] W 
[812166]; 18121651 
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Then there exist a constant C > 0, and a seminorm ||- || gm.n_, ,, Such that for any 
pð 0? 


o € S-© and any (x, r) € G x G we have 
IXE (o™ (wm) — SP AXo" (s, r)a +R) eo) < Clloll gm. ap 
[a] <M © 


The details of the proof of Lemma 5.5.18 are left to the reader. The conditions 
in the statement just above show that we will require the ability to choose m as 
negative as one wants. We can do this thanks to the following remark. 


Lemma 5.5.19. For any o E€ S~™ and any X € g, we have 


{n(X)o} = -o (a, m) (X) - {X20} (a, 7). 
More generally, for any P E€ Ng, we have 
{r(X)o} = ST {XPro} a(x), 
[61] +[62]=[4] 


where D denotes a linear combination independent of 01,09. 
Proof of Lemma 5.5.19. We keep the notation of Lemma 5.5.14. The kernel of 
o)a(X) is given via 

Xyk (y) = Xy{Rsy- GY} SNe Ra: 0) Xya=y- Rey- (Y2), 
having used (5.50) and the Leibniz property for vector fields. Hence we recognise: 


XK (y) = —(Xzkz)™® (y) = (Xka) (y), 


and 
o®n(X) = —(X,0)™ — (x(X)o)™. 


This shows the first formula. The second formula is obtained recursively. 


We can now show sketch the proof of Theorem 5.5.3 in the case p = ô. 


Sketch of the proof of Theorem 5.5.8 with p = 6. We assume p = 6 € [0, 1). Writ- 
ing o = r(I+R)Xr(I+R)-No and using Lemma 5.5.19, it suffices to prove (5.59) 
for m as negative as one wants. We proceed as in the proof of the case p > 6 
replacing Lemma 5.5.15 with Lemma 5.5.18. The details are left to the reader. 


5.5.4 Simplification of the definition of 5”; 


In this section, we show that it is possible to choose y = 0 in the definition 
of symbols as it was pointed out in Remark 5.2.13 Part (3). This simplifies the 
definition of the symbol classes $7”; given in Definition 5.2.11. We will also show 
a pivotal argument in the proof of Teen 5.5.3 and 5.5.12, namely Inequalities 
(5.54). 
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Theorem 5.5.20. Let m, p, E€ R with 1 >p>6>0 andoFil. 


(L) 


A symbol o = {o(x, n), (x,t) E Gx ay is in Sis if and only if for each 
a, b € Nọ, the field of operators 


XB A% = {XP A%o(x, r) : HZ > Hr, (x, 7) € G x G} 
is in EE E uniformly in x € G, that is, 


BA@ ; pe 
PPRA olz, Mir, (@ <&. (5.61) 


[a]—m—66] 
Furthermore, the family of seminorms 


o |lollsm,.a,,0 = sup sup ||XPA°o(z,-)|| ,~ a,b € No, 
: [a]l<a xEG 0,pla]—m—s 


[8] <b 


ta) (G)? 


yields the topology of Sis. 


A symbol o = {o(x, n), (x,t) E Gx â} is in S's if and only if for each 
a, b € Ng, the field of operators 


XPA o = {XP A%o(a, T) : HL > Hr, (2,7) € Gx Gh 


is in Ee se C uniformly in x € G, that is, 


g xXPA® Jla 
sup 2 Ato(a, Nie a ota 


(â) < ©: (5.62) 


Furthermore, the family of seminorms 
o > |lollom.n ap = Sup sup | X2A%a(z, -) a,b € No, 
pio 2? [a] <a rEG 
[8] <b 


lt, sa- eta), 


yields the topology of pS 
In other words, 
a symbol ¢ = {ø(x, 7), (x,t) € G x Ĝ} is in s's if and only if for each 
a, 8 € NG, the field of operators 
XpA%o = {XPA°0(x, n) : HE > Hx, (2,7) € G x G} 


is defined on smooth vectors and satisfy 


pla]-m—518] 
sup _ || XPA%o(a, -Jn +R) v lH) <% 
LEG, nEG 


for one (and then any) positive Rockland operator R of homogeneous degree 
v (as the symbol is given by a field of operators defined on smooth vectors, 
and since m(I +R)? acts on smooth vectors, this condition makes sense); 
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(L) a symbol o = {o(2,7),(x,7) € G x G} is in Sis if and only if for each 
a, 8 € NG, the field of operators 


XB A%G = {XP A%o(x, r) : HL — Heel- (x, r) eG x Gh 


mee) and satisfies 


is defined on smooth vectors and has range in Hei- 
pla|—m—5{8] 
sup ||7(I+ ?) v XP A%o(x, )\l-et,) < 00 
re€G,neG 


for one (and then any) positive Rockland operator R of homogeneous degree 
v. The notion of a field having range in a Sobolev space HÊ is described in 
Definition 5.1.10 and allows us to compose on the left with 7(I + R)? with 
s = pla] — m — [6] here, see (5.4). 


Naturally, the condition does not depend on the choice of the positive Rockland 
operator R. 


Theorem 5.5.20 makes it considerably easier to check whether a symbol is 
in one of our symbol classes. However using the definition ‘with any y’ has the 
advantages 


1. that we see easily that the symbols are fields of operators acting on smooth 
vectors, 


2. that we see easily that the symbols in Sps, m € R, form an algebra (cf. 
Theorem 5.2.22), 


3. and that the properties for the multipliers in R in Proposition 5.3.4 are for 
the definition ‘with any y’. 


While showing Theorem 5.5.20, we will also finish the proofs of Theorems 
5.5.3 and 5.5.12. Indeed, an important argument used in the proof of Theorems 
5.5.3 and 5.5.12 (i.e. the properties of stability under composition and taking the 
adjoint) is Inequality (5.54) which can easily be seen as equivalent to Part 2 of 
Theorem 5.5.20. 

Before showing Theorem 5.5.20, let us summarise what has been shown in 
the proofs of Theorems 5.5.3 and 5.5.12 up to before the use of Inequality (5.54): 


lor oaallgmemat a, S lorligm a p, NORs asen (5-63) 

lo lsm R ap 5 I|ol| 9, ,a’,b’,05 (5.64) 

these estimates are valid for any o, 01, 02 E ST in the sense that for any seminorm 
on the left hand side, one can find seminorms on the right. 


Proof of Theorem 5.5.20. Using Estimate (5.64) together with the properties of 
taking the adjoint and of the difference operators together, one checks easily that 
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the two families of seminorms {|| - Il gm,r ap % 6 E N} and {|| ||s~,.0,0,0,4,0 € 


N} yield the same topology on ST% and that taking the adjoint of a symbol is 
continuous for this topology. Consequently, for any y € R, any symbol o € $7~° 


and any seminorm ||- || om.r_, ,, we have 
poe 


mA 
v 


||7(I+ R) 


x 
ollomio-t ap Slot + R)Ž gmr a, p, S lo” lsm a ba 


having used (5.63) and the fact that (I+ R)? € S7. As taking the adjoint is a 
continuous operator for the $”-topology, we have obtained 


Ir + R)Fo| 


Bor a,b < loll om? s,s i 


One checks easily that 


a 
Va, b,c € No I|ol|s™,,a,b,¢ < re In + R)¥ |l gmr ap 
whereas 
Va, b € No IIollom ap £ Ilo Ilse, a,b,m|-+oa-+50- 


This easily implies that the topologies on S~°° coming from the two families of 
seminorms {|| - || 5, ,a,b,c. 4, 6,¢ € No} and {|| - lom ap% b € No} coincide. This 


together with Lemma 5.4.11 (to pass from S~°° to $75) concludes the proof of 
Theorem 5.5.20. 


5.6 Amplitudes and amplitude operators 


In this section, we discuss the notion of an amplitude extending that of the symbol, 
to functions/operators depending on both space variables x and y. This allows 
for another way of writing pseudo-differential operators as amplitude operators, 
analogous to Formula (2.27) in the case of compact groups. However, as in the 
classical theory, or as in Theorem 2.2.15 in the case of compact groups, we can 
show that amplitude operators with symbols in suitable amplitude classes reduce 
to pseudo-differential operator with symbols in corresponding symbol classes, with 
asymptotic formulae relating amplitudes to symbols. 


5.6.1 Definition and quantization 


Following the Euclidean and compact cases, it is natural to define amplitudes in 
the following way, extending the notion of symbols from Definitions 5.1.33 and 
5.1.34: 


Definition 5.6.1. An amplitude is a field of operators 


{A(z,y,7): HS > Hr, T E€ â} 
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depending on x,y € G, satisfying for each x,y € G 


Ja,bER A(x, y,-) = {Ala,y, 7) : HX > Hr, € G} € LX, (Â). 


e An amplitude {A(a,y,7) : HL > Hr, € G} is said to be continuous in 
x,y € G whenever there exists a,b € R such that 


YVr,y EG Alz, y,:):={{Alx,y, T): HX > Hr, T E€ â} E€ LS (Ô), 


and the map (z, y) > A(z, y,:) is continuous from G x G ~ R” x R” to the 
Banach space L%,(G'). 


e An amplitude A = {A(x,y,7) : HS + Hz,7 € G} is said to be smooth 
in x,y E€ G whenever it is a field of operators depending smoothly on 
(x,y) E€ Gx G (see Remark 1.8.16) and, for every (1,62 € Nj, the field 
{081 082 A(z, y, T) : HS > He,t E G} is continuous. 

Clearly if an amplitude A = {A(a,y,7)} does not depend on y, that is, 
A(x,y,7) = a(x,7), then it defines a symbol o = {o(x,7)}. More generally any 
amplitude A = {A(x,y,7)} defines a symbol ø given by o(x, n) = A(x,x,7). In 
Section 5.6.2, we will define amplitude classes and give other examples of ampli- 
tudes. 


Similarly to the symbol case, one can associate a kernel with an amplitude: 
Definition 5.6.2. Let A be an amplitude. For each (x, y) € G x G, let kz € S'(G) 
be the unique distribution such that 

Fa(Kx,y)(™) = A(z, Y, T). 
The map G x G > (x,y) 4 Kz,y E€ S'(G) is called its kernel. 


As in the symbol case, the map G x G 5 (x,y) + Kay € S'(G) is smooth, 
see Lemma 5.1.35 for the proof of this as well as for the existence and uniqueness 
of Kgy in the case of symbols. 


Before defining the amplitude quantization, we need to open a (quick) paren- 
thesis to describe the following property from distribution theory: 


Lemma 5.6.3. Let G x G 5 (x,y) > Key E S'(G) be a continuous mapping. For 
each x, we consider the distribution Ky, defined by 


f Kely)o(ydy = lim fee ao(y~12)4(y) be (wy) dydw, 
G xG 


where ġo € D(G), Yı € D(G), Íe yı = 1 and pe(z) = e—@v(e“1z), € > 0. 
Indeed this limit exists and is independent of the choice of yı. 
This defines a continuous map G > z —> Ky, E€ D'(G). 
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Proof of Lemma 5.6.3. Since Kx, E€ S’(G), there exists a seminorm || - ||s(q),n 
such that 


V@ES(G) (Kays 9)| Crwn lols, 


Furthermore, since the map G x G 3 (x,y)  Kz,y E€ S’(G) is smooth, we obtain 
that the constant Czy, = ||Kz,ylls/(@),~ can be chosen locally uniform with 
respect to x and y. Furthermore, fixing two compacts Kı and Kə of G, there 
exists a seminorm ||- ||s(g),~ (depending on Kı and K2) such that the map 


(x,y), (2, y’)) € (Kı x K2) x (Kı x Kə) > [Key — Ker y'|l8(@),N> 


is uniformly continuous. This is easily proved using a cover of the compacts Ky x K2 
by balls of sufficiently small radius, and the continuity at each centre of these balls. 


For any Yı € D(G), € > 0 and x € G, we define the distribution Ty, <2 by 


oe E | _favnl a) olu)ibel0oy dydw, 


where ¢ € D(G) is supported in a fixed compact K C G. Using the change of 
variable from w to z with z = e~!(wy7), so that w = (ez)y, we obtain 


Diy ca) = | Kz (ex\y(¥ ©) O(y)W1 (z)dydz. 


GxG 


Therefore, for any €1, €2 € (0,1), we get 


eee — Tyna eacn )(®)| 
E V2) = be easy") (ya 2) dye 
GxG 


< sup [Ka (e.2)y Ee tezy lleon lols, lilla. 
z€suppy1 
yesuppe 
where || - ||s(q),n is chosen with respect to the compact sets 


{x} and {(ez)y, € € (0, 1], zE suppY1, ye Kə}. 


This shows that the scalar sequence (Ty, <.2(@)) converges as € + 0 and that the 
linear map 


pı € D(G) => lim Tpi ee?) (5.65) 


extends continuously to L1(K,) —> C for any compact Ko C G. Thus the map 
given in (5.65) is given by integration against a locally bounded function on G. 
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Let us show that the map given in (5.65) is invariant under left or right 
translation. Indeed, modifying the argument above we obtain 


[ss e0(9) = E C) 


p Cae =; kateei) (y™te)ply)ypi(z)dydz 
GxG 


sup ||Kz,(ez)y — Ka,(e(zy.))ylls(G),N lloll, llita) 
zesuppy1 
yEsuppo 


IA 


for a suitable seminorm ||- ||s(@),v, (depending locally on yo). Since the two se- 
quences ((€z)y)eso and ((e(zyo))y)e>0 converge to y in G, we see that 


lim Torea lo) = lim T, ¥s),e,0(9)s 


e016 


and the same is true for right translation. Therefore, the locally bounded function 
given by the mapping (5.65) is a constant which we denote by Tp,.(¢): 


lim Ty, ee () = Too(8) f, Ja. 


One checks easily that To,s(¢), ¢ € D(G), supp C K, defines a distribution 
k, € D'(G) which is therefore independent of yı. Refining the argument given 
above shows that &, € D'(G) depends continuously on x € G. 


If G x G 5 (x,y) = Kry € S'(G) is a continuous mapping, we will allow 
ourselves to denote the distribution defined in Lemma 5.6.3 by 


Řz(y) := Ke ly a). 

This closes our parenthesis about distribution theory. 
We can now define the operator 

T = AOp(A) 


associated with an amplitude A = { A(x, y, 7)} with amplitude kernel Kgy, by 


Toa [ Dt Da, PEDG, SEC. (5.66) 


The quantization defined by formula (5.66) makes sense for any amplitude A = 
{A(x,y,7)}. Clearly the quantization mapping A +> AOp(A) is linear. However, 
as in the Euclidean or compact cases, it is injective but not necessarily 1-1 since 
different amplitudes may lead to the same operator, in contrast to the situation 
for symbols, cf. Theorem 5.1.39. 
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Remark 5.6.4. If an amplitude A = {A(z,y,7)} does not depend on y, that is, 
A(x,y,7) = a(x, T), then the corresponding symbol o = {o(x,7)} yield the same 
operator: 


AOp(A) = Op(c) 


since in this case the amplitude kz,y is a function/distribution Ką independent of 
y which coincides with the kernel of the symbol ø. 


As in the symbol case in Lemma 5.1.42, we may see AOp(A) as a limit of 
nice operators in the following sense: 


Lemma 5.6.5. If A = {A(a,y,7)} is an amplitude, we can construct explicitly a 
family of amplitudes A, = {A.(x,y,7)}, € > 0, in such a way that 
1. the kernel Kex y(z) of Ae is smooth in both x,y and z, and compactly sup- 
ported in x and y, 
2. the associated kernel Rex (y) = Kex pyly tx) is smooth and compactly sup- 
ported in both x,y, 


3. if ọ € S(G) then AOp(A.)¢ E€ D(G), and 
4. AOp(A.)é — AOp(A)¢ uniformly on any compact subset of G. 
Ee 
Proof of Lemma 5.6.5. We use the same notation xe € D(G), || and proj,, as 
in the proof of Lemma 5.1.42. We consider for any € € (0,1) the amplitude given 
by 
A.(z, Y, T) = Xe(Z)Xe(Y) La] <e1 A(z, y, T) 9 Proje,z: 


By Definition 5.6.2 and the Fourier inversion formula (1.26), the corresponding 
kernel is 


Ke my(2) = Xe(@)Xe(u) J Tr (A(æ,y, T) proje «T(2)) du(n), 


|w|<e~? 


which is smooth in x, y and z and compactly supported in x and y. The rest follows 
easily. 


There is a simple relation between the amplitudes of an operator and its 
adjoint, much simpler than in the symbol case: 


Proposition 5.6.6. Let A be an amplitude. Then B given by 
B(x, y, T) = Aly, 2,7)" 


is also an amplitude. Furthermore, the formal adjoint of the operator T = AOp(A) 
is T* = AOp(B). If {kx,4(z)} is the kernel of A, then the kernel of B is given via 
(x,y,z) => Ry,x(2*). 
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Proof. On one hand, from the amplitude quantization in (5.66), we compute for 
ġ, Y € D(G), that 


(T4,¥) = f, [ 6(u) Kay (y~22)0(a)dy de = (6,T°¥), 


therefore 
Ty) = | Realy tay (o)ae 
or, equivalently, 
Ta) = | yale ty w(u)dy. 
One the other hand, the amplitude kernel for B is Koy satisfying 
(Key) = B(x, y, T) = Aly, 0,0)" = 1(Kyc)” = T(K x), 


with K} (2) = Ry,z(271), and therefore, 


5.6.2 Amplitude classes 


Again similarly to the symbol case, we may define the amplitude classes A.S7”;. This 
is done in analogy to Definition 5.2.11 for symbols and its equivalent refor lon 
n (5.29). 


Definition 5.6.7. Let m, p, € R with 1 > p > ô > 1. An amplitude A is called 
an amplitude of order m and of type (p,6) whenever, for each a, 8 € Nọ and 
7 € R, the field {Xf XF A% A(x, y, 7)} is in L jaj m—6((8,]4 Ba) +70) Uniformly 
n (x,y) € G, i.e. if 


sup |X XA“ A(x, Ys Miz ; (G 
oe y,pla]—m—4([81]+[B2])+7 


A) < 00. (5.67) 


In this case, proceeding in a similar way to Sy's in Section 5.2.2, we see 
that the fields of operators Xfi X Be A“ A(a, y,-) act on smooth vectors and (5.67) 
implies 


pla]-m-ô([81]+[82])+7 y 
sup ||r(1+R) pH xP wha ATA, y, dafl +R) F lean) <: 
z,yeEG 
TEeG 
(5.68) 


The converse also holds. 
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The amplitude class AS”; = AS'";(G) is the set of amplitudes of order m 
and of type (p,6). We also define 


AS := () AST, 
mER 


the class of smoothing amplitudes. As in the case of symbols, the class AS~ © is 
independent of p and 6 and can be denoted just by AST 


It is a routine exercise to check that each amplitude class ASS is a vector 
space and that we have the inclusions 


mı <m2, 6562, p2p = AS; CASI, . (5.69) 


We assume that a positive Rockland operator R of degree v is fixed. If A is 
an amplitude and a,b,c € [0,00), we set 


| A(x, y, 7) || Asm, a,b,c 


caus eel: pe 1]l+[82])+7 XP XPA Aa, y, r)n(I+ R)-* || vate): 
false, rl [Balt 
and 
|All asm,,a,b,¢ = sup ||A(z, y, 7) ||As,,0,b,c- 
(x,y)EGxG, reĝ 
Again, one checks easily that the resulting maps || - lsm, a,b,c, @,b,c € [0, 00), are 


seminorms over the vector space ASS m. Furthermore, taking a, b, c as non-negative 
integers, they endow AST with de structure of a Fréchet space. The class of 
smoothing amplitudes AS~° is then equipped with the topology of projective 
limit. Similarly to the case of symbols in Proposition 5.2.12, two different positive 
Rockland operators give equivalent families of seminorms. 

The inclusions given in (5.69) are continuous for these topologies. 


Symbols in Si"; are examples of amplitudes in AS?" pð which do not depend 
on y. Conversely, if an amplitude A = {A(x, y,7)} in AS7”; does not depend on y, 
that is, A(x, y, T) = o(x,7), then it defines a symbol o = To T)} in S's. More 
generally we check easily: 


Lemma 5.6.8. If A = {A(x,y,7)} is in AS™ 


Aer then the symbol a given by 


olz, T) := A(x, x, T) 


is in ee 
A wider class of examples is given by the following property which can be 
shown by an easy adaption of Proposition 5.3.4 and Corollary 5.3.7: 
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Corollary 5.6.9. Let R be a positive Rockland operator of degree v. Let m E€ R and 
O0<6<1. Let f:GxGxRt 35 (x,y, à) = frylà) € C be a smooth function. 
We assume that for every 61, B2 E Ng, we have 


XD XY? fey E M misuari+i6ab , 
where M is as in Definition 5.3.1. Then 
Alz, y, 7) = foy(™(R)) 
defines an amplitude A in AS{"; which satisfies 


Va,b,c € No dle N, C>0 
|All ase, a,b,c < C'supya,],[a2]<b | XP XP? fo yll Mesa os 


with L and C independent of f. 


This can also be generalised easily to multipliers in a finite family of strongly 
commuting positive Rockland operators. 


5.6.3 Properties of amplitude classes and kernels 


One can readily prove properties for the amplitudes similar to the ones already 
established for symbols. Here we note that although the subsequent properties 
would follow also from Theorem 5.6.14 in the sequel and from the correspond- 
ing properties of symbols in Section 5.2.5, we now indicate what can be shown 
concerning amplitudes and their classes by a simple adaptation of proofs of the 
corresponding properties for symbols. 


Proceeding as in Section 5.2.5, we also have the following properties for the 
amplitude classes: 


Proposition 5.6.10. Let 1>p>6>0 and6 1. 
(i) Let A € ASM; have kernel Kz y. Then we have the following properties. 


1. For every x,y € G andy E R, Ja XP XP key E Ky pla]-m-6[81+82]+7> 
where we recall the notation falz) = qa (£71). 


2. If Bı, B2 € NG then the amplitude {XP XP A(x, y, T), (£, Y, T) €Gx 
G x G} is in Ae with kernel KK koy, and 
[XP X A(z, y, T)|| agtste +601 = C| A(x, y, T)|| Asm, ,a,b-+[81+B2l,c> 


ab,c°—= 


with C = Ch By ,Bo- 
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3. If ao E N? then the amplitude {A% A(x, y,7),(x,y,7) € Gx G x G} is 
in As with kernel qa,Ka,y, and 


AX A(x, m)l smote] a, b,a £ Caras ll AlE, ™llsm,atlao),d,c 


a,b,c — 


4. The symbol {A(x,y,)*,(x,7) € Gx Gx G} is in ASi; with kernel 
K% y given by Kx „(2) = Ry,e(2~"), and 


| A(z, Y, T)“ || As™,,a,b,c = 


pla]-m-— S181) (82)) +7 


sup ||m(I+R) XÉ XP ACA (ec, y, n)a +R) le) 


lal<e 
[a]<a, [61],[62}<b 


(it) ~ ALE ASS and Ag € AST have kernels Ki xy and K2 xy, respectively. 
en 
A(x, Y, T) := A(z, Y, 1) Ao(a, y, T) 


defines the amplitude A in Sy "s,m = Mmi +m, with kernel K2 xy * K1, x,y with 
the convolution in the sense Of Definition 5.1.19. Furthermore, 


| A(z, y, =| 


STs :a,b,C < C||A (z, Y, T) lsr ihc pot asia dbl A (x, Y, T) ls? „a,b,c? 


where the constant C = Ca b,c > 0 does not depend on A1, Ag. 


A direct consequence of Part (ii) of Proposition 5.6.10 is that the amplitudes 
in the introduced amplitude classes form an algebra: 


Corollary 5.6.11. Let 1 > p > 6 > 0 and ô F 1. The collection of symbols 
Umer 4S3’ forms an algebra. 

Furthermore, if Ao € AS~°° is smoothing and A € AS’. is of order m € R, 
then AoA and AAo are also in AST 


Another consequence of Part (ii) together with Lemma 5.2.17 gives the fol- 
lowing property: 


Corollary 5.6.12. Let 1 > p> >00 andd 41. Let AE Ass have kernel kz y. If 
B and B are in NG, then 


{n(X)PAn(X), (2,7) € G x G} e ASPH 


with kernel XPRB kee y (2). Furthermore, for any a,b,c there exists C = Cape 
independent of A such that 


la( XP An(X)* lasm, a,b,c s CHAI asm, a,b,ctoat[6]+[A]+36- 
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Proceeding as in Section 5.4.1, taking into account the dependence in x and 
y, we obtain 


Proposition 5.6.13. Let A = {A(x,y,7)} be in ASM; with 1 > p > ô> 0. Let key 
denote its associated kernel. 


1. If a, B1, b2, Bo, 8 E NG are such that 


m — pla] + [61] + [62] + 6([8o] + [85]) < -@/2, 


then the distribution X® XP? (XP° Xf Ga(z)Ke,y(2)) is square integrable and 
for every x € G we have 


eS T 2 
[|ERE RX Gae) le))| de < C sup [AC Bsp, ade 
TEG i 


where a = [a], b = [Bo] + [63]; c = pla] + [61] + [82] + 4([8o] + [85]) and 
C = Cm,a,b1,82,80,8, > 9 is a constant independent of A and x,y. 


2. For any a, bi, B2, Bo, B} € NẸ satisfying 


m — pla] + [81] + [62] + 5([Bo] + [86]) < —Q, 


the distribution z > XP: X Be X Bo XP G, (z) Keyz) is continuous on G for 
every (x,y) € Gx G and we have 


ee | xpe 1 hexi oiala)taa le) }| <C sup [A(x T) Asr, la], 180]+182],162) 
á nEG l 


where C = Crn.«,81,82,80,8', > 9 is a constant independent of A and x,y. 


We now assume p > 0. Then the map k : (£,yY,zZ) => Ke y(z) is smooth 
on G x G x (G \{0}). Fixing a homogeneous quasi-norm |-| on G, we have the 
following more precise estimates: 


at infinity: For any M E R and any a, b1, b2, Bo, BL E NG there exist C > 0 and 
a,b,c € N independent of A such that for alla € G and z € G satisfying 
|z| > 1, we have 


XP 02 (XB XE Gal) Kayl) < C sup AlE, y, n)llase, a pelzi ™. 
TEG 


at the origin: For any a, 31, b2, Bo, BL E NG with Q+m+6(([Bo]+[G4])—plo]+[G1]+ 
[82] > 0 there exist a constant C > 0 and computable integers a,b,c € No 
independent of A such that for all x € G and z € G\{0}, we have, if 


Q +m + 6([Bo] + [83]) — ela] + [81] + [82] > 0, 
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then 
XP XP (XP XT fal2)key(2)) 
Q+m+t64([Bol+184]) —eloel+[61]+[82] 
< C sup ||A(2, 7) || asm,.a.0,cl2 a 
TEG ' 

and if 

Q +m + 6([8o] + [66]) — pla] + [81] + [82] = 0 
then 


XP X82 (XEXE Gal) Kayl) < C sup Ale, y, T)llase, abe In |2]: 
TEG 
5.6.4 Link between symbols and amplitudes 


Symbols can be viewed as amplitudes which do not depend on the second variable 
of the group. Then Si’; C ASF’; and, by Remark 5.6.4, we have the inclusion 


2.5 = Op(Shi5) C AOp(AST"s). 


The next theorem shows the converse, namely, that the class of operators 
AOp(AS7";) is included in W?";. Therefore this will show that the amplitude quan- 
tization of AS" coincides with the symbol quantization of S75. 


Theorem 5.6.14. Let A € AS™; with 1 > p > ô > 0, 8 #41. Then AOp(A) is in 
Wins, that is, there exists a hinge) symbol o € Sis such that 


AOp(A) = Op(c). 
Furthermore, for any M € No, the map 


A m = —(p—6)(M+1) 
A = alr, T) E pare APx7Alz, Y, T)|y=a 


is continuous. If p > 6, we have the asymptotic expansion 
olz, T) ~ 5 AX; Alz, Y, T)ly=x- 
Q 


The proof of Theorem 5.6.14 is in essence close to the proofs of product and 
adjoint of operators in Umer Y's, see Theorems 5.5.12 and 5.5.3. As for these 
theorems, it is helpful to understand formally the steps of the rigorous proof. 


From the amplitude quantization in (5.66), we see that if AOp(A) can be 
written as Op(c), then, denoting by ko,, the symbol kernel and by k4,2,y the 
amplitude kernel, we have 


AOp(A »)= | ow) Y)KA, zyl y Tig Jay = | gaz olx “Ik Amaz (zjdz 
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whereas 
ONAE) = | Broa ndy = | doz wo.a(2)de 
Therefore, formally we must have 
KAzari(2) =Koe(2) (or equivalently 44,2,y(y!2) = Ko s(y7t2)) 
Using the Taylor expansion in y = £27} for KA= at x, we have (again formally) 


Kol?) = KA,z, 271 (2) ~ X. Gal X? eagle) lyse! (5.70) 


Note that the group Fourier transform in z of each term in the sum above is 


Fzea{fa(2)Xy=rfA,xy(2)} (T) AX j-r FzeG{KAxy(2)} (7) 
AMX =A, y, T). 


Taking the group Fourier transform in z on both sides of (5.70), we obtain still 
formally that 


o(x,7) = 5 AX; A(z, Y, T)ly=x- 


As in the proofs of Theorems 5.5.12 and 5.5.3, the crucial point is to control the 
remainder while using Taylor’s expansion. The method is similar as in the proof 
of Theorem 5.5.12 and the adaptation is easy and left to the reader. 

Note that Theorem 5.6.14 together with Proposition 5.6.6 give another proof 
of Theorem 5.5.12. This is not surprising given the similarity between the proof 
of Theorems 5.6.14 and 5.5.12. 


5.7 Calderón-Vaillancourt theorem 


In this section, we prove the analogue of the Calderón-Vaillancourt theorem, now 
in the setting of graded Lie groups. This extends the L?-boundedness of operators 
in the class W? 9 given in Theorem 5.4.17 to the classes W? ș. 


Theorem 5.7.1. Let T € Ws with 1 >p>6>0 andd41. Then T extends to a 
bounded operator on L?(G). 


Moreover, there exist a constant C > 0 and a seminorm || - ||\po dies with 
0 5rd, 
computable integers a,b,c € No independent of T such that 


VGES(G) Telr) < ClITllve ,.a.nelldllz2(c): 


Before showing Theorem 5.7.1, let us mention that together with the pseudo- 
differential calculus, it implies the following boundedness on Sobolev spaces L?. 
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Corollary 5.7.2. Let T € WU"; with 1 > p> ô> 0 andd #1. Then for anys € R, 


the operator T extends to a continuous operator from L?(G) to L?_,,,(G): 
Vo € S(G) IT $]lz2_, G@) S Csmp5llT lw, .a,0,cll Pll za); 


with some (computable) integers a,b,c depending on s,m, p, 0. 


Proof of Corollary 5.7.2. Let R be a positive Rockland operator. By the compo- 
sition theorem (e.g. Theorem 5.5.3), we have 


-m+s 


+R) TAR)? € V9- 


Therefore, by Theorem 5.7.1, we have 


-m+s 


+R)“ T+ R)* dll ea) 


m+s 
v 


I+ R)~ 


= T(1+ R)-* lle artue 
< ITI 


Wir 5 142,b2,C2> 


by Theorem 5.5.3. 


Remark 5.7.3. Combining the results obtained so far, for each (p,6) with 1 > p > 
ô > 0 and 6 £1, we have therefore obtained an operator calculus, in the sense that 
the set Umer Wis forms an algebra of operators, stable under taking the adjoint, 
and acting on the Sobolev spaces in such a way that the loss of derivatives in L? 
is controlled by the order of the operator. 


Note that the L?-boundedness in the case (p, 8) = (1,0) was already proved 
by different methods, see Theorem 5.4.17 and its proof. With the same proof as in 
the corollary above, one obtains easily boundedness for L?-Sobolev spaces in this 
case: 


Corollary 5.7.4. Let T € Wi"). Then for any s € R and pe (1,00) the operator T 
extends to a continuous operator from L®(G) to LE_,,,(G): 


s—m 


Vee S(G) — ||T9| 


LE m(G) < Cs,m,p,6||Z'l|u,,a,0,cll9| LE (G) 


with some (computable) integers a,b,c depending on s,m, p, ô. 


-m+s 


Proof of Corollary 5.7.4. As above, (L + R)—» T(I+ R)-» € Y° therefore, by 
Corollary 5.4.20 we have 


-m+s 


II +R) FTIR) ellerre) 


-m+s 


ICR) TAR) È |Ly0,03,51,¢1 


[T ]hw0 as,b2,c2> 


= 


by Theorem 5.5.3. 


The rest of this section is devoted to the proof of the Calderón-Vaillancourt 
Theorem, that is, Theorem 5.7.1. In Section 5.7.2, we prove the result for p = ô = 0. 
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The proof will rely on an analogue on G of the familiar decomposition of R” into 
unit cubes presented in Section 5.7.1. The case p = 6 € (0,1) will be proved in 
Section 5.7.4 and its proof relies on the case p = 6 = 0 and on a bilinear estimate 
proved in Section 5.7.3. The case of p = 6 € [0,1) will then be proved and this will 
imply Theorem 5.7.1 thanks to the continuous inclusions between symbol classes 
(see (5.31)). 


5.7.1 Analogue of the decomposition into unit cubes 


In this section, we present an analogue of the dyadic cubes, more precisely we con- 
struct a useful covering of the general homogeneous Lie group G by unit balls and 
the corresponding partition of unity with a number of advantageous properties. 
The proof is an adaptation of [FS82, Lemma 7.14]. 


Lemma 5.7.5. Let |-| be a fixed homogeneous quasi-norm on the homogeneous Lie 
group G. We denote by Co > 1 a constant for the triangle inequality 


Va,yeG [æy] < Co(|x| + |yl). (5.71) 
Denoting by B(x, R) the |- |-ball centred at point x with radius R, 
Biz, R):={yeG : |x~*y| < R}, 


there exists a maximal family { B(x, 507) ©; of disjoint balls of radius 


we choose one such family. Then the following properties hold: 


l 


ac» and 


1. The balls {B(a;,1)}%2, cover G. 
2. For any C > 1, no point of G belongs to more than [(4C2C)®] of the balls 
{B(ai,C)} 21. 


3. There exists a sequence of functions xi E€ D(G), i € N, such that each x; is 
supported in B(x;,2) and satisfies 0 < x; < 1 while we have 7°, Xi = 1. 
Moreover, for any B € N3, X? xi is uniformly bounded in i € N. 


4. For any pı > Q+1, we have 


Cp >0 VinEN  ŅXO(+|rz'ri) < Cp, < co. 


i=l 


Remark 5.7.6. The conclusion of Part (4) is rough but will be sufficient for our 
purposes. We note, however, that if the quasi-norm in Lemma 5.7.5 is actually a 
norm, i.e. if the constant C, in (5.71) is equal to one, Co = 1, then the conclusion 
of Part (4) of Lemma 5.7.5 holds true for all pı > Q. This will be proved together 
with the lemma. 
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Proof of Lemma 5.7.5 and of Remark 5.7.6. If f € G then by maximality there 
exists į such that n distance from x to B(a;, 54 zg) is < 1/(2C,). Denoting by y 


a point in B(a;, sẹ) which realises the distance, we have 


1 
el < T = _ 
Jez te] < Co(lez*y| + ly tal) < Co (= a) i 


This proves Part (1). 
If x is in all the balls B(a;,,C), ¿= 1,..., lo, then 


Vy € Us. B(zi,,C) Me [1,£) lety] < Colle tzl + Izz yl) < C20. 


This shows that B(x, 2C,C) oe Us?., B(xi,,C) and, therefore, it must contain 


the disjoint balls Uf, B(zi,, 54 zg). Taking the Haar measure and denoting cı := 
|B(0,1)|, we have 


Q 
1 1 Q 
| Use, Blii, ag) = fons (sa) < |B(x,2C,C)| = (20,0)? c 


This proves Part (2). 


Let us fix x E€ D(G) satisfying 0 < x < 1 with y = 1 on B(0,1) and x = 0 
on B(0,2). The sum X22; x(a" -) is locally finite by Part (2); it is a smooth 
function with values between 1 and [(4C? x 2)@]. We define 


x(x; +x) 


Xi(2) = ae x(a!) : 


This gives Part (3). 


To prove Part (4), we fix a point xi, and observe that if x € G is in ane of 
the balls B(a;, 52 zg) with |e; ‘x;| € [£, 2+1) for some £ € N, let us say B(£i, 54 05) 
then 


= 1 
lez 2] < Colleg el + lez zal) < Colgar 


1). 
< Tra a. 


This yields the inclusion 


1 1 
Uemadeleer) PH aq) a Bigs Colo +£ +1))- 


to 


The measure of the left hand side is cı (20%) ®card{i : [zz z| € [€,€+1)} and 
the measure of the right hand side is cı (Cols +£+1))®. Therefore, 


card{i : jez z:] E [L+ 1} < ee. 
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Now we decompose 


co Co 
DO jegen = A Hle + So Atge. 
i=1 |x; ei |<1 f=] jæ] ta, |e [€,€+1) 


By Part (2) the first sum on the right hand side is < [(4C?)®] whereas from the 
observation just above, the second sum is < }>72,(1 + 0c (1 + 0°. This last 
sum being convergent whenever —p; + Q < —1, Part (4) is proved. 


Let us finally prove Remark 5.7.6, that is, Part (4) of the lemma for pı > Q 
provided that Co = 1. This will follow by the same argument as above if we can 
show a refined estimate 


card{i : |x; txi] € [6 E+ 1)} < 87t. 


We claim that this estimate holds true. Since C, = 1, we can estimate 
jez z] > EAZA — [az a] >l- sn =f- - 
We also have Col ser +£4+1)=0l+ 3. Consequently, we have the inclusion 
1 3 
Uinta elec) B ti IG, C Bla,,£+ DB l= z) 
with the measure on the right hand side being cı (+ 3)? — cı (L— $)®. Therefore, 


card{i : |x; ta,| € [€,€+1)} < et, 


to 


so that the required claim is proved. 


5.7.2 Proof of the case Sj, 


This section is devoted to the proof of the following result which is a particular case 
of Theorem 5.7.1. We also give an explicit estimate on the number of derivatives 
and differences of the symbol needed for the L?-boundedness. 


Proposition 5.7.7. Let T € Yo. Then T extends to a bounded operator on L?(G). 
Furthermore, if we fix a positive Rockland operator R (in order to define the semi- 
norms on Ys) then 


Vee SG) — |[Tellz2(@) < CllT lve abello), 


where C > 0 and a,b,c € No are independent of T. In particular, this estimate 
holds witha = rpo, b = rv + 2], c= rv, where v is the degree of R, po/2 is the 
smallest positive integer divisible by v1,...,Un, and r € No is the smallest integer 
such that rpo > Q+ 1. 
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Throughout Section 5.7.2, we fix the homogeneous norm |- | = |- |p, given 
by (3.21), where p,/2 is the smallest positive integer divisible by v1,...,Un. We 
fix a maximal family {B (x4, rom real of disjoint balls and a sequence of functions 
(xi)22, so that the properties of Lemma 5.7.5 hold. We also fix Yo, Yı € D(R) 
supported in [—1, 1] and [1/2, 2], respectively, such that 0 < %0, %1 < 1 and 


VASO Soa; (A) =1 with (A) = y (2707A), J EN. 
j=0 


Let us start the proof of Proposition 5.7.7. Let o € S9 o- 
For each I = (i,j) € N x No, we define 


o1(2, T) = xa(a)o(a,m)b;((R)). 
We denote by Tr and «zr the corresponding operator and kernel. 


Roughly speaking, the parameters i and j correspond to localising in space 
and frequency, respectively. The localisation in space corresponds to the covering 
of G by the balls centred at the x;’s, while the localisation in frequency is deter- 
mined by the spectral projection of R to the L?(G)-eigenspaces corresponding to 
eigenvalues close to each 2/. 


It is not difficult to see that each Tr is bounded on L?(G): 
Lemma 5.7.8. Each operator Tr is bounded on L?(G). 


Since gz is localised both in space and in frequency, we may use one of the 
two localisations. 


Proof of Lemma 5.7.8 using frequency localisation. Let a, B € Nj. By the Leibniz 
formulae for difference operators (see Proposition 5.2.10) and for vector fields, we 
have 


XA orz, r)= YY, APsale) MPA ola, r) AM dR). 
[61]+[82]=[4] 
[o1]+[o2]=[a] 
Therefore, 
al+y xy 
lal +R) > XP ASor(2,m)r(I +R) |en) 


<C X |r +R) a x82 A g(x, n) Aa), (a(R)) (I+ R) len) 
[B2]<[B 
[ai]+[a2]=[a] 
<C SO h0 +R) E XP AY o(x, r)a +R) 


[B2]<[8 
[ai]+[a2]=[a] 


leg 


]+7 
o || etn) 


leg 


lra +R) A24 (a(R) +R)? lea): 
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Therefore, by Lemma 5.4.7, we obtain 
lorl| 39 a,b,c < løllsg a,b eta 2t. 


This shows that the operator Ty is in Y° and is therefore bounded on L?(G) by 
Theorem 5.4.17. 


Proof of Lemma 5.7.8 using space localisation. Another proof is to apply the fol- 
lowing lemma since the symbol o;(x,7) has compact support in zx. 


Lemma 5.7.9. Let o(x,7) be a symbol (in the sense of Definition 5.1.83) supported 
in x E€ S, and assume that S is compact. Then the operator norm of the associated 
operator on L?(G) is 


lOp(o) Il zaza < CIS? pi |X2o(x,7)ll (ay: 
(e1<I31 


Proof of Lemma 5.7.9. Let T = Op(c) and let ky be the associated kernel. We 
have by the Sobolev inequality in Theorem 4.4.25, 


ITd(x)? = |$ * krelz)? < sup |$* Kx(2)| 
Lo€ 
2 
= -C - pe XE tle) tatas 
[8]<T 2] 
Hence 
Téa < oY f | |$ * XP ra, (2)?drodr 
[s]< 2] 
< o Ð | Nb x8 realbacacydte 
waist 31°? 
2 
< CJs] sup 9 * Xf Ke, (2)|| taran) 


zoEG.[B]<T 2] 
Now by Plancherel’s Theorem, 
Io * XE reo (2)Ilp2cany < lll aca) |XE,0(@0, Plie): 
This implies that the L?-operator norm of T is 


< cs]! sup |X o(xo,7) 


lz G , 
zoEG.[B]<T 2] (i 


and concludes the proof of Lemma 5.7.9. 
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Let us go back to the proof of Proposition 5.7.7. The approach is to apply 
the following version of Cotlar’s lemma: 


Lemma 5.7.10 (Cotlar’s lemma here). Suppose that r € No is such that rpo > Q+1 
and that there exists A, > 0 satisfying for all (I, I’) € N x No: 


max (||TrT} || ¢(22(@)) TET r lea) < ArT ITA + egte). 


Then T = Op(c) is L?-bounded with operator norm < C\/A,. 


Lemma 5.7.10 can be easily shown, adapting for instance the proof given in 
[Ste93, ch. VII §2] using Part (4) of Lemma 5.7.5. Indeed, the numbering of the 
sequence of operators to which the Cotlar-Stein lemma (see Theorem A.5.2) is 
applied is not important, and the condition rp, > Q + 1 is motivated by Lemma 
5.7.5, Part (4). This is left to the reader. 

Lemma 5.7.11 which follows gives the operator norm for T7777, and TřTr. 
Combining Lemmata 5.7.10 and 5.7.11 gives the proof of Proposition 5.7.7. 


Lemma 5.7.11. 1. For any r € No, the operator norm of TT}, on L?(G) is 


* —1 —TPo 2 
ITiTR leao) S Crtg-yisi C + leg zi) Moll se rpo 121,0 


2. For any r € No, the operator norm of TžTr on L? (G) is 
* -]j-j' 2 
|T7 Ty || 220) < Crllezt e5402 |J—3 Mlole ortt gr 


In the proof of Lemma 5.7.11, we will also use the symbols o;, i € N, given 
by 
oilz, T) := yi(x) a(x, T), 
and the corresponding operators T; = Op(c;) and kernels «;. We observe that g; is 


compactly supported in x, therefore by Lemma 5.7.9, the operator T; is bounded 
on L?(G). 


Proof of Lemma 5.7.11 Part (1). We have (see the end of Lemma 5.5.4) 
Tr = Op(or) = T; Y(R), 


thus 
TTp = Tipi (Rp; (R)TÄ. 
Since Yi (R)Y (R) = (Wip) (R), this is 0 if |j—j'| > 1. Let us assume |j—j’| < 1. 
We set 
Ty 515 = Ty o (dy by )(R) = Op (aw o (hipy) (A(R), 
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see again the end of Lemma 5.5.4. Therefore T;T7, = T;Tj;;,;, and we have by the 
Sobolev inequality in Theorem 4.4.25, 


ITiTH4(2)| = | J Tev92) wine aya 
G 
< sap! f Hr 2) bin, (2712) dz| Lew (es 2) 
< C p> [ tine b(z) Kix, (2 'x)dz lreB(z:,2)- 
L?(dzo) 


BI<T 


Hence, 


|7rT7 || x2 < C p> Axe Wing (2 dz lye B(x;,2) 


BIST] 


Thyjo 


L2 (dxodx) 


The idea of the proof is to use a quantity which will help the space localisa- 
tion; so we introduce this quantity 1 + |z7tx|"?e and its inverse, where the integer 
r € N is to be chosen suitably. Notice that for the inverse we have 


(1+ |z te?e) t < C(L + Jetel). < C.(1 + [eg asl)", 


for any z € suppx; and x € B(x;,2). Therefore, we obtain 


[Lm vy 5 P(Z) (2) XE a (2 edz Lic B(2;,2) 


L? (dx,dx) 


zig Po 7 
=| ingtj Pl) ad XP Kiso (2~*a)dz lee B(x;,2) 


+ |z—ta|"Pe 


L? (dxo,dz) 
< cil + ee xi |) Pe Tir 515? hy (za) Il p2¢aen) 


|C + lez al") XE ie, (zg) 1 


rE B(xi,2) | L2 (dz2,d£o,d£) 


by the observation just above and the Cauchy-Schwartz inequality. The last term 
can be estimated as 


la + [zz aP.) XE, Rizo (z3 1x) lreB(z:, ET 


< |B(x;,2)] sup |0 + |z |°) XË kia, ( 2’)|| zza 
£oEG 
TPo 
< C XE AS $ 03 oÂ 
Sip. 2 olto T) z=) 


by the Plancherel theorem and Theorem 5.2.22, since |z'|"Pe can be written as a 
linear combination of ĝfa(z), [a] = rpo. Combining the estimates above, we have 
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obtained 


ITiTE ollz < C+ |ep xil)”. 


if 
ayel se A x2'o(a.,)| 


[61ST F1lol<rpo 


L~(@) ` 


The supremum is equal to IIo ll se : So we now want to study the operator 


Po: | 21,0" 


norm of Tř jj, which is equal to the operator norm of Tjj. Since the symbol of 


Tj ;/; is localised in space we may apply Lemma 5.7.9 and obtain 


ITF leae = Tess llec2(@) = lOp (0: hity) AR) leaa) 
< C|B(ai, 2)? sup XP {xi(w)o(a, r) (pwy) ARDIE» 


gE 
[B]<[Q/2] 
<C sup So Kaxa) XP ole, mean ll bide) AR) lem) 
LEG, TEG i = 
i< [0/21 [61]+[62]=[8] 
<C sup ||XPo(2,m)|_ea,) = Cllollse ,.0,@/21,0 
LEG, TEG 
[B2]<[Q/2] 


since the X£? x;’s are uniformly bounded on G and over i. 
Thus, we have obtained 


Ti T7 llt < CA + [wy ail) lols ,.0,ra/21,0 lllz loll se ..rp..t $1.0 


and this concludes the proof of the first part of Lemma 5.7.11. 


Proof of Lemma 5.7.11 Part (2). Recall that each K7,(y) is supported, with re- 
spect to x, in the ball B(x;, 2). We compute easily that the kernel of T7Ty is 


krr w)= f Kraz- (W27 ')kfpz -1 (2)dz. 
G 


Therefore, Krr is identically 0 if there is no z such that x27! € B(x;,2)OB(zy,2). 
So if |r7 x| > 4Co (which implies B(z;, 2) B(ai,2) = 0) then T#Ty = 0. So we 
may assume EAA < ÅO: 


The idea of the proof is to use a quantity which will help the frequency 
localisation; so we introduce this quantity (I+ R)” and its inverse, where the 
integer r € N is to be chosen suitably. We can write 


THT pe = TT yiy(R) = TiTy (1+ RY 1+ RY Tay (R). 
By the functional calculus (see Corollary 4.1.16), 


[+ RY YR) = supl + Ay (A) < 0,2. 
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Thus we need to study T/T; (I +R)". We see that its kernel is 


Ke(w) = fa +R)" kisz- (wz ')kpz-1(2)dz 


~ f (I+ R)" Kisw-1e(2)Kfsw-1z(2 w)dz. 
G 


We introduce (I+ R)" (I+ R)~” on the first term of the integrand acting on the 
variable of Kizw-1z, and then integrate by parts to obtain 


K,(w) = 5 XPL (T+ R) T (+R) kiswa (2) 
[61]-+[62]-+[6s]=rv ” E 
xe gees Kitui (z3 'w)dz 
= >, 43a T R)” (I + RY tes, (z) 
G 


[81]+[82]+[83]=rv 
XP gis (XP krz)" (27 w)dz. 
Re-interpreting this in terms of operators, we obtain 
T TIARY = Š Op (n(X**)XF207(2,2))* 
(81]+[82]+[B3]=rv 
Op (n(1+ R)" Xf oy (x, n)n(I + R)"). 
By Lemma 5.7.9, 
lOp (a+ R) Xf oy (æ, r)a + R)’) |220) 
<C sup lara +R) "XE Xf ov (a, mal + R)" ll, 
islet z | 
= Iloll se o, 0,[1)+[ R], ro? 
and 
lOp (r(X^)X forz, 7) |20) 


< sup Ia (XXE XP oi(x, Th lAR))I 8) 
[8]<T R] 


< sup ||r(X*)r1+R)~ 
[B]<T R] 


xlr +R) xlo (0, rjr +R) 
xl + RY Walaa 


< Op lol sg o eat $1100) 


a= 


(a * 
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by Lemma 5.4.7. Hence we have obtained 


: e 2 j {Bal 
|T}Trlzazo < 02 DE jouer gree” 
[61]+[62]+[63]=rv 


C,.20-3 loll So Great ene 


IA 


This shows Part 2 of Lemma 5.7.11 up to the fact that we should have —|j — j’ 
instead of (j — j’) but this can be deduced easily by reversing the rôle of I and I’, 


and using ||T|l 22a) = IIT* || 220) 


This concludes the proof of Lemma 5.7.11. Therefore, by Lemma. 5.7.10, 
Proposition 5.7.7 is also proved. 


5.7.3 A bilinear estimate 


In this section, we prove a bilinear estimate which will be the major ingredient in 
the proof of the L?-boundedness for operators of orders 0 in the case p = 6 € (0,1) 
in Section 5.7.4. 

Note that if f,g € S(G) and if y € No then the Leibniz properties to- 
gether with the properties of the Sobolev spaces (cf. Theorem 4.4.28, especially 
the Sobolev embeddings in Part (5)) imply 


IG+R) (Folin S Dl XA X” 


Bıl+[b2]<vy 

Ss 5 |X fll bo @ |X gla) 
61|+[B2]<vy 

5 > |X™ flasa |X gll) 
61)+[Bal<vy 

S lfl lalaa)» 


where s > Q/2. As usual, R is a positive Rockland operator of homogeneous degree 
v; we denote by E its spectral decomposition, see Corollary 4.1.16. Consequently, 
if f, g are localised in the spectrum of R in the sense that f = E(L;)f, g = E(L;)g, 
where J;, I; are the dyadic intervals given via 


I; = (277,27), gEN, and Ip = (0,1), (5.72) 
we obtain easily 
I+ R)(fa\lnz@ S Iflirza lgl 20 TE BO, (5.73) 


Our aim in this section is to prove a similar result but for y « 0: 
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Proposition 5.7.12. Let R be a positive Rockland operator of homogeneous degree 
v. As usual, we denote by E its spectral decomposition. There exists a constant 
C > 0 such that for any y E€ R with y+ Q/(2v) < 0, for any i,j € No with 
|i — j| > 3, we have 


Yf,gE L(G) f=Ei)f and g=E(Ij)g 
= (1+ R)(fa)lln2c@) < Cllfllzallglz220F 2 MO, 


The intervals [;, I; were defined via (5.72). The proof of Proposition 5.7.12 
relies on the following lemma: 


Lemma 5.7.13. Let R be a positive Rockland operator. As in Corollary 4.1.16, for 
any strongly continuous unitary representation tı on G, Er, denotes the spectral 
decomposition of ™(R). There exists a ‘gap’ constant a E N such that for any 
i,j,k E€ No with k < j—a andi < j — 4, we have 


Yre — Exen(I;)(E, (Ij) @ Ex(In)) = 0. 


and 


YrneG = (E,(Ij) 8 Ex(Ik)) Eran (Ii) = 0. 


Proof of Lemma 5.7.18. We keep the notation of the statement. We also set 
Hn, = Ex, (Jj), j € No, 


for any strongly continuous unitary representation mı on G. We can write R as a 
linear combination 
a 
R= CaX™, 
[a]=v 
for some complex coefficients Ca. For any strongly continuous unitary representa- 
tion 71, we have 


m(R) = X` cam (X)*. 
[la]=v 


Let 7,7 € G. We consider the strongly continuous unitary representation 
Tı =7@7. For any X € g, its infinitesimal representation is given via 7™(X) = 
X-0{71(x)}, see Section 1.7. Consequently, we have for any u € H;,v € Hr, 


m™1(X)(u, v) = Xe=0T1(x)(u, v) 


X,=0T(x)u Q m(x)v 
T(X)uS@v+u@a(x)v. 


II 


In other words, 
(T8rT)(X) = T(X) 8 In, + Ih, @1(X). 
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We obtain iteratively 


(7 @m)(X)* =7(X)* In, + Iu, @M(X) + Y X)" aX), 


(81]+[82]=[o] 
0<[1],[B2]<[a] 


where )> denotes a linear combination which depends only on a € Ng and on the 
structure of G but not on 7,7 € G. This easily implies 


(r@n\(R)= J calt @m)(X)? 
[a]=v 
= T(R) 8 Iy, + Iu, 9 a(R) + y 7(X)t &r(X)®, 


[81]+[82]=v 
0<[61];[82]<v 


where ` denotes a linear combination which depends only on R and on the 
structure of G but not on 7,7. Hence there exists a constant C > 0 independent 
of 7,7 such that for any u € H+, v E€ Hr, we have 


I(T @T(R)U®@Yilatree 2 Rulu, lelu, — lulu, le(R)vlla, 
—C X Xua, Ilr (X) oll, 
[81]+[82]=v 
0<[81], [82] <v 
If u E€ H,,; then from the properties of the functional calculus of T(R), we have 
ITR)ulln, € llulla, L- 
Furthermore, the properties of the functional calculus of R and T(R) yield 


IX ullu, < [XPE Alean lulla 


and, as XAR- is bounded on L? (G) by Theorem 4.4.16, we have 


IX) Elem) < XPE) eae) 
— [811 [81] 
< XER F | eael|R A E) ea) 
< gif 


We have similar inequalities for v € Hr,k. For any unit vectors u € H- j and 
v E€ Hz, with j,k € N, we then have 


j 5181 1+k(6a] 
I(T @x)(R)(u® v) laren 227-7 -2*-— Cy D gt 


[81]+[62]=v 
0<[81],[B2]<v 
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where the constant Cı depends only on R and on the structure of G. We notice 
that 


5 g Ettel sy > 9 2h (k-j) < IC! 
[61]+[B2]=v [61]+[B2]=v 
0<[61],[B2]<v 0<[61],[B2]<v 


if k — j < —a. Here C” is a constant which depends on the structure of G and on 
v. We choose a € N the smallest integer such that 


Corr ee and Gr a1: 


Note that a depends only on the structure of G and on R. When k — j < —a, we 
have obtained 


I(T @ (RUB YMlten Z 2%? -2*—C2C'2-™ 
= 2'-7(1 — CC"2- 9 **) — oF 
S DTS a me ae 


This implies that u &v can not be in Hrer, for i € No such that 2’ < 24-4, This 
shows the first equality of the statement when i,j,k € N. The case of k = 0 or 
i = 0 requires to modify slightly some constants above and is left to the reader. 
This shows the first equality of the statement and the second follows by taking 
the adjoint. This concludes the proof of Lemma 5.7.13. 


Proof of Proposition 5.7.12. We keep the notation of Proposition 5.7.12 and Lem- 
ma 5.7.13. We notice that it suffices to prove the statement for large enough 
max(i, j) and that the rôles of i and j are symmetric. Hence we may assume that 
i < j — 4 and that 7 > a where a is the ‘gap’ constant of Lemma 5.7.13 

Let f,g € L?(G) such that f = E(J;)f and g = E(J;)g. The inverse formula 
for g yields 


(I+ R)"(fg)(#) = [B+ RHI )H(@)}) dul). 


We also have m(g) = E,(J;)7(g). By the Cauchy-Schwartz inequality and the 
Plancherel formula, we obtain 


IT +R) (Fg) E)? < llgllz2cay fe lE) + RAL f(x) m (2) }lisde(7). 


Integrating on both side over x € G, we have 


+ R)(Fo)IBecey < lol- iz f, lE (TO + RYZE (a) (2) }Rgedpu(r). 
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For each 7 € Ĝ, we fix an orthonormal basis of H,, so that we can write the 
Hilbert-Schmidt norm as the square of the coefficients of a (possibly infinite di- 
mensional) matrix. The Plancherel formula then yields 


where 
F [Ex (1j)(I+ R) fr], (7) 
= [C+ REE ru} red 


=r(1+ RY J JE) [Er (l)n (@)]ri 7(0)*de 
G 
= [E erary f feror) 


kl, 


Here the notation [-]xı,, means considering the (kl)-coefficients in Hy in the tensor 
product over Hr Q Hr. We recognise 


1 fE) @ 7) (a)de = (1* @ 7)(f) 
thus 
> [F(E (5) + R) frla lT )llis) 


= || (Ex (5) ® TA + RI) (0 @7)(F)) lisanon-) 


So far, we have obtained 


iE 7 Ee (Lj) C+ RH Er l)}ldedula) 
= fu I (E= (l) @ TI +R) ((m* @ TF) Recaeceone,y doer) due(m) 


= ||| (Ex (Zj) © TA + RY) ((1* 8 7)(F)) Ihuseae,024,)IlZ2 (aur) au(m)): 
We fix a dyadic decomposition, that is, we fix Yo, Yı € D(R) supported in 
(—1,1) and (1/2, 2), respectively, valued in [0,1] and such that 


VASO So up(A)=1 with oy (A) = y1 (277A) if k €N. 
k=0 
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The series $., Wx (7(R)) converges to Iy, in the strong operator topology and we 
can apply the following general property: 


I(B 8 C)Allism on) 


Co 


< VE Ue)Cll. ea, lB @ Yel TRAH sH) 


k=0 
to B=E,(1;), C = T1 +R)”, and 
A= (7 @7)(f). 


We keep momentarily this notation for A and C. As ||E;(Ix)C||. g(a.) S 27, we 
have obtained 


I| (E= (5) @ TE + RY) Allus(t,.@7,) IlL2(au(r) ,du(m)) 


SXIN 3) @ Ye(7(R))) Allison») Il 22 (du(r) dpe(m))- 


Now 

A= ((" @7)(f)) = Exear Ui) ((1* @7)(f)), 
thus we can apply Lemma 5.7.13 and the sum over k above is in fact from k > j—a. 
We claim that 


IIl (E= (1) 8 e(r(R))) Alluscor,24-)lhe2(au(r),au(m) S lifler. (5.74) 


Collecting the equalities and estimates above, (5.74) would then imply 


Co 


+ R)*(F9)Ii2acay S llela D2 2Ot*), 


k=j—a 


and would conclude the proof of Proposition 5.7.12. 
Hence it just remains to prove (5.74). Natural properties of tensor product 
and functional calculus yield 


| (Ex (13) @ Ye(7(R))) Allison) 
< Ex U5) lemn ll An 8 YTR) Alsen) 
< || An, @ Yk(T(R)) Allusc.@,)- 


We notice that 


(In, 8 Yk(T(R))) A = I f(x) (T @ Yk(T(R))T*)(x)dz, 
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and introducing an orthonormal basis on H7, 


Wr, @ Pel tR) Al. yy =f FE) [belr(R)yey (ade 
=F phate ew (z *) = Fl[fdelr(R one 


Therefore we have 


Ill Ca, @ de (7(R))) Allus(ee,074-)IIZ2 cayu(r),du(n)) 
-f d Í IF FTR) lse dudul) 


kil’ 


=f, D li [fae (7 Verge a T du(T), 


kil’ 


having applied the Plancherel formula in 7. Simple manipulations yield 


DLR DM aacey = Do Meee (Rew lacey 


k'l k'l 


ai fre ) fa TCR) rps Pdz 


kil’ 


=f Fœ Pade Y [ER] l 


kil’ 


= II fllza@llve(r(R))llasae.)- 


Integrating over T € G, we can apply the Plancherel formula and obtain 


I DERI (Macey del) = Ifl lR olo 


kil’ 


Using the properties of dilations, we have for any k € N: 


lve(R)ooll z2(@) = 2? 


(R)õollz2(6) 


Collecting the equalities and inequalities above yields that the left-hand side of 
(5.74) is 


IIl (L(y) @ vr (T(R))) Alison) ll L2(du), dua) 
Qk-1 
< |fllnzq@2? 7” 


(R)dollz2(a)- 


By Hulanicki’s theorem, see Corollary 4.5.2, ||%1(R)do|| z2(q) is a finite constant. 
This shows (5.74) and concludes the proof of Proposition 5.7.12. 


5.7. Calderon- Vaillancourt theorem 403 


5.7.4 Proof of the case S) , 


In this section, we prove the L?-boundedness of operators in Y9 , with p € (0, 1): 


Proposition 5.7.14. Leto € S9 , with p € (0,1). Then Op(c) is bounded on L(G) 
and the operator norm is, up to a constant, less than a seminorm of a € ae 
the parameters of the seminorm depend on p but not on o and could be computed 


explicitly. 


The rest of this section is devoted to the proof of Proposition 5.7.14. The 
strategy is broadly similar to the one in [Ste93, ch VII §2.5] for the Euclidean case. 
Technically, this means using analogous rescaling arguments but also replacing 
certain integrations by parts on the (Euclidean) Fourier side with the bilinear 
estimate obtained in Proposition 5.7.12. 


Strategy of the proof 


We fix a dyadic decomposition, that is, we fix Yo, Yı E€ D(R) supported in (—1, 1) 
and (1/2, 2), respectively, valued in [0,1] and such that 


VASO So yj(A)=1 with oj(A) = 41(2-F-PA) if j EN. 


j=0 
Let o € Chae We define 
oj(@, T) = o(z,m)v;(m(R)) and T; := Op(o;) = Ty; (R), 


where T = Op(o). 

It is clear that T}T* = T (yji) (R)T* is zero if |j — i| > 1 and the strategy 
of the proof is to apply the crude version of the Cotlar-Stein Lemma, see Propo- 
sition A.5.3. We will first prove that the operator norms of the T;’s are uniformly 
bounded in j by a S? -seminorm, see Lemma 5.7.15. Then we will show that there 


psp 
exist a constant C > 0 and a S9 ,-seminorm such that 


E IG Tleazo < Olole ase (5.75) 
|i-j|>3 


These two claims together with Proposition A.5.3 and Remark A.5.4 imply that the 
series )), Tj € Y(L*(G)) converges in the strong operator topology of -2 (L? (G)) 
and that the operator norm of the sum is < ||ø||so „a,b,c: AS Op(o) = 90; T} in 
the strong operator topology, this will conclude the proof of Proposition 5.7.14. 


Step 1 


Let us show that the operator norms of the T;’s are uniformly bounded with 
respect to J: 
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Lemma 5.7.15. The operator Tj = Op(o;) is bounded on L?(G) with operator norm 
<Cllol|se „a,b,c with a,b,c as in Proposition 5.7.7. 


The proof of Lemma 5.7.15 uses the following result which is of interest on 
its own. In particular, it describes the action of the dilations on G. 


Lemma 5.7.16. Let o be a symbol with kernel ky and operator T = Op(c). Let 
r >0. We define the operator 


T, : S(G) > + (T¢(r-)) (7). 

Then (with operator norm possibly infinite) 
ITlegz6) = Tl eaea) 
Furthermore, the symbol of T, is 
o,:=Op “(T,) given by o,(x,7):= 0 (r-t2, 20) ; 
where the representation n) is defined by 
a) (y) := q(ry). 

The kernel of oy is r~@k,-1,(r~!-). Moreover, we have 

Fa(x)(n) Fa (r~@x(r7"-)) (x), 

A% {Fala} = ril {A%Fo(n)} (10), 
FOOR) = f(r’n(R)), 


for any a € NG, any positive Rockland operator R of homogeneous degree v, and 
any reasonable functions f and « (for instance f measurable bounded and K in 
some Kap). 


Proof of Lemma 5.7.16. We keep the notation of the statement. The property 
|Z || eaz) = Tle) follows easily from llolr-)ll2 = r—2/2 ll b]o. We com- 
pute 


(To(r-)) (rz) 


l 
©- 
a 

3 
= 
~~ 

ax 
‘ 

l 

8 
& 

H 

<3 

L 
= 

a 
<2 


= ox (Fei) (x). 


Therefore, the kernel of the operator T, is r~%,-1,(r71-). The computation of 
its symbol follows from 


Fa (r-@x(r™)) (r) = J Onela) ae 


lI 
o> 
En 
< 
ad 
J 
— 
3 
= 
* 
a 
8 
II 
Y 
Q 
a 
ad 
4 
€ 
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The difference operator applied to the above ei is 
A” {Fa(n)(n)) = A% {Fa (r 2n) (w)} 

= Fe (Gal-) r Hi i) (7) 

= rll {Fe (re (Gak)(r7"-)) (1)} 

= rll {A Fe(n)} (m). 


The kernels of the operators f(R) and f(r’R) are respectively f(R)d, and 
r—® f(R)do(r—1-) (see (4.3) in Corollary 4.1.16, and Example 3.1.20 for the ho- 
mogeneity of ĝo). Since the group Fourier transform of the former is f((R)), the 
group Fourier transform of the latter is f(r’a(R)) = f(a (R)). 


We can now show Lemma 5.7.15 using the rescaling arguments (together with 
the lemma above) and the case p = 6 = 0. 


Proof of Lemma 5.7.15. Using the Leibniz formula in Proposition 5.2.10, we first 
estimate 


||r(I+ R)* Xf A% a; (x, rjr +R) lem) 
x : edan]-18o) -7 
<Ca, XO [ROHR Xp A o(x, rjr +R) lem) 


aı]+[a2]=[@o] 
p(laı]— -[Bo])— F 


qquad |r +R)" Ap (TR) +R)? le) 
v leal+elar]— [Bol) 
s elele [ehh 2, 27° 
la1]+[a2]=la.] 
< Casllallse,, iastan A, (5.76) 


by Lemma 5.4.7. 
For each j € No, we define the symbol ø} given by setting 


o; (£, T) := oy (Fa ; 
By Lemma 5.7.16, the corresponding operator T; := Op(o;) satisfies 


(T})(x) = (T;(2??-)) (272). 
Lemma 5.7.16 and Proposition 5.7.7 imply that 
ITjlleu2(@) = ITjlleae@) < Cllojll se ab, (5.77) 


with a,b,c as in Proposition 5.7.7. So we are led to compute oF lse a,b,c By 
Lemma 5.7.16, we have 


Xe A% s(x, T) = = 27 iplBolgjelaol yfo jor, ni. Tj(£o, To) 
= 24e(l%o]—[Fol) ¢(] + APR)? 
(moll + R) XE a-s A°05 (to, To) toll +R) * } m(L+ PR)? 


Toa (27?) 


406 Chapter 5. Quantization on graded Lie groups 


so that 


Ir + R) Xf AW os (x, r) +R)? lL ect.) 
< 25(leo]—[8o]) (+R) rI + 2R)? l2) 


| (roll +R)” XE? a-s A0 (E0, To)TI ERIE) an lza 
[r+ 27°R) (+R) |en) 
By the functional calculus (Corollary 4.1.16), 
y ; y 1+.) v 
E v IP T7 IPS 
ITA +R) ETA 2°R)-¥ || vo.) < sup (ma) <O, 
‘pay 2 x 1+29°,\™ 
nL + 2 R)FaL+R) Ë lzen) < sup ) < 0203, 
a>0\ 1+A 


for any j € No. Thus, we have obtained 


|r + R)* XB A0! (x, rja +R)? | vot.) 
< Cele- sup |Jmo(1 + R)* XE A0; (xo, To) To(I +R) * |2) 
LoEG, noEĜ 


< Cllol|se , fe),{Bol. al» 


because of (5.76). Taking the supremum over 7 € G, x € G, [ao] < a, [8,] < b and 
ly| < c yields 


lloFllse o,a,b,e < Cllallse,,.a,b,c- 


With (5.77), we conclude that Illea) < Cllo|| se. a,b,c 


Step 2 


Now let us prove Claim (5.75). This relies on the bilinear estimate obtained in 
Proposition 5.7.12. 


Proof of Claim (5.75). For each i € No, we denote by Ki,» the kernel associated 
with o;. Then one computes easily the integral kernel Kj;(x, y) of the operator 
TET; that is, 


(T3T)) f(a) = i Kietu FeSO), 


with 
Kaley) = f na n E. 
G 
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By Schur’s lemma [Ste93, §2.4.1], we have 


alere < max (sop i. IKu(0, a) dy, sup p f, Kyile, vlde); 
xE 


S MFP Fille ,ate +) max Kalay 


since the estimates at infinity for the kernels of a pseudo-differential operator 
obtained in Theorem 5.4.1 for p Æ 0 yield 


(Kalv) S IT Tilla as by ely Pel 


for any N € No. (We have assumed that a quasi-norm |-| has been fixed on 
G.) The properties of composition and of taking the adjoint of pseudo-differential 
operators (see Theorems 5.5.3 and 5.5.12) together with Lemma 5.4.7 yield 


i+] 
|T} Till v2, :41,01,C1 N S llesllst, ,a2,b2, ealloills:,, ,a@3,03,¢3 ~N S lle pads ba, eu a 


We now analyse maxjy-1,)<1 |Kji(x, y)|. So let x,y € G with |y~'a| < 1. We 
fix a function x € D(G) which is a smooth version of the indicatrix function of the 
ball B(0,10) = {z € G: |x~1z| < 10} about 0 with radius 10, that is, we assume 
that x = 1 on B(0,10) and x = 0 on B(0,11). Let us assume that the quasi- 
norm is in fact a norm, that is, it satisfies the triangle inequality ‘with constant 
1’ (although we could give a proof without this restriction, it simplifies the choice 
of constants and therefore avoids dwelling on unimportant technical points). We 
can always decompose 


Kaley) = f Rpale™te)wia(y 2) (laa) + (1 = x(a) de 
= h+. 
We first estimate the second integral via 
l| S losllsz ea tmcll lls: eostoce f letz y7 M dz. 
i |z=t2]>10 


having used the estimates at infinity for the kernels of a pseudo-differential op- 
erator obtained in Theorem 5.4.1 for p # 0. As |y~*a| < 1, the last integral is 
just a finite constant if we choose Nı = Q + 1 for instance. We estimate the 
S} „seminorms with Lemma 5.4.7 and we obtain then 

—iti 
[Zl $ lello ae 


p07 07 ,C7 


We now estimate the integral J): 


L -| Ry,2(@ 2) Ki,2(y'z)x (x z)dz. 
G 
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It is of the form fe f(z,z)dz for a given function f on G x G. Simple formal 
manipulations yield for any N € No 


J Feadz = [TRE -I +R); N f(z, z2)dz 
G G 
2 [ores +R) f (21, 22) dz, 


having used integration by parts or equivalently Rt = R, since R is essentially 
self-adjoint. Hence, we obtain formally in our case 


I = f +R) A+R) {Rj (87tz2)ri z (y 22) x(@ *z1)} dz, 
G 


where N € No is to be fixed later. Note that the expression in zı is supported in 
B(a 1,11), hence so is the integrand in z. This produces the following estimate 


|L] < J S(z2)dz2 
ja-1z9|<11 


where S(z2) is the supremum 


S(z2) = sup |( (I+ R) AER) z N [kj Al £71 z2)ki a (Y7 22)x(@ *21)}| 
21€ 


LA 


(I+ RJA” (1+ R) z Rie (8722) kia (W zala) 


L2(dz1) 


32 MOAR Ae Ra ee) A aa ale 
[801] +[802] 
<vN+so 
by the properties of the Sobolev spaces, see Theorem 4.4.28, especially the Sobolev 
embedding in Part (5). Here sọ € vN denotes the smallest integer multiple of v 
such that ® > Q/2. By the Cauchy-Schwartz inequality, as B(x,11) has finite 
volume independent of x, we obtain 


|L] = 5 |I+ R)z, MiX Aika lT T122) Paa aae 


[801] +[802] 
<vN+s0 


> sup | (I ag R)z N {Xpo Kj, za (z T123) XPO kiz (y~*22) }l zeraz) ; 


zı1E€B(x,11) 
[801]+[Bo2]<uN+s0 


Choosing N > a we can apply Proposition 5.7.12 to the L?-norm above, so that 


Ke! FR) ie Kj,z1 (a~*z2) XP? kiz CREZI (dz2) 


S Roi Kj,zı (22 Niaz (dz2) |x * Kiz (z2 Vez ¢aea) 2 5) a N+ a) max(i,j), 
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By Corollary 5.4.3, we have 
Reece (z2)ll z222) 5 [XE o; lsm ar,br,er? 


where m’ is a number such that m’ < —Q/2, for instance m’ := —1 — Q/2. By 
Lemma 5.4.7, we have (with p = ô) 


—; m ~6[801] 
xolst arire © lloll.se a ae 


0, p128 08 .C8 


We have similar estimates for || x Bo2 Ki zı (22 Vea dea)? thus 


max Xpo Rj 24 (22 x ea 2, (22 
Js71 2 4,21 2 
[B01]+[Boz2] Mle (dz2) |l hea (dz2) 
<vN+s0 
; m’ —3[8 om! —65 
= Ilo So ag ,bg,c9 max 27 a 5 2 ao 
pope [Bo1]+[Bo2] 
<vN+s80 
i $ 
< lle 2 gmax(i,j)(—2m +6(N+80))_ 


S9 |, ,a9,b9,c9 
The estimates above show that the first formal manipulations on J; are justified 
and we obtain 


IB] S lolo ay, co BMD HO-ON— 504-8), 


p49 09 ,C9 


Consequently, we have 


mar neal lollo, 


Sie p&b 


Ao 4. gmax(ij)(- (1-8) N-2m'+so+ $ a), 
ly 


thus 


sal tti fe gmax(i,j)( (1-6) N-2m'+s04 2) ; 


IZ; Tillg2@y S lollo a 


As ô = p € (0,1), we can choose N such that —(1 — 6)N — 2m’ + so 4 “i < 1. 
Summing over i > 7 +3 and using the symmetry of the rôle played by i and 7 
yield (5.75). 


Hence we have shown Proposition 5.7.14 and this concludes the proof of 
Theorem 5.7.1. 


5.8 Parametrices, ellipticity and hypoellipticity 


In this section, we obtain statements regarding ellipticity and hypoellipticity which 
are similar to the compact case presented in Section 2.2.3 where the Laplacian has 
the role of the positive Rockland operator. However, on nilpotent Lie groups, since 
G is not discrete and the representations are often not (and can be almost never) 
finite dimensional, the precise hypotheses become more technical to present. 
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5.8.1 Ellipticity 


Roughly speaking, we define the ellipticity by requiring that the symbol is invert- 
ible for ‘high frequencies’. These ‘high frequencies’ are determined with respect to 
the spectral projection E of a positive Rockland operator R, and its group Fourier 
transform Er, see Corollary 4.1.16. 

We will use the following shorthand notation: 


2, = Ex (A, too)H&. (5.78) 


Since E,(A,00) = Fa(1(A,00)(R)d0) yields a symbol acting on smooth vectors (see 
Examples 5.1.27 and 5.1.38), H2°, is a subspace of HẸ. 
We can now define our notion of ellipticity: 


Definition 5.8.1. Let R be a positive Rockland operator of homogeneous degree 
v. Let ø be a symbol given by fields of operators acting on smooth vectors, i.e. 
o(z,-) = {a(z,-) : HZ + HS, r € G} is in some L(G) for each x € G. 

The symbol ø is said to be elliptic with respect to R of elliptic_order mo 
if there is A € R such that for any y € R, x € G, p-almost all r € G, and any 
u E HE, we have 


WER = |r +R)*o(z, 7 )ully, > Cra +R) aI +R)“ ullu, (5-79) 


with Cy = Co R,m,,A,y independent of (x,t) € G x Ĝandu€ Tee he 
We will say that the symbol ø or the corresponding operator Op(c) is 
(R, A,m,)-elliptic, or elliptic of elliptic order mo, or just elliptic. 


The notation H2°, was defined in (5.78). As H3, is a subspace of HZ and 
since 7(1+R)” and o(z,-) are fields of operators acting on smooth vectors, the 
expression in the norm of the left-hand side of (5.79) makes sense. 

In our elliptic condition in Definition 5.8.1, o is a symbol in the sense of 
Definition 5.1.33 which is given by fields of operators acting on smooth vectors. It 
will be natural to consider symbols in the classes Srs to construct parametrices, 
see Proposition 5.8.5 and Theorem 5.8.7. 

Our definition of ellipticity requires a property of ‘x-uniform partial injectiv- 
ity’. Of course, we note that (1+ R)?a(I+R)™ =r +R). 

Naturally, we will see shortly in Corollary 5.8.4 that it suffices to check (5.79) 
for a sequence of real numbers {7y, l E€ Z} which tends to +00 as £ + +00. 


Our first examples of elliptic operators are provided by positive Rockland 
operators: 


Proposition 5.8.2. Let R be a positive Rockland operator of homogeneous degree 
v. Then we have the following properties. 


1. The operator (I+ R)~, for any mo E R, is elliptic with respect to R of 
elliptic order Mo. 
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. If fı and f2 are complex-valued (smooth) functions on G such that 


inf |fila) + fle)àl >0 for some A> 0, 
reEG ADA 1+A 


then the differential operator f\(x) + fo(x)R is (R, A, v)-elliptic. 


. The operator E(A,oo)R, for any A > 0, is (R, A, v)-elliptic. 


More generally, if f is a complex-valued function on G such that infa |f| 
> 0, then f(x)E(A, co)R is (R, A, v)-elliptic. 


. Lety € C™(R) be such that 


Wi(—co,1] =9 and Yin) = 1, 


for some real numbers Ay, Ag satisfying O < Ay < A2, Then the operator 
W(R)R is (R, Ag, v)-elliptic. 


More generally, if f is a complex-valued function on G such that infg |f| 
> 0, then f(x)P~(R)R is (R, A2, v)-elliptic. 


Proof. The symbols involved in the statement are multipliers in R. By Example 
5.1.27 and Corollary 5.1.30, the corresponding symbols are symbols in the sense of 
Definition 5.1.33 which are given by fields of operators acting on smooth vectors. 
Hence it remains just to check the condition in (5.79). 


Part (1) is easy to check using the functional calculus of 7(R). 


Let us prove Part (2). Let A, fı, fo, and m be as in the statement. The 


properties of the functional calculus for 7(R) yield that, for each x € G fixed and 
u € He, we have 


qT 
v 


m+ R)¥r(1+ R)u = pr(n(R)J r1 + R)? (filx) + fo(x)a(R))u, 


where y € L®[0, 00) is given by 


1+A 


2(A) = = 15 a. 
PA= Fa) + fol@ya 22 
Our assumption implies that ¢, is bounded on [0,00) with 
= oe |fi(a) + RAN 
C= sup lde llo = (itt Lox < o. 


The property of the functional calculus for (R) yields 


Vr EG ||ox(m(R))\l ecu.) < C. 


412 Chapter 5. Quantization on graded Lie groups 


Thus we have 


T 
v 


m+ R)ullu, = lle (7(R)J AA +R)? (file) + fo(a)m(R) ull, 
< Cla +R)? (fi (2) + fo(w)m(R))ulla,- 


IrA+R) 


This proves Part (2). 
Let us prove Part (3). The properties of the functional calculus for 7(R) yield 
mI+ R)u = o(n(R))E(A, 00) 7 (R)u, 


where @ € L™[0, 00) is given by 


Moreover, 


la +R) ulu, = |]b(n(R))m(+ R)? Ex(A, 00)m(R)ulln, 
l|Sllooll( + R)” Er (A, c0)r(R)ullae. 


IA 


Since C = ||¢||=} is a finite positive constant, we have obtained 
Clia +R) + ulu, < lm + R)? Ex(A, 00)m(R)ulla, 


This shows that E(A, 00)R, is elliptic. 
If f is as in the statement, we proceed as above, replacing ¢ by 


_ T+A 


and C such that CT} is equal to the right-hand side of the estimate 


1(A,00) (A), 


1 1+. 
sup = = C7}, 


T oon Ss . 
Ilo || eve E 


This shows Part (3). 


For Part (4), we proceed as in Part (3) replacing 1(,,..) by W(A) and A by 


Ao. 


The next lemma is technical. It states that we can construct a partial inverse 
of an elliptic symbol. The analogue for scalar-valued symbols would be obvious: if 
|a(x, €)| does not vanish for |€| > A then we can consider 1)¢).,1/a(a, €). However, 
in the context of operator-valued symbols, we need to proceed with caution. 
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Lemma 5.8.3. Leto be a symbol (R, A, mo)-elliptic as in Definition 5.8.1. 

For any v © HE, if there is a vector u € HX, such that o(x,7)u = v then 
this u is necessarily unique. In this sense o(x, 7) is invertible on HX, and we can 
set 


= u fv=o(a,m)u, uE HE y 
Hlijoohelooy et 5 Geese | oe ee. (5.80) 


This yields the symbol (in the sense of Definition 5.1.33) given by fields of operators 
acting on smooth vectors 


{Ex(A,co)o(2,7)~! : HL > HL, (x, 7) € G x G}. (5.81) 
Furthermore, for every y, 


|Er(A, œ0)a(z, r)" @ S CF" (5.82) 


where Cy is the constant appearing in (5.79) of Definition 5.8.1. 

Ifo is continuous in the sense of Definition 5.1.84, then the symbol in (5.81) 
is continuous in the sense of Definition 5.1.34. If o is smooth, then the symbol 
in (5.81) is continuous and depends smoothly on x € G in the sense of Remark 
1.8.16. 


Proof. Recall that E,(A,00) = Fe(1(A,0c)(R)d0) yields a symbol acting on smooth 
vectors, see Examples 5.1.27 and 5.1.38. 
If v = o(2,7)u where u E€ Ha, then, using (5.79), we have 


Moty 


lea +R) T ulu, < O'lat R) ole, rulu, = Cy r+ R) olla, 


It is now easy to check {E,(A,00)o(x,)~!,(a,7) € G x G} is a symbol in the 
sense of Definition 5.1.33 and that the estimates in (5.82) hold. 
If o is continuous, then one checks easily that the map 


Gaze E,(A,co)o(2,7)7! € LS ym, (@ 


is continuous. Consequently {E,(A,00)o(x,7)~!, (x, r) € G x G} is continuous. 
If o is smooth, then {E,(A,0co)o(x,7)~', (x,t) € G x G} depends smoothly 
in x € G, see Remark 1.8.16. 


Corollary 5.8.4. Let R be a positive Rockland operator of homogeneous degree v. 
The symbol o satisfies (5.79) for each y E€ R if and only if o satisfies (5.79) for a 
sequence of real numbers {y¢, LE Z} which tends to too as £ + +00. 


We may choose the constants Cy such that maxjy\<-Cy in (5.79) is finite for 
any c= 0. 
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Proof. From the proof of Lemma 5.8.3, we see that o satisfies (5.79) for y if and 
only if 


sup || Ex (A, oo)a (x, 7)" z 


< 00 
rEG Vy+tmo (G) 


is finite. The conclusion follows from Corollary 4.4.10. 


The next statement says that if a symbol in some Si’; is elliptic and if the 
elliptic order is equal to the order m of the symbol, then we can define a symbol 
in S, 5° using the operator E7(A, co)o(x, m)~+ defined via (5.80). This will be the 
main ingredient in the construction of a parametrix, see the proof of Theorem 


5.8.7. 


Proposition 5.8.5. Assume 1 > p > 6 > 0. Leto € Si; be a symbol which is 
(R, A,m)-elliptic with respect to a positive Rockland operator R. Ify E C®(R) is 
such that 


YPii—oœ,1] =9 and Yla) = 1, 


for some real numbers Ay, Ao satisfying A < A, < Ag, then the symbol 
{u(n(R))o*(a, T) , (2,7) € Gx G}, 


given by 
P(T(R))o™ (x, 7) = YP(T(R))Ez (A1, c0)o(x, 7), 


is in Sza Moreover, for any ao, bo € No, we have 


(a(R) a (x, TI s—2 5.bo.0 


a, +b, +1 Lio 
~ , ble nae bi Cyan, lot, mS acelin? 
ajaa Sao ~ 


bi bh <b. 


where C > 0 is a positive constant depending on ao, bo, Y, and where the constant 
Czo, was given in (5.79). 


The following lemma is helpful in the proof of Proposition 5.8.5. Indeed, in 
the case of R”, if a cut-off function w(€) on the Fourier side is constant for |g] > A 
(A large enough), then its derivatives are Ofq(£) = 0 if |€] > A. In our case, we can 
not say anything in general. If we use ¢(7(R)) as ‘a cut-off in frequency’ with Y as 
in Proposition 5.8.5 for example, it is not true in general that its (A°-)derivatives 
will vanish on E,(A,0o) or will be of the form 7 (7(R)). However, we can show 
that these derivatives are smoothing: 


Lemma 5.8.6. Let y E€ C™®(R) satisfy Vla, +œ) = 1 for some A € R. Then for any 
a ENG\{0}, the symbol given by A°w(m(R)) is smoothing, i.e. is in S7% 
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Proof of Lemma 5.8.6. Let a € Nj\{0}. Then A°I = 0 by Example 5.2.8. There- 
fore 


A%b(m(R)) = —A*(1 — Y) (a (R)). 


As 1—4 is a smooth function such that supp(1—7~)N[0, 00) is compact, the symbol 
(1 — Y) (T(R)) is smoothing. Hence so is A°(1 — w)(7(R)) and A®y(a(R)). 


Proof of Proposition 5.8.5. Recall that by the Leibniz formula (Proposition 5.2.10), 
we have 
A% (moa) = > Caa AP oi A 02, 


[or]+[o2]=[e] 


1 ifai =a 1 ifag=ao 
Caz,0 = ’ CO0,a2 = 


with 
0 otherwise 0 otherwise 


It is also easy to see that 


Xe (fi fo) = 5 Ch, Bs x6: fi xX Pe A 
[61]+[82]=[80] 


with 


0 otherwise ° “022 7] 0 otherwise 


T if By =A f T if Bo = Bo 
Let o = a(x, T) € S™, and Y € C™ (R) as in the statement. By Lemma 5.8.3, 
the continuous symbol 
{E,(A, 00)o(2,7)~! : HL > HL, (a, 7) € G x G}, 
depends smoothly on x € G. Hence so does the continuous symbol o, defined via 
oo(x,m) = U(m(R))o~* (x, 7). 
Since Y(n(R)) commutes with powers of m(I+ R) and 
IWERI) < llo, 


we have 


la+ R)* olx, T| em) 
< [Plot +R)” {Er(A, c0)o(a, m)" } leat.) 
= |¥llo0Co", 
where by Lemma 5.8.3, Co is the finite constant intervening in the ellipticity 


condition for y = 0 in (5.79). More generally, in this proof, C} denotes the constant 
depending on y in (5.79), see also Corollary 5.8.4. 
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By Proposition 5.3.4, w(m(R)) € S°. We also see that 
w(n(R)) = olx, 7)o(a, 7). (5.83) 
Hence for any left-invariant vector field X we have 


= X,0,(a,7) o(a@,7) +00(a,7) X,0(x,7). 
Thus 
XpOo(XL,T)o(“,7) = —0o(a,7) Xrolz, T), 


and since o(x,7) is invertible on Er (Ai, o)H®, 
Xy0o(£, n) = —do(x,7) {Xzo(2,7)} E(Ay,00)o~*(a, 7). 


Assuming that X is homogeneous of degree d, we can take the operator norm and 
estimate 


m— 


In + R)" Xp00(2,7)ll ete) 

< r0 +R)" oo(a, rjr +R)” lean) 
lr +R) Ž Xso(z, rjal +R)” leo) 
lr +R)? {By (Ar, c0)o(2,m)-"} 2a) 


< |[PllooCT5aCo llo (x, 7) I 5,,0,4,|-m|- 


Recursively on d= [8%], we can show similar properties for X8° {u(a(R))o(x,7)“+}, 
and obtain 


Iw(a(R))o(@, 7) "Is 0,2,0 


— (b +1) 
< Coowle Dy max Oy ole, 7)| 
bi b} <bo I? 


ba 
S™,,0,ba,[m|* 


We can proceed in a parallel way for difference operators. Indeed, for any 
Qo E NG with |a,| = 1, we apply A® to both sides of (5.83) and obtain 


A {U(m(R))} = Ao o(x, 7) a(z, T) + F(x, 7) A™{0(x,T)}, 
thus 
A o,(2,7) = A%{b(a(R))}E(Ai, c0)o7 (x, 7) 
—o,(a, n) {A% a(x, 2)} E(Ay,00) o (2,7). 
Then 


plao]+m 


lge! + R) y A“ oox, T)| 2H.) < Ny + No, 
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with 
plaoltm g = 
Ny = |r t+ R) 2 A fh (a(R))}E (Ar, co)o (z, T) eo) 
plaoltm 
No = |\7(1+R) = olx, 7) {A°°o(a,7)} E(Aq, 00) a *(a,7)||ecu,)- 


For the first norm, we see that 


plaoltm a om 
Ni < aA AR) eA {b(r(R))}a(1+ R)¥ en) 
Ind +R)” E(A,00)0™ (z, m)l) 
< COT 


since A®° {¢(7(R))} € ST” by Lemma 5.8.6. For the second norm, we see that 


plaol+m pla 


ol 
No < [AAR] V olz, r) ER) © |en) 


plao] 


lrA +R) A%a(a, mL +R)” emn) 
ITER)” E(A1, 00) 07 (x, T) ea) 


< leat Co Mllellse, fac).o.m|- 


A 


Recursively on [ao], we can show similar properties for A®° {7(a(R))a(a,7)~'}, 
and obtain 


|oo(z, T)Ils—” a,,0,0 


=( ‘+1) 1 
2 Ca, 5 max Cy ve lolz, IIs, as,0,Im] 


<pao 
ere lyl<e 
More generally, we have 
XE A% {h(m(R))} = >o aus XE A an) 
[ai]+[a2]=[a@0] 
[81]+[82]=[80] 


XPA% o(x, r). 


Because of the very first remark of this proof, we obtain X°°A®ea, in terms of 
XÊ A“ o, with [8'] < [80] and [a’] < [ao] and of some derivatives of ~(m(R)) and 


o. If we assume that we can control all the seminorms ||oo]| ,—m ape With a < [ao], 
ps ab, 


b < [80] and any c € R, then we can proceed as above introducing powers of 1+R 
to obtain the estimate for the seminorms of w(7(R))o(x,7)~+. Recursively this 
shows Proposition 5.8.5. 


5.8.2 Parametrix 


In the next theorem, we show that our notion of ellipticity implies the construction 
of a parametrix. 


418 Chapter 5. Quantization on graded Lie groups 


Theorem 5.8.7. Leto € p be elliptic of elliptic order m with 1 > p > ô > 0. 
We can construct a left parametriz B € vo for the operator A = Op(o), that is, 
there exists B € woe such that 


BA-lev™. 


Comparing with two-sided parametrices in the case of compact Lie groups 
(Theorem 2.2.17), this parametrix is one-sided. It was also the case in [CGGP92]. 


Proof. We can adapt the proof in [Tay81, §0.4] to our setting. Let y € C®(R) be 
such that %)(~00,A,] = 0 and W[A,00) = 1 for some Aj, A2 E€ R with A < Ay < Ao. 
By Proposition 5.8.5, 

b(m(R))o* (a, 7) € S75- 


Since Y(T(R)) = W(a(R))o“!(a, m)o(a, r), by Corollary 5.5.8, 
Op(Y(T(R))o (x, 7)) A= Y(R) moa,’ ; 


now Y(R) =I- (1—~)(R) and (1 — w) € D([0, œ)) so (1 — Y)(R) € Y7%®. This 
shows 
Op(y(a(R))o t(x, 7)) A =I mody 97”, 


So we have 
Op(W(a(R))o(a,7)) A =I-U with U ef. 
By Theorem 5.5.1, there exists T € V5 such that 


T~Ē~I+U tk? +... 


By Theorem 5.5.3, 


B:=T Op(Y(n(R))o™) EWP. 


Therefore, we obtain 
BA=T(I-U)=Imodv®, 


completing the proof. 


It is not difficult to construct the following examples of elliptic operators 
satisfying Theorem 5.8.7 out of any Rockland operator. Indeed, combining Propo- 
sition 5.3.4 or Corollary 5.3.8 together with Proposition 5.8.2 yield 


Example 5.8.8. Let R be a positive Rockland operator of homogeneous degree v. 


1. For any m € R, the operator (I+ R)*” € W™ is elliptic with respect to R of 
elliptic order m. 
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2. If fı and f2 are complex-valued smooth functions on G such that 
wap Lisle) + fala) 
rEG,A>A 1+A 


and such that X“! f;, X°? fo are bounded for each a;,a_ € Nj, then the 
differential operator 


>0 for some A > 0, 


fila) + fo(xyR € Y” 
is (R, A, v)-elliptic. 
3. Let y € C™(R) be such that 


Y\(-co,Ar] =O and Yia) = 1, 
for some real numbers Aj, Ag satisfying 0 < A, < Ag, Then the operator 
U(R)R E€ Y” is (R, A2, v)-elliptic. 
More generally, if f is a smooth complex-valued function on G such that 
infa |f| > 0 and that X® f is bounded on G for every a € Nọ, then 


f(x)W(R)R € Y” 
is elliptic with respect to R of elliptic order v. 
Hence all the operators in Example 5.8.8 admit a left parametrix. 


We will see other concrete examples of elliptic differential operators on the 
Heisenberg group in Section 6.6.1, see Example 6.6.2. 


In fact we can prove the existence of left parametrices for symbols which are 
elliptic with an elliptic order lower than their order. Indeed, we can modify the 
hypothesis of the ellipticity in Section 5.8.1 to obtain the analogue of Hormander’s 
theorem about hypoellipticity involving lower order terms, similar to Theorem 
2.2.18 in the compact case. 


Theorem 5.8.9. Leto € eee with 1 > p>6>0. We assume that o is elliptic with 
respect to a positive Rockland operator R in the sense of Definition 5.8.1, and that 
its elliptic order is Mmo < m. 

We also assume that the following hypothesis on the lower order terms holds: 
there is A E€ R such that for any y € R, x € G, p-almost allr € G, and any 
u E Ha, we have 

[a]—ô[8] 
Ira +R) ES {A° X8o(x,2)} a+ R) Pula, 
< Chp yllo(@, Tullus (5-84) 


with C” 


a By = Ca By Rm, A y dependent of (x,t) € G x G andu € Ha 


Mo 


Then we can construct a left parametric B € UW, 5° for the operator A= 
Op(c), that is, there exists B € Le such that 


BA-lew™., 
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Proceeding as in Corollary 5.8.4, we can show easily that it suffices to assume 
(5.79) and (5.84) for a countable sequence y which goes to +00 and —oo. 


Proof. Let Y € C°(R) be such that y(~00,a,) = 0 and YA5,00) = 1 for some 
Ay, Ao E R with A < A, < Ag. Proceeding as in the proof of Proposition 5.8.5, we 
see that 

oo(z, T) := U(m(R))o* (a, T) E€ SOS, 


with similar estimates for the seminorms of o, and ø. 


With similar ideas, using (5.84), we claim that, for any multi-index 6, € Nj, 
we have 
Xoq(x, r) oo(x,7) € oF. 


Indeed, from the proof of Proposition 5.8.5, we know that 
Xoo = -0o Xo E(A,co)o™, 
hence 


X (X°ea(x, 7) Tolz, T)) = XX eo(x, n) colz, t) + X o(x, n) Xoo(a,7) 
= XXo(x,7) oolx, n) — X” o(x, T) oo Xo E(A,œ0)o™}, 
and we can use the hypothesis (5.84) on each term to control the Sp is-Seminorms 


of the expression on the right-hand side. For the difference operators, from the 
proof of Proposition 5.8.5, we know with |a,| = 1, that 


Ao, = A%(n(R)) E(A,00)0~* — a, A®0 E(A,0o)o™". 
Hence 


Ave {X oo(x, T) colz, T)} 
= Xo A(x, T) colz, 7) + 
= XP Aeg(x, T) oo(2, T) — a. a, 
+X°ea(a,m) A°w(a(R)) Wolm(R))o-*, 


where Yo E€ C™(R) is a fixed smooth function such that Pojq,,.0) = 1 and 
Wo|(—co,A, /2) = 0. While we can use the hypothesis (5.84) on the first two terms, 
we use Lemma 5.8.6 for the last term which is then smoothing. Proceeding recur- 
sively as in the proof of Proposition 5.8.5, we obtain the estimates for the sum on 
the right-hand side. 


We now define recursively 


On (2,7) = 5 A “Snia Ao | Ge, n=1,2,... 
0<[a]<n 
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It is easy to check that each symbol øn (x, T) is in S) mo—n(e—9) and that as in the 
compact case, 
Op(o.)Op(a) — I — Op(a1)Op(c) — ... — Op(on)Op(a) € Ypg”. 


Therefore, the operator B € vo” whose symbol is given by the asymptotic sum 


Fo — J`; 9; is a left parametri for A = Op(c). 


We will see a concrete example of hypoelliptic differential operators on the 
Heisenberg group in Section 6.6.2, see Example 6.6.4. 


We now note the following generalisation of Proposition 5.8.5 that we have 
already used in the proof of Theorem 5.8.9. 


Proposition 5.8.10. Assume 1 > p > ô > 0. Leto € Srs be a symbol which is 
(R, A, Mmo)-elliptic with respect to a positive Rockland operator R. If y € C®(R) 
is such that 

YPii—oœ,] =9 and Vlas) = 1, 


for some real numbers Ay, Aa satisfying A < A, < Ag, then the symbol 
{Y(T(R)) o (z, T) , (2,7) € G x G}, 


given by 
P(T(R)Jo(x, T)" = Y(T(R))Ez (A1, 00)0™ (x, 7), 


is in S Moreover, for any ao, bo € No, we have 


W(m(R)) oT) s—m0 4,,0,.0 


al +b +1 ab +b, 
SO de mii ang mona NOt T) sy aobo, im]? 


where C > 0 is a positive constant depending on ao, bo, Y, and where the constant 
Czo, was given in (5.79). 


Here the elliptic order mo and the symbol order m are different but the same 
results holds: one can construct a symbol ¢(7(R))o~'(x,m) € S757. The proof is 
easily obtained by generalising the proof of Proposition 5.8.5. 


We now show that Theorem 5.8.7 has a partial inverse. 


Proposition 5.8.11. Suppose that the operator A = Op(0o) € Ws, with 1 > p > 
ô > 0, admits a left parametric B € Wa i.e. BA-ITEW-™. Then o is elliptic 
of order m, that is, there exist a positive Rockland operator R of homogeneous 
degree v, and A E€ R such that for any y E€ R, x € G, p-almost all x € G, and any 
u E HXa we have 


Ira +R) olx, mullu, > Gra +R)? a+ R)” ullu. 
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Moreover, if this property holds for one positive Rockland operator then it holds 
for any Rockland operator. 


Proof. Let A and B be as in the statement. Let o and 7 be their respective 
symbols. Then the symbol 


E€ := tao—I 


= (to —Op™'(BA)) — (I— Op" (BA)), 


oa ; 
is in Sy te ) and we can write 


nI +R) Y ro =a(1 +R) +eorl +R) F r +R) Y 
where 
eo = n(1+ R) en +R) TT e S85. 
For any u € HX, (x 7 € G x G, we thus have 
lai +R) 7a, ig 7 )ulla, 
= | (70+ RY + cole, nlm +R) Fm + RY) ullae 


We can bound the left hand side by 


lra +R) rz, m)o(a, mull, 


< r+ R) r(e, rr +R)? 2m lra + R) olz, rullu, 
< [Irom lr +R)*0(z, mulli 
and the right hand side below by 
| (m+ RY + colz, ryn +R) F a(i +R)" ) ull, 
ie ie A r+ R) ullu, 
> al +R) ulla, 
-lleolz, rleo ll +R) F 0R) ullu. 
Hence if u € E(A,oo)H& where A > 0 then 
Isom. llr + R)¥o(e, mulla, 
> r+ R) ullu, 
—leo(x, m)l (1 +A) IJ + RY allan, 


Clearly 7 Æ 0 and II som i # 0. Furthermore 


lleo(x, ™) ll g(t.) < lleollse ,.0,0,0 < 2°; 
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hence we can choose A > 0 such that 


lleo(@, oleon +A 7 < lleollso, ooo +A) < 


in view of p > ô. We have therefore obtained for u € E(A,oo)H& with the chosen 
A, that 


T 
v 


lr +R) olz, rullu, > lra +R) ullu, 


1 
7o 2KI7ILg—m 


0, E Ivl 


which is the required statement. 


5.8.3 Subelliptic estimates and hypoellipticity 
The existence of a parametrix yields subelliptic estimates: 


Corollary 5.8.12. Let m € R and 1 > p >Ò > 0. If A € WM, is elliptic of order 
m, then A satisfies the following subelliptic estimates 
Ni 


IfAE Wis is elliptic of order mo and satisfies the hypotheses of Theorem 5.8.9, 
then A shiek the subelliptic estimates 
24) ý 


In the case (p, ô) = (1,0), assume that A € Y™ is either elliptic of order mo = m 
or is elliptic of some order mo and satisfies the hypotheses of Theorem 5.8.9. Then 
A satisfies the subelliptic estimates 


YsEeR VNER JC>0 YfesS(G) Ifl 


s+m 


L? so 


VseR YNER IC>0 VfEs(G) fll zal 


s+mo 


YsEeER VNER Vpe(l1,ow) AC>O Vf eES(G) 


Ilze, n, <C(lAfllae + flez): 
In the estimates above, ||: ||,» denotes any (fixed) Sobolev norm, for example 


obtained from a (fixed) positive Rockland operator. 


Proof. By Theorem 5.8.7 or Theorem 5.8.9, A admits a left parametrix B, i.e. 
BA-1=ReEW-“. By using the boundedness on Sobolev spaces from Corollary 
5.7.2, we get 


IF] < C(Afllz2 + Il fllz2,,)- 


In the case (p,d) = (1,0), the last statement follows from Corollary 5.7.4 with 
Sobolev L?-boundedness instead. 


< ||BAf| 


2 2 
L trio L ime 
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Local hypoelliptic properties 
Our construction of parametrices implies the following local property: 


Proposition 5.8.13. Let A € Wi; with m E R, 1 > p >ô > 0. We assume that the 
operator A is elliptic of order mo and that 


e either m = mọ, 
e orm > mp and in this case A satisfies the hypotheses of Theorem 5.8.9. 


Then the singular support of any f € S'(G) is contained the singular support of 
Af, 
sing supp f C sing supp Af, 
that is, if Af coincides with a smooth function on any open subset of G, then f is 
also smooth there. 
Consequently, if A is a differential operator, then it is hypoelliptic. 


The notion of hypoellipticity for a differential operator with smooth coeffi- 
cients is explained in Appendix A.1. 
Proposition 5.8.13 follows easily from the following property: 


Lemma 5.8.14. Let A € Ws with m € R, 1 > p >ô > 0. We assume that there 
exists an open set Q such “that the symbol of A satisfies the elliptic condition in 
(5.79) for any x E Q only. We also assume that 


e either m= mo, 


e orm > mo and in this case A satisfies the hypotheses of Theorem 5.8.9 with 
xen. 


If f € S'(G) and if Q! is an open subset of Q where Af is smooth, i.e 
Af € C™('), then f € C~(Q’). 


The proof requires to revisit the construction of parametrices ‘to make it 
local’. 


Proof of Lemma 5.8.14. We keep the hypotheses and notation of the statement. 
As the properties are essentially local, we may assume that the open subsets Q, Q 
are open bounded and that there exists an open subset Qı such that Q C Qı 
and Qı C Q. Let x € D(G) be such that y = 1 on / and y = 0 outside N1. The 
symbol of the operator A’ := y(x)A is given via x(«)o(x, 7). An easy modification 
of the proof of Proposition 5.8.5 implies that the symbol given by 


x(x) b(a(R))o(@, r) 


is in S, 5° (here w is a function as in Proposition 5.8.5). Adapting the proof of 
thesia 5.8.7 or Theorem 5.8.9, we construct an operator B € ve such that 
BA = x(x) + R with RE. 
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Let xı E€ D(G) be such that xı = 1 on Qı and x1 = 0 outside Q. Let 
f € S’(G). As A admits a singular integral representation, see Lemma 5.4.15 
and its proof, the function x œ> x(x) A{(1 — x1) f} (x) is smooth and compactly 
supported. Let us assume that Af is smooth on Q’. Since we have for any xz € G 


A' {xa f}(x) = x(@) A(z) — x(a) ALC — xi) fF), 


the function A’{x1f} is necessarily smooth and compactly supported on G, i.e. 
Al{xif} € D(G). Applying B, we have BA'{x1 f} € S(G) by Theorem 5.2.15. By 
Corollary 5.5.13. R{xif} € S(G) since the distribution xı f € E’(G) has compact 
support. Hence xi f = BA'{xı f} — R{xı f} must be in S(G). This shows that f 
is smooth on Q. 


Global hypoelliptic-type properties 


Our construction of parametrix is global. Hence we also obtain the following global 
property: 

Proposition 5.8.15. Let A € vx withm €R,1>p>6>0. We assume that the 
operator A is elliptic of order mo and that 


e either m= mo, 
e orm > mp and in this case A satisfies the hypotheses of Theorem 5.8.9. 


If f € S'(G) and Af € S(G), then f is smooth and all its left-derivatives 
(hence also right-derivatives and abelian derivatives) have polynomial growth. More 
precisely, for any multi-indez 8 € NG, there exists a constant C > 0, an integer 
M € No and seminorms ||- ||s(G),N,; ||“ Ils(@),n2 such that for any f € S'(G) with 
Af € S(G), we have 


|X? f(x)| < C (+ lz)” If llsv@ um. + Af llsc@,ne) » re G. 


Proof. We keep the hypotheses and notation of the statement. By Theorem 5.8.7 
or Theorem 5.8.9, A admits a left parametrix B, i.e. BA—I € UW~*. By Corollary 
5.4.10, (BA — I)f is smooth with polynomial growth. As Af € S(G), B(Af) € 
S(G) by Theorem 5.2.15. Thus 


f=—(BA-I)f+ B(Af) 


is smooth with polynomial growth. The estimate follows easily from the ones in 
Corollary 5.4.10 and Theorem 5.2.15. 


Examples 


Hence we have obtained hypoellipticity and subelliptic estimates for the operators 
in Examples 5.8.8. 
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Corollary 5.8.16. Let R be a positive Rockland operator of homogeneous degree v 
and let p € (1,00). 
1. If fi and fo are complex-valued smooth functions on G such that 
|fi(@) + fo(x)Al 
reEG ADA 1+. 


and such that X™ fı, X°? f2 are bounded for each œi, a2 E NỌ, then the 
differential operator 


>0 for some A > 0, 


file) + falayR 
satisfies the following subelliptic estimates 
Vp E€ (1,œ) VseR VNER ACS>O VypES(G) 
, < C(I + fR)y| 


and is (locally) hypoelliptic. It is also globally hypoelliptic in the sense of 
Proposition 5.8.15. 


2. Lety € C™®(R) be such that 


r + lelle) 


Il] LP, 


W\(—00,A1] =9 and Yiia) = 1, 


for some real numbers Ay, Ag satisfying O < Ay < Ag. Let also fı be a smooth 
complex-valued function on G such that 


inf lfil > 0 
and that X° fı is bounded on G for each a € NG. Then the operator 
filz)Y(R)R E W” 


satisfies the following subelliptic estimates 


Yp E (1,œ) YsEeER AC>O0 YNER Ype S(G) 
< C(AVR)R¢I 


and is (locally) hypoelliptic. It is also globally hypoelliptic in the sense of 
Proposition 5.8.15. 
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Chapter 6 


Pseudo-differential operators on 
the Heisenberg group 


The Heisenberg group was introduced in Example 1.6.4. It was our primal ex- 
ample of a stratified Lie group, see Section 3.1.1. Due to the importance of the 
Heisenberg group and of its many realisations, we start this chapter by sketching 
various descriptions of the Heisenberg group. We also describe its dual via the well 
known Schrödinger representations. Eventually, we particularise our general ap- 
proach given in Chapter 5 to the Heisenberg group. Among other things, we show 
that using the (Euclidean) Weyl quantization, the analysis of pseudo-differential 
operators on the Heisenberg group can be reduced to considering scalar-valued 
symbols parametrised not only by the elements of the Heisenberg group but also 
by a parameter A € R\{0}; such symbols will be called A-symbols. The correspond- 
ing classes of symbols are of Shubin-type but with an interesting dependence on 
A which we explore in detail in this chapter; such classes will be called \-Shubin 
classes. Some results of this chapter have been announced in the authors’ paper 
[FR14b], this chapter contains their proofs. 


In [BFKG12a], a pseudo-differential calculus on the Heisenberg group was 
developed with a different approach (but related results) from our work presented 
here. 


There is an important change of notation concerning the Heisenberg group in 
this chapter. In Example 1.6.4, where the Heisenberg group Hn, was introduced, 
we used the index no as its subscript because the index n was already used to 
denote quantities associated with the homogeneous groups. However, throughout 
Chapter 6, general groups will hardly appear, so we can simplify the notation by 
denoting the Heisenberg group by H, instead of H,,,, so that the notation change 
is 


H,, — Hy 
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We emphasise that n is the index here (not the dimension): the topological dimen- 
sion on H,ẹ is 2n + 1, and its homogeneous dimension is 2n + 2. 


6.1 Preliminaries 


In this section, we discuss several aspects of the Heisenberg group, hopefully shed- 
ding some light on its importance and general structure. 


6.1.1 Descriptions of the Heisenberg group 


We remind the reader that the Heisenberg group H, was defined in Example 1.6.4 
in the following way: the Heisenberg group Hp is the manifold R?”*! endowed with 
the law 


I 
(£, PAN oe) i= (x + vy + y’,t + t ale 5 (ey ~~ a'y)), (6.1) 
where (x,y, t) and (2’,y’,t’) are in R” x R” x R ~ Hy. 
y y 


In the formula above as in the whole chapter, we adopt the following con- 
vention: if x and y are two vectors in R” for some n € N, then xy denotes their 
standard scalar product 


n 
sy =X ayy; if g= (Titr) Y= (Yre Un): 
j=1 
First we remark that the factor 4 in the group law given by (6.1) is irrelevant 


in the following sense. Let a € R* = R\{0}. Consider the group HS) endowed 
with the law 


1 
(Ty NEYT) = (x ar x,y T y’, t+ A sf ry! ~~ a'y)). 


a! 


Then the groups HO and H,, = HY) are isomorphic via 


H, — HO 
(x,y,t) + (x,y, 2t) 


In the same way, consider the polarised Heisenberg group Hp, (or HP?) endowed 
with the law 


(z,y,t)(2',y',t) = (x+y tyt Ht + ay’). 
Then the groups H,, and H, are isomorphic via 


{ H, — f, 
(x,y,t) — (x,y,t+ sry) 
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Note that the Heisenberg group H, can be also viewed as a matrix group. For 
simplicity, we consider n = 1, in which case the group Hj is isomorphic to 73, the 
group of 3-by-3 upper triangular real matrices with 1 on the diagonal: 


A i => Ts 


1 t 
(z,y,t) —> | 0 y 
0 1 


Ors 


All the statements above can be readily checked by a straightforward computation. 
Combining two isomorphisms above, we obtain the identification Hı —> Hy, — 
T3 given by 
Hy =} T3 
1 x t+ iry 
(xz,y,t) > 0 1 y 
0 0 1 


Although we will not use it, let us mention a couple of other important 
appearances of the Heisenberg group. The Heisenberg group can be also realised 
as a group of transformations; for example, for each 


h=(a,y,t) € Hı, 
the affine (holomorphic) map given by 
on: C xCD (21,22) —> (z1 +x + iy, z2 +t + 2izı(x — iy) + il£? +y) ECxC, 
sends the (Siegel) domain 
U := {(z2,z2)ECXxXC : Imz > |za]} (= SU(2,1)/U(2)) 
to itself, and the (Shilov) boundary of X, 
bY :={(z1,22) €C xC : Imz = |a|}, 
also to itself. One can check that Hı Ð h+> dp, defines an action of Hı on Y and 


on bY. Furthermore, the action of Hı on bY is simply transitive. A Cayley type 
transform 


Wi „d= w 
moo eS ) 
1+ we 1+ we 


(w1, w2) > (21,22) with 2 = 


is a biholomorphic bijective mapping which sends Y onto the unit complex ball 
of C?. It also send bY to the unit complex sphere S?, more precisely onto S'S} 
where S = (0,—1) is the south pole (which may be viewed as the image of oo). 
Hence the Heisenberg group acts simply transitively on S*\{S}. 
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We can also mention here that the group U(n) acts naturally by automor- 
phisms on H,, leading to the interpretation of (U(n), Hn) as a nilpotent Gelfand 
pair with strong relation to the theory of commutative convolution algebras. For 
example, such analysis can be used to characterise Gelfand (spherical) transforms 
of K-invariant Schwartz functions on H, for a group K C U(n) ([BJR98]), or view 
them as Schwartz functions on the Gelfand spectrum ([ADBR09]). 


6.1.2 Heisenberg Lie algebra and the stratified structure 


The Lie algebra pn of Hn is identified with the vector space of left-invariant vector 
fields. Its canonical basis is given by the left-invariant vector fields 


en- Sa, Y; = ð, + a, j=1,...,n, and T= ð. (6.2) 
For comparison, the corresponding right-invariant vector fields are 
Š; = ðs, + Za, Ý; = dy, - po, j=l,...,n, and =ð. (6.3) 
The canonical commutation relations are 
[Ag YG) Tp J =le 


and T is the centre of bn. This shows that the Lie algebra hn and the Lie group 
Hp are nilpotent of step 2. Hence the Heisenberg group Hp described above in 
Section 6.1.1, that is, R??”+! endowed with the group law given in (6.1), is the 
connected simply connected (step-two nilpotent) Lie group whose Lie algebra is 
pn and which is realised via the exponential mapping together with the canonical 
basis. This means that the element (x,y, t) = (@1,.--,2n,Y1,--+5Yn,t) of Hn can 
be written as 


(x,y, t) = expy, (21X1 + -- -+ EnXn + Y1Yı + oe + YnYn FE): 


We fix 
dxdydt = dzı ...dzndyı ...dyndt 


as the Lebesgue measure on H,,, see Proposition 1.6.6. Therefore, we may be free 
to write formulae like 


| --- dxdydt = | --- dadydt. 
Hy R2n+1 


The Heisenberg Lie algebra is stratified via h,, = Vi @ V2, where V4 is linearly 
spanned by the X,’s and Y;’s, while V2 = RT. Since the Heisenberg Lie algebra is 
stratified via bn = Vi ® V2, the natural dilations on the Lie algebra are given by 


D,(X;)=rX; and DY, )=7¥, j=1,...,n, and D,(T)=r°T, (6.4) 
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see Section 3.1.2. We keep the same notation D, for the dilations on the group 
Hn. They are therefore given by 


D, (x,y, t) = r(£,y, t) a (ra,ry, rt), (č; Y, t) E Hn, T > 0. 


We also keep the same notation D, for the dilations on the universal enveloping 
algebra U(bn) induced by Property (6.4). 

Note that the homogeneous dimension of H, is Q = 2n + 2. This is also the 
homogeneous degree of the Lebesgue measure dxdydt. 
Example 6.1.1. The sub-Laplacian 


n 


£L = > (X +Y?) (6.5) 
j=1 
n : 2 ` 2 


is homogeneous of degree 2 since 
D, (L) =r°L. 
Remark 6.1.2. The ‘canonical’ positive Rockland operator in this setting is 


R==L. 


We will also use the mapping 0: H„ > H,, given by 
O(z, Y, t) = (x, =y, =t): 
One checks easily that for any (x,y, t), (a’,y’,t’) € Hn, we have 
O((z, y, t) (x,y, t)) = O(z,y,t) O(x',y',t') and O(O(x,y,t)) = (x,y, t). 


Therefore, © is a group automorphism and an involution. Furthermore, it is clear 
that it commutes with the dilations: 


Vr >0 Oo D, =D,080. 


We keep the same notation for the corresponding Lie algebra morphism and 
we have 
O(X,;) = X;, O(Y;) = -Y;, j= 1,... n, O(T) = —T. (6.6) 


6.2 Dual of the Heisenberg group 


In this section we will analyse the unitary dual of the Heisenberg group Hn. For 
our purposes, it will be more convenient to work with the Schrodinger representa- 
tions. This will lead to the group Fourier transform parametrised by A in (6.19). 
Such group Fourier transforms yield operators acting on the representation space 
L?(R”). The latter can be, in turn, analysed using the Weyl quantization on R” 
that appears naturally. 
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6.2.1 Schrodinger representations T) 


The Schrodinger representations of the Heisenberg group H, are the infinite di- 
mensional unitary representations of Hp, where, as usual, we allow ourselves to 
identify unitary representations with their unitary equivalence classes. They are 
parametrised by the co-adjoint orbits (see Section 1.8.1) and more concretely by 
Aà € R\{0}. We denote these representations 7). Each 7 acts on the Hilbert space 


Hr, de (1) 
in the way we now describe. An element of L?(IR”) will very often be denoted as 
a function h of the variable u = (u1,..., Un) E€ R”. 
First let us define mı corresponding to A = 1. It is the representation of the 
group H, acting on L?(R”) via 
m(2,y,t)h(u) = etti ehu + a), 


for h € L?(R”) and (a,y,t) € Hn. Here zy denotes the scalar product in R” of 
x and y, and similarly for yu. Consequently its infinitesimal representation (see 
Section 1.7) is given by 


m(X;) = Ou; (differentiate with respect to uj), j=1,...,n, 
m(Y;) = iuj, (multiplication by iuj), j =1,...,n, (6.7) 
mı(T) = il, (multiplication by i). 


The Schrödinger representations 7, on the group are realised in this mono- 
graph using 
w= mio DA if A > 0, 
m7 ,oO ifA <0, 


that is, 
T(x, y,t)h(u) = ttar) eiv wuh u + /)rJz), (6.8) 


for h € L?(R”) and (z,y,t) € H, where we use the following convention: 


Va = santa) vial S A Ma ice (6.9) 


We observe that for any \ € R\{0} and r > 0, 
T.0O=7_, and myo D, = Tp), (6.10) 


and this is true for the group representation 7, on Hp and for its corresponding 
infinitesimal representation on the Lie algebra ,, and on the universal enveloping 
algebra U(bn). As usual we keep the same notation, here 7 for the corresponding 
infinitesimal representation. 
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Lemma 6.2.1. The infinitesimal representation of 7, acts on the canonical basis 
of hn via 

= V|AlOu;, ma) = =iV\uj;, j=1,...,n, and m(T)=idl, (6.11) 


using the convention in (6.9). 


Proof. Formulae (6.11) can be computed easily from (6.8). Here we show that they 
also follow from Properties (6.7) and (6.10). Indeed we have for A > 0 


mG) = WD AAD) HV AMG) = Vð, j=1,...;n, 
m(Vj) = m(Dyg(¥j)) = Vim (Yj) =VNiuy, G1. 
TAT) = m(D AT) =Am(T a, 

and thus for A < 0 
Tal Xj) = —-(O(X;5)) = = Tx = VIAOu, j= > 1, ree M; 
RO = #50) S05) i, 9 
MG) pae a mtr eae, 


proving (6.11) in both cases. 


Consequently, the group Fourier transform of the sub-Laplacian 


is 
Ta (£) = ALSC (02, — u2). (6.12) 


A direct characterisation implies that the space of smooth vectors of 7 is 
Hz, = S(R"). 


This is true more generally for any representation of a connected simply connected 
nilpotent Lie group realised on some L?(R™) via the orbit method, see [CG90, 
Corollary 4.1.2]. 


6.2.2 Group Fourier transform on the Heisenberg group 


We could have realised the equivalence classes [7] of Schrödinger representa- 
tions in various ways. For instance by composing with the unitary operator U, : 
L?(R") > L?(R") given by Uf(x) = |A|? f(WAx), one would have obtained a 
slightly different, although equivalent, representation. Another realisation is with 
the Bargmann representations, see, e.g., [Tay86]. Our choice of representation 7 
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to represent its equivalence class will prove useful in relation with the Weyl-Shubin 
calculus on R” later, see Section 6.5. 


The group Fourier transform of a function « € L1(H,) at mı is 
Fua, («) (71) = 771 (%5) =} K(x, y, t)nı (x, y, t)* dadydt, 
that is, the operator on L?(R”) given by 
mı(k)h(u) = [ K(x, y, tel +229) ey — «)dadydt. 


n 


We now fix the notation concerning the Euclidean Fourier transform and recall 
some facts about the Weyl quantization on R”. 


The Euclidean Fourier transform 


In order to give a nicer expression for the operator Fy, («)(71), we adopt here the 
following notation for the Euclidean Fourier transform on RY: 


Fan f= ry? | flej tde, (6.13) 
RN 
where € € RY and f : RX — C is for instance integrable. With our choice of 
notation and normalisation, the mapping Fp» extends unitarily to a mapping on 
L? (RY) and 
Fan (f)(2) = Faw (f)(-2). 
Let us also recall the Fourier inversion formula for a (e.g. Schwartz) function 
f:R” >C: 


L i el) F(y)dudé = (2n)N f(u). (6.14) 
RN JRN 
In our context N will be equal to 2n + 1. 


Unfortunately, due to our choice of notation m for the representations, in the 
formulae in the sequel 7 will appear both as a representation and as the constant 
m = 3.1415926... However, as powers of this 27 will appear mostly as constants in 
front of integrals it should not lead to major confusion. 


The (Euclidean) Weyl quantization 


Let us also set some notation regarding the Weyl quantization on R”. If a is a 
symbol, that is, a reasonable function on R” x R”, then the Weyl quantization 
associates to a the operator 


Op™ (a) = a(D, X) 
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given by 


op (aru) = 2) ff eae HEP o)dode, (6-15) 


where f € S(R”) and u € R”. 
Example 6.2.2. Particular examples are 
Op" (1)=1, Op") = Zôu OP (uj) = uy, 
and 
Op! (Ej) = z (Öar + uôu): 
The composition of two Weyl-quantized operators is 
Op (a) o Op” (b) = Op™ (a xb), (6.16) 


where (see, e.g., [Ler10]) 


ax b(C,u) = (27a f | f f e itle- O w-u)- -0 (2-u)} 


a(€,x) b(n, y) dédndzdy, 


and asymptotically 
a (—1)le2l 1 ies a2 1 2 Ly 

axb~ D 2 a ze afta zô) azb), (6.17) 
m= a1 a2|=m 


with con . = 1 and, in fact, 


ET da aN 4s, where {a= (3 db da =): 
2i = 


0&; Ou; Ou; 0&; 

This formula can already be checked on the basic examples given in Example 6.2.2 
and on the following property: 

Lemma 6.2.3. Let a be a symbol. Then we have 


(adu;) (Op (a)) = uj;Op™ (a) — Op” (a)u; > Op™ (ide, a), 
(add.,) (Op (a)) = 3u Op” (a) — Op” (a)d,, = Op™ (u,a). 
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Proof. Let f € S(R") and u € R”. Then we have 
(adu;) (Op (a)) f(u) = ujOp™ (a) f(u) — Op™ (a) (uj f)(u) 
27 
2 


yr f f eale, HEE) o)dodg 
_(2n) it 


m A i ellu-rEa(g + ys f(w)dude 
= (amr f f eea Hy — vy) f(w)dedg 
(27) 2 | , J: 70s fe a alé, =) f(v)dvag 


eaf f eea fa (E, +) OL 


after integration by parts. This shows the first equality. 


For the second one, we compute 


BuO = a f f a, Seale, E) ropa. 


Since 


Bu Ao e) = faie ae T) 


u+ v 
2 


Hiio, h(E H), 


we compute using integration by parts 


J fam 40a, Sy sodva 


- f l J {ayi} ale, *) F(v)dvag 
S f eile tOu a} (E, =H) flo)dudg 


elEG,, 4 a(€, =) F(w) f doag 
=f fe ) 


a [oP HE odode. 
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f.f, 8u ferme, “yb redone 


= J /. ere tO... a}(€, ž > ”) #(v) dude 
+f f elu) Ea (E, U $ “9, Fluddode. 


thus 


We have obtained 
3u Op" (a) f(u) 
=y f f etme (a,,a}(6, EEO) 
2T 


P | elu a(€ Etoo, fo )dud€. 
Therefore, we have 


(adðu;) (Op™ (a)) F(u) = Au; Op” (a) fu) — Op™ (a) (Bu; F(u) 
| ia L L e=) 3n, a}(é, u i ) rw)avdé 


= Op™ (u,a) f (u). 
This shows the second equality. 


The operator Fy, (K)(m1) 


Going back to mı (K) = R(T1) and using the well-known properties of the Euclidean 
Fourier transform Fp2n+1, for instance see (6.14), it is not difficult to turn into 
rigorous computations the following calculations: 


mı(k)h(u =f a" K(x, y, te irae) e'Y"h(u — «)dxdydt 


-f 1 (27r) E Feen (K ME n, T)e A eUe S 
R2n+1 R, 
ettar) eh (y — x)dédndrdxdydt 


= y 2r Frpanti(&)(€, u — a 1)e*>h(u — r)dêdx 
R” xR" 2 


= Vin | Frmsi(w)(E,u— 2 le a(v)dédu, 
R” xR” 2 


after the change of variable v = u — x. Comparing this last expression with (6.15), 
we see that 


TU w= vin ff cl) Frans: (i) (E, =, Ih) do, 
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may be written as 


m(k) = (2r) 2 


More generally, we could compute in the same way 7(«) or use the following 
computational remarks. 


2n+ 


Op™ [Freni (K)(,,1)] = (20) T Fronti (K)(D, X,1). (6.18) 


Lemma 6.2.4. Let A € R\{0}. With the convention given in (6.9) we obtain 


malk) = ATEH tgn) (s fe) Dai (6.19) 
w [Frens (n)( VIA „VA „A)| ; (6.20) 


= (27) 2n+1 


or, equivalently, 


T(K)A(u) 
| k(x, y, DEAH) ei VAN (ay — y |Aļlx)dzdydt 6.21) 
R2n+1 


II 


m eilu JE Fponsa (K IIAL E, VA va SE E TAE 


ny Rr 


We also have 


malk) = Talko O), 6.23) 
and forr > 0, Q =2n +2, 


my(r@K o Dy) = T,-23 (5). (6.24) 
For any X € M(bn) and r > 0, we have 
ma(D,-1X) = 7,-2)(X). (6.25) 


Here U(hn) stands for the universal enveloping algebra of the Lie algebra bn, 
see Section 1.3. 


Proof of Lemma 6.2.4. By (6.8), we have for h € L? (R”) and (x, y,t) € Hn, 


malz, y, t) h(u) = MA ((z,y, t)*) h(u) = TB, —y, —t)h(u) 
gilt atH) ei VAV h (y — |A|a). 
Thus 
Tr(K)h(u) = [a K(x, y, t) talz, y,t)*h(u) drdydt 
H 


n 


= [ K(x, y, te Jett 320) ei V Avu A (y — |A|x)dadydt. 
2n+1 
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This is Formula (6.21). 
For Formula (6.23), since by (6.10) we have 7_, = 7,00 for any A € R\{0}, 
we see that 


ae = J dandon ddyd 
H. 


n 


= f «(æ ytra (Oley: 0)" dedydt 
Hn 


II 


J k(O(z,y,t))n-x(z,y,t)"dzdydt = m_(K0 ©), 
Hn 


after the change of variables given by ©, which has the Jacobian equal to 1. We 
proceed in the same way for formula (6.24) 


ma(reko D,) = | ko D,(a,y,t)t(2, y, t)*r? dadydt 
Hn 


= | K(x, y, t)r (D; (x,y, t)) dedydt 
Hn 


| K(x, y,t)T,-2(a, y, t)*dadydt = Tr-23 (5), 
Hn 


after the change of variable given by D,., using (6.10). 
For any X € U(h,) and « € S(G), recalling D,-1.X from (6.4), then using 
(Xk) 0 D, = (D,-1X)(K o D») (6.26) 
and (6.24), we have 
Tp-2,(X)t,-2,(K) = u 
(Xk) 0 D,) 
r2(Dy-1X)(160 Dy) 
D,-1X)1y(r@ o Dy) 
= Wy D,-1X)t r-2\(K J 


II 


II 
S] 
y 


and this shows (6.25). 
Thus Formulae (6.25), (6.24) and (6.23) hold for any A € R\{0}. 


Let us assume A > 0. Using 7) = 7 0 DA we see that 


E l (2,9, t)r (D g(a, y, t)" dedydt 
Hn 


f (Dy) x(a, y, t))m (x,y, t)*\ C+ dedydt 
H 


n 


ATOH r (s fe) Dija) j 


II 
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and this gives Formula (6.19) for A > 0. But Formula (6.18) gives here 
m (Ko D, pyx) = (2n)"*8Op™ [Frens (0 Diya) D] 
Since a simple change of variable in R?”+1 yields 
Franti (ko Dia) = AP tl (Freni (K)) 0 Da (6.27) 


we obtain Formula (6.20) for any \ > 0. 


For A < 0, we use Formula (6.23) and the case \ > 0, that is, 


m(k) = m (Ko) 
= (Am (xo Oo Diyy=x) 
= (AOD (zo Diya 9) 
= (-a)- Ma, (ro Diya). 


Hence Formula (6.19) is proved for any A < 0. Here, Formula (6.18) and the 
relation Fipenti (K o O) = Frens (K) oO with (6.27) give 


Ti (xo Oo Dyyy=x) z (27)"t20p” [Frenn (0 Oo Di jy=x)s -,1) 
_ om)nts Antl Fponii(k))oO0D ~(.,:,1), 
IER 


we obtain Formula (6.20) for any \ < 0. 


From Lemma 6.2.4 or from (6.11), we see that 
my(X;) = Op (iv/JAlE;) and maY) = Op” (iWdu;). (6.28) 


Remark 6.2.5. This was already noted in [Tay84, BFKG12a]. However in [Tay84], 
the Fourier transform on R” is chosen to be non-unitarily defined by 


E | flee dx, f € S(R”). 
Rr 


Remark 6.2.6. The Schwartz space on the Heisenberg group Hp, realised as we 
have done, is defined as S(R?”+!), see Section 3.1.9. The characterisation of the 
Fourier image of the (full) Schwartz space on H,ẹ is a difficult problem analysed 
by Geller in [Gel80]. See also the more recent paper [ADBR13]. 
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6.2.3 Plancherel measure 


The dual fin of the Heisenberg group H,, may be described together with its 
Plancherel measure by the orbit method, see Section 1.8.1. Here we obtain a con- 
crete formula for the Plancherel measure u of the Heisenberg group H, using well 
known properties of Euclidean analysis together with our choice of representatives 
for the elements of Hn, especially the Schrodinger representations 7). 


Proposition 6.2.7. Let f € S(H,). Then for each \ € R\{0} the operator f (7m) 
acting on L?(IR") is the Hilbert-Schmidt operator with integral kernel 
Ken : R” x R” — C, 


given by 


Kjalusv) = nytt f e= Frenn AVIA VAEZ, Ad, 


and Hilbert-Schmidt norm 


~~ 3n 


[F (mallis R) (2r) "2 ATË || Frens: (F) Alze) 


II 


3n 2 


= (Pa (S S Fante wddw) 


Furthermore, we have 
| Fey. t)Pdzdydt = en | IF (m)lliscc2 any |", 
Hn AER\{0} 
where cn = (2r) 8+), 


In particular, Proposition 6.2.7 implies that the Plancherel measure pz on the 
Heisenberg group is supported in {[7], A E R\{0}}, see (6.29). Moreover, we have 


dulta) = cplA|"ddA, A € R\{O}. 
The constant c, depends on our choice of realisation of 7) € [7]. 


Proof of Proposition 6.2.7. By (6.22), we have for h € L?(R”) and u € R”, 


Fiha) = a f f eh Eren (PVE VAE, X)h(o) dude 


2 
J Kyalu,v)h(v)dv, 
Rv 


A 


where Kẹ is the integral kernel of f(m\) hence given by 


Kpa(u,v) = (20)? | EE Fronta (PV TATE, VAS NUE. 
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Using the Euclidean Fourier transform (see (6.13) for our normalisation of FR»), 
we may rewrite this as 


u+ 


K jalu, o) = On) +2 Fan { Fan NVI VASEA (ou). 


The L?(R” x R”)-norm of the integral kernel is 
| |K; alu, v)| dudv 
R” xR” 


= (2n)3"+1 a vam [Fans PAE S a X} (v — u)|2dudv 


a 2 


= (mH f Fan {Fonts VPM 12, A)} (wi) PIA Eder dn, 


after the change of variable (w1, w2) = (v— u, V\“£"). The (Euclidean) Plancherel 
formula on R” in the variable wı (with dual variable £1) then yields 


Í |K p a(u, v)? dudu 
R” xR” 
= Qn) | Feel OIA te, OPI aide: 
Rn JR” 
= (27) +A” f 1 E E E TA 
R? JR” 


after the change of variable € = ,/|A|{&:. Since f € S(Hn), this quantity is fi- 


n~ 


nite. Since the integral kernel of f(7)) is square integrable, the operator f (7) is 
Hilbert-Schmidt and its Hilbert-Schmidt norm is the L?-norm of its integral kernel 
(see, e.g., [RS80, Theorem VI.23]). This shows the first part of the statement. 

To finish the proof, we now integrate each side of the last equality against 
|\|"dX and then use again the (Euclidean) Plancherel formula on R?”*! in the 
variable (£, w2, A). We obtain 


| | |K; x(u, v)|?dudv |A|"dd 
R\{0} JR” xR” 
spya f | fe) CEN ee one 
R0} VR” JR” 


= (2r T a = |f (a, y, t)|?dadydt. 


This concludes the proof of Proposition 6.2.7. 


It follows from the Plancherel formula in Proposition 6.2.7 that the Schro- 
dinger representations mà, A E€ R\{0}, are almost all the representations of H, 
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modulo unitary equivalence. ‘Almost all’ here refers to the Plancherel measure 
L = Cp |A|"dd on Hn. The other representations are finite dimensional and in fact 
1-dimensional. They are given by the unitary characters of H» 


Xw 2 (x,y, t) eerity~a) | w = (wi, w2) E€ R” x R” ~ R”. 
See also Example 1.8.1 for the link with the orbit method. 


We can summarise this paragraph by writing 


fin = {Ima], à E ROHU {xul we R27} "=" {fra], AE ROH. (6.29) 


6.3 Difference operators 


In this section we compute the difference operators A,,, A,,, and A; which are 
the operators defined via 


Az, K(T) = (GK), 
Ay R(T) := malyjk), 
ARTA) := malts). 


General properties of such difference operators have been analysed in Section 5.2.1. 
Here we aim at providing explicit expressions for them in the setting of the Heisen- 
berg group Hp. 


6.3.1 Difference operators A,, and A,, 
We start with the difference operators with respect to x and y. 


Lemma 6.3.1. For any j = 1,...,n, 


Az; lra —ad (ma (Y;)) = 


l adu, 
JIN” 


1 
Ayila = — x84 (ma(Xj)) = — ad, 


By this we mean that for any k in some Ka»(Hn) such that xjr is in some 
Ka y(n) or yk in some Kay (Hn) for Az, or Ay,, respectively, we have for 
all h € S(IR") that 


R = Stet: u) — (R(n; (u; u 
(Az,A(m)) A (u) = va (ma )h) (u) — (Rma) (ugh) (u)), 


(Ay, m9) AU) = (u REAY (u) +R A} (u). 


444 Chapter 6. Pseudo-differential operators on the Heisenberg group 
Proof. Although we could just use direct computations, we prefer to use the fol- 
lowing observations. Firstly we have by (6.2) and (6.3) that 
Y= Ý; = tj, = xj and X; — Xj = yj = ryj. 
Secondly for any «1 in some K,»(H,), 
Ty lâik) = 7)(TK1) = 7(L)m) (41) = iAT) (K1), (6.30) 


as T = 0; and using (6.11). Therefore, these two observations yield 


mlan) = ama (ðs) = 3((-¥y)e) 
= L (m(¥jnx) — man) 
= L (Ypma) — mal )ra(¥})) 
and 
malun) = sm (Ĉun) am ((%, = X;)r) 
= Z (aaln)ma(Xy) — mal X)ale)). 


Using Lemma 6.2.1, we have obtained the expressions for A,, and A,, given in 
the statement. 


Above and also below, we use the formula for the symbols of right derivatives, 
for example, ma (Yj) = 7,(K)7(Y;), see Proposition 1.7.6, (iv). 


Before giving some examples of applications of the difference operators A,, 
and A,,, let us make a couple of remarks. 


Remark 6.3.2. 1. The formulae in Lemma 6.3.1 respect the properties of the 
automorphism ©. Indeed, using (6.23) we have 


(As R(T)) [r= = (EFR(T)) |r=r; = T-a (Tjk o k) 0 0) 
Ty (zj KOO) = Ar „Ko O(m) = z; (RU) 3 


(UjR(7)) |wan_y = T-a (YK anes K) 0 ©) 
= 7 (=9; ko ©) =—Ay, 60 O(n) = —A,, (R (m-a)). 


(A, R(T)) lr=z-x 


This can also be viewed directly from the formulae in Lemma 6.3.1: 
(Asâ()) leara = E adu (R(m-2)) = Ae, Rira), 


(Ay R(T)) lr=r a = -adó = —Ay, (R(T-a))- 
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2. The formulae in Lemma 6.3.1 respect the properties of the dilations D,.. This 
time using (6.24), we have 


(Az, R(T)) lr=n.-2, = (;R(7)) lr=r, 2, = Mr-2(LjK) = T (rS (xjK) o D,) 


T Ty (FP ay KO D,) =r Ag, (&(m,-2,))- 


This can also be viewed directly from the formulae in Lemma 6.3.1: 


1 
Az. R(T)) lr=r 2, = — = (aduj) (R(T,-2 
( j ( )) | =y Viraal ( )( ( a)) 
1 a 
= ors Ga (adu;) fn) 


r Ag, (R(Tr-23)). 


In exactly the same two ways we obtain for A,, that 
(Ay, R(T)) |n=n,-2, = TAy, (K(t,-2,))- 
Lemmata 6.3.1 and 6.2.3 imply: 
Corollary 6.3.3. If &(7,) = Op (ay) and ay = {ay(E,u)}, then 


An R mE — A 
j R(T) P (sr Éj ,) 
Ay R(T) = Op” (S,20,0) 


If &(7,) = Op (ay) and ay = {ay(€,u)} as in the statement above, we will 
often say that a) is the A-symbol. 


Up to now, we analysed the difference operators applied to a ‘general’ group 
Fourier transform of a distribution « (provided that the difference operators made 
sense, see Definition 5.2.1 and the subsequent discussion). This is equivalent to 
applying difference operators acting on symbols, see Section 5.1.3. In what follows, 
we particularise this to some known symbols, mainly to the one in Example 5.1.26, 
that is, to 7(A) where A is a left-invariant differential operator such as A = Xj, Y; 
or T. 

We now give some explicit examples. 

Example 6.3.4. We already know that A,,I = 0, see Example 5.2.8. We can 
compute 


Az, Tal Xk) = jkl, Az, TA(Yp) =0 and Az; TA(T) = 0, (6.31) 


and 
Az; TA(L) = 2m, (X;). (6.32) 
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Proof. By Lemma 6.3.1, 


Aejta(Xe) = aad al) aXe) = lea), lX] 
= Zm Xah, 
since 7 is a representation of the Lie algebra g. Similarly, 
Annaa) = pad AYG) Tln) = amal¥s, Yel 
Asm) = Sad (aY) A(T) = maY, T]. 
By the canonical commutation relations, we have 
Yj Xk] = ôT, [Yj Yk] =0 and [Y;,T]= 0. 


Since ma (T) = iAI, we obtain (6.31). 
In the same way, we have 
1 1 
Agta ey = Tals Xe] and A,,7(Y;) = ao Yel 


Using the canonical commutation relations, we see that Y; and Y, commute in 
the Lie algebra g thus Y; and Y? commute in the enveloping Lie algebra L(g): 
[Y;, Y7] = 0. Again using the canonical commutation relation we compute 


[Yj, X] = 28k XT, 


since 
Yj;X— = YjXkXr = (—OpeT + XkY;j)Xk 
= —ôjkT Xp + Xu(—Oj~T + XkY;) 
= —26;,X4T + XZY}. 
Therefore, 
Apmis = L mA(—26je¢ X47) = EDE (XT) = EE (Xml) 
—2ő;k 


= Em (Xe) (iA) = -2j (Xe), 


and A,,7)(Y;) = 0. This implies (6.32). 


Example 6.3.5. We already know that A,,I = 0, see Example 5.2.8. We can com- 
pute 


Ay, Tal Xk) = 0, Ay, TA (Yk) =— jkl and Ay, T(T) = 0, (6.33) 


and 
Ay, Wa(L£) = —2mr (Y3). (6.34) 
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Proof. Proceeding as in the proof of Example 6.3.4, we have 


Ay Tal Xk) = -Žad (1(X; )) TAl(Xk) = = - ml, Xx], 
Ay, TA (Yk) = -Žad (ma(Xj )) T(YR) = = - mly, Yl; 
Apm lT) = -5ed (mX) mT) = -5ml T), 


and this together with the canonical commutation relations and ma (T) = iA, yield 
(6.33). 


For the second part of Example 6.3.5, we have 


1 1 
Ayjt(Xn)? = -5 mlX Xk] and Ay,ma(Ve) = -5ml Yel 
and using the canonical commutation relations we compute [X;, X2] = 0 whereas 


[Xj Yi] = 26;kYkT, 


since 
XY = X;YkYr = (jkT + Yk X; )Yp 
= jkTYpr + Y(T + Yk Xj) 
= 2ô;jkYkT + YX}. 
Therefore 


1 
Ay; TA (Yk)? = a TALO YRT) = —28jk Ta (Yp) and Ay TA XR) =0. 


This implies (6.34). 


6.3.2 Difference operator A; 


Naturally, very important information will be contained in the difference operator 
corresponding to multiplication by t. 


Lemma 6.3.6. We have 
Arlr = ið) + 5 5 Ar; Ay; EN + 2) 5 {ma(¥j)Ay, EN + Ay, |x, (Xj) } ` 
j=1 j=1 


By this we mean that for any & in some Ka p(Hn) such that tr is in some Ku v (Hn), 
we have 


Amalk) = i0\7)(K +B Ar Ay male) 


2 1 


Hy Ley ;) Ay, 7r(K (K) + Ag, male) lX}, 
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or, rewriting this with the equivalent notation K(m) as before, 


~ Pop iS z 
ARTA) = ers eee 


+o > {na (Y) Ap R) + An R )TAlX;)} . 


Before giving some examples of applications of the difference operator Az, 
let us make a couple of remarks. 
Remark 6.3.7. 1. This lemma shows that the difference operators act on the 
field of operators {m\ (<), A € R\{0}}, rather than on ‘one’ ma(«) for an 
individual A, see Remark 5.2.2. 


2. In a similar way as in Remark 6.3.2, the formula in Lemma 6.3.6 respects the 
properties of the automorphism © and the dilations D,. Indeed, using (6.23) 


we have 
(AvR(m)) lr=ra = (fR(T)) |non_, = T-a(te) = ma (ts) 0 ©) 
= m(-tK00) =—A,K0 O(m) =—A,; (R(m_y)), 
that is 
(AR(T)) [ran = —At (R(T-a))- (6.35) 
For the dilations, using (6.24), we have 
(AtR()) |ran,-2, = (FRC) lr=r,-2, = Tr-2a(th) = ma (r° (tr) o Dy) 
= r (ret KO D,) = r? Ar (K(mp-2))). 
that is 
(AR(T)) [=r 2, = 17A (R(t,-2,)). (6.36) 
Formulae (6.35) and (6.36) can also be viewed directly from the formula in 
Lemma 6.3.6: 


(AR(T)) |n=m_y a iða =- {TA («)} T ; DAs, Ay; T(K) fram» 


+ Le) (x) + Aa, m(K)t(Xj)}ar=a_> (6.37) 


~ Le 
(Atk(1)) |a=, 2, = tôni =r T (#6) } + 5 X {Aa Aart ace 2, 
j=1 
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For the first terms in the right hand side in (6.37) and (6.38) we have easily 


that 
Oy,=-vTr,(K) = —O\{7_y(K)}, 
Oy=r-2,T A, (K) = 1 Oy {t,-2(K)}- 
From Remark 6.3.2 we know that 
K learn = Ae, GE) 
Aian = race) 69 


(Ay, U7) |a=, 2, Ay, (R(Tr-23)) 


so we have for the second term of the right hand side in (6.37) and (6.38) 
respectively: 


Diasa k)}r= T- 7 — DAs) Ay (K(m_y)), 


Diba A K) b= Tp—-2, 7 r? AG Ay, (R(Tr-23)). 
j=1 
Now viewing X; and Y; as elements of the Lie algebra and left invariant 
vector fields, we see using (6.23) and (6.6) that 
m-»(Xj) = m-,(O(X5)) = T-(X; 0 O) = ma (X;), 
maY) = —m-(O(¥;)) = —7_a(¥j 0 O) = -ra (Y;), 
and, using (6.25) and (6.4), we obtain 
Tr-2A(X;) = 1(D,-1.X;) = rima (Xj), 
Tp-2(¥j) = ma(D,-Y;) = r'a (¥j). 


So from this and (6.39) we obtain for the third terms of the right hand side 
n (6.35) and in (6.36) that 


soy Lin Y;)Ay, T(K k) + Ar;T(K )n(Xj)}a=m,-2, 


i 
= 1 D tran (Vj) Ay Tr -2a(K) + Mes tr—aa()m_a (Xj). 
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Collecting the new expressions for the three terms of the right hand sides in 
(6.35) and in (6.36) we obtain a new proof for Equalities (6.35) and (6.36). 


Proof of Lemma 6.3.6. Let k be in some Ka p(Hn) and h € S(R”). We start by 
differentiating with respect to À the expression from Lemma 6.2.4: 


mha = f K(x, y, tet 229) ei Vvu h uy — [Alx )dxdydt, 
Hn 
and obtain 


ôx {ma (s)hlu)} = | K(a, Y, fei (t+ 920) e-i V Ayu 
Hn 


} } m a yu u x 2>] u — x x : 
(|i t+ Say) a hu = Vile) - 5a Va(u — VIN )a dydt; 


indeed with our convention we have 


aVh=) @;0,,h, and DVI = 
3 2V) 


We can now interpret the formula above in the light of difference operators as 


At} = _ 


: l il i 2 iuj 1 l 
ðama(k) = ima((=t+ 5xy)x) 4 Si- an Ta (Yj 9- oau) 


j=l 


= —tAir(K +A Ag mle ) 


2 1 
n 


“shen (Ay,my()) + (Aa; Tal) ma(X))} 


using (6.11). 
We already know that 
AIl =0 and Ama ( Xk) = Aina (Yp) = 0, (6.40) 


see Example 5.2.8 and Lemma 5.2.9, but we can also test it with the formula given 
in Lemma 6.3.6. We also obtain the following (more substantial) examples: 


Example 6.3.8. We can compute 
Ama (T) = —I, (6.41) 


and 
Ama (L) = 0. (6.42) 
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Proof. Since 
TA (T) = iXI 


(see Lemma 6.2.1), we compute directly 0\7)(T) = iI. By (6.31) and (6.33), we 
know 


Ay, 7(T) = Azma (T) = 0, 
thus we have obtained (6.41) by Lemma 6.3.6. Furthermore, by (6.12), we have 


axra (L) = san(a) D> (82, - u2) = xo) 


and by (6.32) and (6.34) 


n 


So {mn (Y) Ay, ta(L) + Aes t(L)m(X;)} 


j=1 


= — X {ma(¥j)2m (Vj) + 2m (X; Jra (X3) = -27 (L)} , 


and also by Example 6.3.4, we get 
Az; Ay,m(£) = —Az,27)(Y;) = 0. 


Combining all these equalities together with Lemma 6.3.6 yields (6.42). 


Note that (6.42) can also be obtained from (6.40) and the Leibniz formula 
(in the sense of (5.28)) for Az. 


In terms of A-symbols, we obtain 
Corollary 6.3.9. If R(t) = 7(«) = Op™ (ay) with ay = {ay(E,u)}, then 
A;R (ma) = iOp” (Breuer) 5 


where 


r Ta 
O),€,u = Oy — z 5 (ujOu,; + Ejðz) - (6.43) 
j=l 


Proof. Using formulae (6.28), Corollary 6.3.3 and the properties of the Weyl cal- 
culus (see especially the composition formula in (6.16)), we obtain easily that 


mA(Y;)Ay mal) = Op” (ivXuj) Op” (aua) 


= —Op™ (uj) Op (ujan) 


1 
= —Op” (152,09 — 504,903) ; 
i 
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and 
=] 
Az, X;) = Op” | —~&. Op” (i/li; 
mC) (X5) p (a a) p” (iV) 
= —Op™ (ôg ax) Op™ (€;) 
1 
= —Op™” (Osag = zuan) ; 
thus 


T(Y;) Ay, mals) + Az 7(K)TA(X5) 
1 1 
= —Op™ (uid.j0 = N = Op” (Osag = 5700 ðs) : 
1 
= Op™ (uðs = £5 0,0 + 74,04, ; 
We also have 


—1 —1 
Az Ay, = Op” | —— 9; — ô.. 
Ei y TA(K) P (i Si IJA sa) 
—+ 0p" (3g Ou;) - (6.44) 


Bringing these equalities in the formula for A; in Lemma 6.3.6, we obtain 


Aima (K) 


. 1% 
iðama lk) + 5 2 Az; ^y; malk) 


+55 D {malj Ay mala) + Azma lemas) 


j=1 


) 1 
doce 5 Op” (ðu — €50¢,0 + 04,04, 


j=l 


= “Op” (sn = 5 DD (ujOu,a. + cen) . 


This completes the proof. 
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6.3.3 Formulae 


Here we summarise the formulae obtained so far in Sections 6.3.1 and 6.3.2. Let 
us recall our convention regarding square roots (6.9) setting 


VA := s0) VA = f “a E 


For the Schrödinger infinitesimal representation we have obtained (see (6.11), 
(6.12) and (6.28)) that 


m(X;) = vAlðu, = iV/INés) 

maY) = iv ru; = Op™ iV Xu; ) 

m(T) = idl = Op (id) 

mC) = AE- ) = Op” (A ZE- u2) 


while for difference operators (cf. Lemmata 6.3.1 and 6.3.6) we have 


Sola = A) = any 
Anla = —Aad (ora(X;)) =~ alloy, 
Atla = +4” 1 Aa; Ay; |r + ax E- ures ar, Ay; FAs lanal; )} 


and in terms of A-symbols, that is, with 
R(T) = ma(k) = Op™ (ay) and ay = {ay (E,u)}, 
(cf. Corollaries 6.3.3 and 6.3.9): 


Ax, (Kk) = iOp” (52,03) 


Ayman) = ip” (ayaa) eas 
Aimy (kh) = iOp™ Dy t uan 


= iOp™ ((@ - A Xj- {ujðu; + 6, Haa) 
In Examples 6.3.4, 6.3.5, 6.3.8 together with (6.40), we have also obtained 
| ta(Xe) | mak) | mAT) | maL) 


Az, —Oj=k 0 0 —27(X;) 
Ay; 0 —0j=k 0 —2n(Y;) 
At 0 0 —I 0 


The equalities given in the following lemma concern another normalisation of 
the Weyl symbol which is motivated by (6.20) and by the fact that the expressions 
of the right-hand sides in (6.45), in particular for the operator 0),¢,, become then 
very simple: 
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Lemma 6.3.10. Let a, = {a,(€,u)} be a family of Weyl symbols depending smoothly 
on AX #0. If ay is the renormalisation obtained via 


ax (£, u) = ča (JAE, VAu), (6.46) 


then 


Ongan) Eu) = {da}(VIAlE, VAu), 
oem = {dca} VIAE, VAu), 


- {3u a (JAE, VAu). 


Proof. We see that 


{Ou, ay} ic u) 


II 


à E PEE ee 
ã (é, u) = (ES j 


thus 
baed = a a 
AASS AQA IA Tk 
oe 1,1) 
TA aay J NE | 
2 Us 1 1 
— — 7 (ôu a ——£, —u ], 
SS Vi | +) (a ze) 
and 
{Ona} (VIAE, VAu) = (Aran)(E,u) 
“VDI _VvXuy 
EG er ew) 


= a(g, u) — 5 D (6)0¢,ay(E, u) + ujôu ax (é, u)) 
j=1 


II 


Õy c,uan (E, u). 


This shows the first stated equality. The other two are easy. 


Lemma 6.3.10 and the formulae already obtained yield 
Asmal) = iOp™ (ôg), 


Aimi) = iO! (Oe an). 
Ama lK) iOp” (O)4)), 


II 
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where the \-symbol ay of 7)(k), that is, ,(«) = Op™ (ay), has been rescaled via 
(6.46), i.e. 
ay(E,u) = õa (VIAE, vAu). 
Recall that ae 
ay(E,u) = (2r) 2 Frens (K) (VIAE, VAu, A), 
see (6.20), so 
2n+1 
x (£, u) = (21) 2 Fran (K)(E, u, A). 

The above formulae in terms of the rescaled \-symbols look neat. The draw- 

back of using this rescaling is that one rescales the Weyl quantization: 


Rma) = Op™ (ay) = Op” (a (VIN: vx-)) l 


Since our aim is to study the group Fourier transform on H,,, it is more natural 
to study the Weyl-symbol a) without any rescaling. 


In fact, the following two sections are devoted to understanding R = {7(«)} 
as a family of Weyl pseudo-differential operators parametrised by A € R\{0}. The 
Weyl quantization will force us to work on the \-symbol a) directly, and not on 
its rescaling a. 

This will lead to defining a family of symbol classes parametrised by A € 
R\{0} for the A-symbols a). This will be done via a family of H6rmander metrics 
parametrised by \ € R\{0}. Importantly the structural bounds of these metrics 
will be uniform with respect to A. The resulting symbol classes will be called 
A-Shubin classes. 


6.4 Shubin classes 


In this Section, we recall elements of the Weyl-Hérmander pseudo-differential cal- 
culus and the associated Sobolev spaces, and we apply this to obtain the Shubin 
classes of symbols and the associated Sobolev spaces. The dependence in a pa- 
rameter À will be of particular importance to us. We will call the resulting symbol 
classes the A-Shubin classes. 


6.4.1 Weyl-Hormander calculus 


Here we present the main elements of the Weyl-Hormander calculus that will be 
relevant for our analysis. For more details on the underlying general theory, we 
can refer, for instance, to [Ler10]. 


We consider R” and identify its cotangent bundle T*R” with R?”. The canon- 
ical symplectic form on R?” is w defined by 


w(T,T") = ore — 2 +£, T= (£, 2), T = (E, x") ER”. 
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Definition 6.4.1. If q is a positive quadratic form on R?”, then we define its con- 
jugate q” by 


lW(T, 7’)? 
WreR®™ q?(T):= sup —~L, 
T'ER2”\ {0} q(T’) 
and its gain factor by 
; q(T) 
Agi= f : 
1° rero) q(T) 


Definition 6.4.2. A metric is a family of positive quadratic forms 


g ={9x,X E€ R”} 


depending smoothly on X € R?”. 
e The metric g is uncertain when YX € R”, Aj, > 1. 


e The metric g is slowly varying when there exists a constant C > 0 such that 
we have for any X, X’ € R?”: 


= T) gx (T) is 
X- X') < Ēİ — sup (= + <C. 
9x ) Ter?» {0} \9x'(T) gx(T) 


e The metric g is temperate when there are constants C > 0 and N > 0 such 
that we have for any X, X’ € R?” and T € R” \{0}: 


A metric g is of Hörmander type if it is uncertain, slowly varying and tem- 


perate. In this case the constants C and N appearing above and any constant 
depending only on them are called structural. 


Proposition 6.4.3. A metric g = {gx, X € R?"} is slowly varying if and only if 
there exist constants C,r > 0 such that we have for any X,Y € R?” that 


gx(Y -X) <r? = VP gy(T) < Cgx(T). (6.47) 
Proof. If g is slowly varying then it satisfies (6.47). Conversely, let us assume 
(6.47). Necessarily C > 1 since we can take X = Y in (6.47). If gx(Y — X) < 
C—tr?, then gx(Y — X) < r? and, applying (6.47) with T = Y — X, we obtain 
gy (Y — X) < Cgx(Y — X) <r’, 


thus re-applying (6.47) (but at gy), we have gx(T) < Cgy(T) for all T. This 
shows that g is slowly varying. 
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Remark 6.4.4. If g satisfies (6.47) with constant C > 1 and r > 0 then g is slowly 
varying with a constant C = min(C~!r?,2C). 

Example 6.4.5. Let ¢ be a positive smooth function on R?” which is Lipschitz on 
R?". We denote by T ++ |T|? the canonical (Euclidean) quadratic form on R?”. 
The metric g given by 


gx(L) = o(X)?|7/? 
is slowly varying. 
Proof. Let us assume gx (Y — X) < r? for a constant r > 0 to be determined. This 
means |Y — X| < r¢(X). Since ¢ is Lipschitz on R?”, denoting by L its Lipschitz 
constant, we have 

(X) < OY) + LIX -Y| < oY) + Lrg(X), 

thus 

(1 — Lr)o(X) < 4Y). 


Hence if we choose r > 0 so that 1 — Lr > 0, we have obtained 
YT gy (T) < Cox(T), 


with C = (1 — Lr)~!. This shows that gx satisfies (6.47) and is therefore slowly 
varying. 


Remark 6.4.6. If o is L-Lipschitz then g given in Example 6.4.5 satisfies (6.47) 
with any r € (0, L~') and a corresponding C = (1 — Lr)7!. 


Definition 6.4.7. Let g be a metric of Hérmander type. A positive function M de- 
fined on R?” is a g-weight when there are structural constants C’ and N’ satisfying 
for any X,Y € R”: 


a0 


and 
M(X) 


M(Y) 
It is easy to check that the set of g-weights forms a group for the usual 
multiplication of positive functions. 


< O14 9%(X =r)": 


Definition 6.4.8 (Hoérmander symbol class S(M,g)). Let g be a metric of Hör- 
mander type and M a g-weight on R?”. The symbol class S(M, g) is the set of 
functions a € C°°(R?”) such that for each integer  € No, the quantity 


Or, ...Or,,a(X 
llall scat,g),e = sup | Tı Ty a( )I 
U <L XER?” M(X) 
gx (Tyr)<1 


is finite. 
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Here Ora denotes the quantity (da, T). 
The following properties are well known [Ler10, Chapters 1 and 2]: 


Theorem 6.4.9. Let g be a metric of Hormander type and let M, Mı, Mə be g- 
weights. 


1. The symbol class S(M,g) is a vector space endowed with a Fréchet topology 
via the family of seminorms || - ||s(a1,9),e, £ € No- 


2. Ifa € S(M,g) then the symbol b defined by 
Opb = (Opa) 
is in S(M,g) as well. Furthermore, for any £ € No there exist a constant 
C > 0 and a integer l € No such that 
lll scatg),e < Cllallsc.g),e- 


The constant C and the integer l may be chosen to depend on £ and on the 
structural constants and to be independent of g, M anda. 


3. If ay E€ S(Mi, 9) and a2 E S(M2,g) then the symbol b defined by 
Op™b = (Op a1) (Op az) , 
is in S(Mı Mə, g). Furthermore, for any £ € No there exist a constant C > 0 
and two integers l1, l2 E€ No such that 
bl. s(aty Mz,9),¢ < Cllarllscan,g),e: ll@2ll.s(ato,9),€2- 


The constant C and the integers £1, l2 may be chosen to depend on £ and on 
the structural constants and to be independent of g, Mı, Mz and a1, a2. 


Definition 6.4.10 (Sobolev spaces H(M,g)). Let g be a metric of Hérmander type 
and M a g-weight on R?”. We denote by H(M, g) the set of all tempered distribu- 
tions f on R” such that for any symbol a € S(M, g) we have Op™ (a) f € L?(R”). 


Theorem 6.4.11. Let g be a metric of Hérmander type on R?”. 


1. The space H(1,g) coincides with L?(R"). Furthermore, there exist a struc- 
tural constant C > 0 and a structural integer £ € No such that for any symbol 
a € S(1,g), we have 


lOp” (a) | ecz2qeny) < Cllallsc.g).e- 
2. Let Mı, Mz be g-weights. For any a € S(Mı,g), the operator Op” (a) maps 


continuously H(Mz,g) to H(M2M7 +, g). Furthermore, there exist a constant 
C > 0 and an integer L € No such that 


Op” (a)l ecer(ate,9),41( M2 M79) < Cllall sin 9), 


The constant C and the integers € may be chosen to depend only on the 
structural constants of g, Mı, M2 and to be independent of g, M anda. 
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6.4.2 Shubin classes X? (R”) and the harmonic oscillator 


It is well known (and can be readily checked) that the metric 


dE? + du? 
(1 + |ul? + |El)’ 


is of Hérmander type with corresponding weights (1 + |u|? + |€|?)'"/? for m € R. 
This will be also shown later in the proof of Proposition 6.4.21. For m € R and 
p € (0,1), we denote by £% (R”) the corresponding symbol class, often called the 
Shubin classes of symbols on R”: 


Ep (R") = S (a + Jul? + E3”, dé? + du? ) 


(1+ ful? + |€]?)¢ 
This means that a symbol a € C®(R?”) is in EP(R”) if and only if for any 
a, P € Nọ there exists a constant C = Cg,g > 0 such that 


m=—p(ja|+]8)) 


W(E,u) ER” = dZAa(E,u)| SC (L+ (EP? + ul?) ? 
The class X% (IR") is a vector subspace of C°°(IR” x R”) which becomes a Fréchet 
space when endowed with the family of seminorms 


m—p(la|+|8)) 
2 


lalz, = sup (1+ |€|? + lul’) \agara(é,u)], 
(€,w)ER” 


xR” 
alB <N 
where N € No. We denote by 
M/A. W fym pn 
VEP (R") = Op (27 (R”)) 
the corresponding class of operators and by ||- ||wsm,m the corresponding semi- 


norms. 


We have the inclusions 
pı > p2 and mı < m => WLI (R”) c rr? (R"). 


Example 6.4.12. The operators ôu; = Op™ (i€;), j =1,...,n, or multiplication 
by up = Op” (ug), k = 1,...,n, are two operators in YER”). 

Standard computations also show: 
Example 6.4.13. For each m € R, the symbol b™, where 


b(€,u) = V1 + [u]? + |€/?, 


is in D? (R”). 
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The following is well known and can be viewed more generally as a conse- 
quence of the Weyl-Hérmander calculus (see Theorem 6.4.9) 


Theorem 6.4.14. ¢ The class of operators Umer YEP (R”) forms an algebra of 
operators stable by taking the adjoint. Furthermore, the operations 


vx (R”) — Wor (R”) 
A > A* 
and n 
wor (R )x vor? (R ) — Wa 2(R”) 
(A,B) +> AB 
are continuous. 


e The operators in YES(R”) extend boundedly to L?(R"). Furthermore, there 
esit C> 0 and N EN such that if A € YES(R”) then 


lAl) < CllAllway 


From Example 6.4.12, it follows that the (positive) harmonic oscillator 


Q := So (-02, +u?) (6.48) 


j=1 
is in YE?(R”). 


Note that from now on Q denotes the harmonic oscillator and not the homo- 
geneous dimension as in all previous chapters. 


We keep the same notation for Q and for its self-adjoint extension as an un- 
bounded operator on L? (R”). The harmonic oscillator Q is a positive (unbounded) 
operator on L?(R"”). Its spectrum is 


{24| +n, £ € Nọ}, 


where |4| = 0;+...+2,. The eigenfunctions associated with the eigenvalues 2|4|+n 
are 
he: £ = (£1, ..., En) > he, (£1)... he, (En), 


where each h;, j = 0,1,2..., is a Hermite function, that is, 


oF 


> qi 
: er TER. 


2 
Y Tea a , 


The Hermite functions are Schwartz, i.e. hj € S(R). With our choice of normalisa- 
tion, the functions hj, j = 0,1,..., form an orthonormal basis of L? (R). Therefore, 
the functions hy form an orthonormal basis of L?(IR”). For each s € R, we define 


h;(T) = 
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the operator (I + OV 2 using the functional calculus, that is, in this case, the 
domain of (I + Q)*/? is the space of functions 


Dom(I + Q)*/? = {h € L?(R"): XO (244 +n)*|(he, h)z2~@n)|? < cof, 
LENY 


and if h € Dom(I + Q)*/? then 


(I+ Q)*?h = 5 (214| + n)*/? (he, h) t2(a)he. 
LEN? 


6.4.3 Shubin Sobolev spaces 


In this section, we study Shubin Sobolev spaces. Many of their properties, espe- 
cially their equivalent characterisations, are well known. Their proofs are quite 
easy but often omitted in the literature. Thus we have chosen to sketch their 
demonstrations. 


The Shubin Sobolev spaces below are a special case of Sobolev spaces for 
measurable fields on representation spaces, see Definition 5.1.6. 


Our starting point will be the following definition for the Shubin Sobolev 
spaces: 


Definition 6.4.15. Let s € R. The Shubin Sobolev space Q,(IR”) is the subspace of 
S'(IR") which is the completion of Dom(I + Q)*/? for the norm 


lhllo, = | + Q)*7Al| 2R»). 


They satisfy the following properties: 


Theorem 6.4.16. 1. The space Q,(R") is a Hilbert space endowed with the ses- 
quilinear form 


— s/ s/ 
(g,h)o, = (1+) “9. (I+ Q) 7h) any’ 


We have the inclusions 
S(R”) C Qs, (R”) C Qs, (R”) C S’(R"), s1 > 82. 
We also have 


L?(R") = Qo(R") and S(R”) = () Q,(R”). 


sER 


2. The dual of Q,(R") may be identified with Q—.(R”) via the distributional 
duality form (g, h} = fgn gh. 
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3. Ifs € No, Q,(R”) coincides with 
Q,(R") = {h € L?(R”) : uh € L?(R") Va, 8B ENB, |o|+|6| < s}. 
Furthermore, the norm given by 


Age? = So |urdBallzeeny, 
jal|+|B\<s 


is equivalent to ||- |lo,. 


4. For any s € R, Q,(R") coincides with the completion (in S'(R®)) of the 
Schwartz space S(R") for the norm 


[hl 


b s 

9, = Op” (°) Alze); 
where b was given in Example 6.4.18. The norm ||- es extended to O,(R”) 
is equivalent to ||- |lo,. 

5. For any s € R, the Shubin Sobolev space Q,(R") coincides with the Sobolev 
space associated with the following metric weight (see Definition 6.4.10) 

dé? + du? ) 


ti 2 2ys/2 Ss Te 
Q.(R )=H#(a+lul PREDO Ty ESP 


6. For any s € R, the operators Op” (b~*)(I + Q)*/? and (I+ Q)*/2Op™ (7°) 
are bounded and invertible on L?(R"). 


7. The complex interpolation between the spaces Qs, (R”) and Qs, (R”) is 
(Qs, (R"), Qs, (R"))o = Qs, (R"), 59 = (1 4) so 651, 0 (0, 1). 


Before giving the proof of Theorem 6.4.16, let us recall the definition of 
complex interpolation: 


Definition 6.4.17 (Complex interpolation). Let X 9 and X; be two subspaces of a 
vector space Z. We assume that Xp and X; are Banach spaces with norms denoted 
by |- l; j = 0,1. _ 

Let Z be the space of the functions f defined on the strip S = {0 < Rez < 
1} and valued in Xo + X 1 such that f is continuous on S$ and holomorphic in 
S = {0 < Rez < 1}. For f € Z we define the quantity (possibly infinite) 


IIflle = supt] f(y) lo, [fl + iy)[at- 


The complex interpolation space of exponent 8 € (0,1) is the space (Xo, X1)¢ 
of vectors v € Xo + Xı such that there exists f € & satisfying f(@) = v and 
Ilflle < 00. 

The space (Xo, X1)g is a subspace of Z; it is a Banach space when endowed 
with the norm given by 


lula :=inf{||flle:feF and f(0) =v}. 
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We also refer to Appendix A.6 for the notion of analytic interpolation. 


Proof of Theorem 6.4.16. From Definition 6.4.15, it is easy to prove that the space 
Q,(R”) is a Hilbert space, that it is included in S’(R”) and that Qo(R”) = L?(R®). 
It is a routine exercise left to the reader that the dual of Q,(R”) is Q_,(IR”) via 
the distributional duality (Part (2)) and that the spaces Q,(R”) decrease with 
sER. 

Let us prove the complex interpolation property of Part (7). We may assume 
51 > so. For h € Q,,, we consider the function 


wn 


—(4s1+(1—z)so) +89 
2 


f(z) = I+ Q) h, 
and we check easily that 
FO =h, Fives = IFO + wlle., = lAl 


This shows that Qs, is continuously included in (Q,,(R”), Qs, (R”))o. By duality 
of the complex interpolation and of the Q,(R"), we obtain the reverse inclusion 
and Part (7) is proved. 


Dsg Vy E R. 


Let us prove Part (4). For any s € R, the operator Op™ (b°) maps S(R”) 
to itself and the mapping || - EY as defined in Part (4) is a norm on S(R”). We 
denote its completion in S’(R”) by Qo% (R”). From the properties of the calculus it 
is again a routine exercise left to the reader that the dual of Q) (R") is Q® (R”) 
via the distributional duality and that the spaces QW) (R”) decrease with s € R. 


We can prove the following property about interpolation between the Q® (R”) 
spaces which is analogous to Part (7): 


(QO R"), 0) (R"))g = OM (R"), so = (1— 0)so + 051, O € (0,1). (6.49) 


Indeed we may assume sı > so. For h € Qo, we consider the function 
f(z) = e2(sz—S0) QpW (b-e= +20) h where s, = (1-— z)so + 251. 


Clearly f(0) = h. Furthermore, 


IEEE, = eo Op (b")Op™ (67t) ll za 
< e79 (81-80) || Op (b51)Op™ (b- sv tso) Op” (b-**) || 2R) 
b 
Il? ae (6.50) 
and 


Ifa 4 ID, = |e(1+4y)(s142y- 80) ||| Op” (55° )Op” (he tere) All r2») 
< esr se ¥' (1-80) Op (b>) Op (+4489) Op (O-*) || ecz2an)) 


|h R (6.51) 
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From the calculus we obtain that the two operator norms on L?(R") in (6.50) 
and (6.51) are bounded by a constant of the form C(1 + |y|)" where C > 0 and 
N € No are independent of y. This shows that Qo% is continuously included in 
(Qh?) (R”), Q (R”))o. By duality of the complex interpolation and of the spaces 
Q,(R"), we obtain the reverse inclusion and (6.49) is proved. 

Let us show that the spaces QR") and Q,(R") coincide. First let us 


assume s € 2No. We have for any h € Q) (R”): 
lalla, < I+ 2) Op” 0er Alle? 

As Q € YE?(R”), by Theorem 6.4.14, the operator (I + Q)*/?Op™ (7°) is in 

YE? and thus is bounded on L?(R"). We have obtained a continuous inclusion of 


QP (R”) into Q,(R”). Conversely, we have for any h € Q. (R”) that 


b s —s 
IAG? < Op” (8) + Q)-*/? eare |All o,- 


The inverse of Op (b°)(I + Q)~*/? is (I + Q)*/?2(Op™ (b*))~! since the opera- 
tors I+ Q and Op™ (b5) are invertible. Moreover, for the same reason as above, 
(I + Q)*/2(Op™ (b*))~! is bounded on L?(R”). By the inverse mapping theorem, 
Op” (b°)(I + Q)~*/? is bounded on L?(R”). This shows the reverse continuous 
inclusion. We have proved 

QP (R") = 9,(R") 
with equivalence of norms for s € 2No and this implies that this is true for any 
s € R by the properties of duality and interpolation for QP (R”) and Q,(R"). 
This shows Part (4) and implies Parts (5) and (6). 

Let us show that, for each s € No, the space Q. (R”) coincides with the space 
on (R”) of functions h € L?(R") such that the tempered distributions u°02h 
are in L?(R”) for every a,8 € N} such that |a| + |8| < s. Endowed with the 
norm ||- ise defined in Part (3), Q"”) (R”) is a Banach space. We have for any 


h € Q,(R") = QR") 


Wag? < S lufo (6-*)ILece2cenyy lal 
lal+iBl<s 


(b) 
Q;° 


Since the operators u°02Op™ (b-S) are in YE!IHIPI-S(R”) thus continuous on 
L? (R?) when |a| + |8| < s, we see that Q,(R”) is continuously included in 

a (R”). For the converse, we separate the cases s even and odd. If s € 2No 
then we have easily that 


[hl 


o = 0+ C8, t Allee 
j 


A 


< OC, JO utaBhlzaqeny = Clag. 
ja|+|B\|<s 
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Now if s € 2No +1, we have, since Op” (b~1)(I+ Q)!/? is bounded and invertible 
(see Part (6) already proven), 
Allo, = [+ sd $ ede YI + Q) Q) hllg) 
< Cl[Op™ a+ De — 82, + u?) C+D/2h]] z2r) 


<C, J$ [Op @& aiher) 
lal+|8|<s+1 

<C XO lu? OP Aliza) = Cl 
læ [+8 [<s 


by the property of the calculus. Therefore, for s even and odd, Qf") (R?) is 
continuously included in Q,(R”). As we have already proven the reverse inclusion, 
the equality holds and Part (3) is proved. This implies 


() 2R”) = SR”) 


seR 


and Part (1) is now completely proved. 


These Sobolev spaces enable us to characterise the operators in the calculus. 
We allow ourselves to use the shorthand notation 


(adu)™ := (adu1)®™ ... (adu,)™”, 


and 
(addy) := (add, )°?" ... (addy, )°?”. 


Theorem 6.4.18. We assume that p € (0,1]. Let A : S(R") —> S’(R") be a linear 
continuous operator such that all the operators 


(adu)!(add,)°?A, a1, a2 E NO, 


are in Z(L?(R”), Q-m+pllail+lazl)) in the sense that they extend to continuous 
operators from L?(IR") to QO  mtp(loi|+las|): Then A E€ YEP(R”). Moreover, for 
any L € N, there exist a constant C and an integer l, both independent of A, such 
that 


lAlespe <C $, |I(adu)* (add,)" All eczacen),0 


Jay |+]as|<e’ 


—m+p(ler|+leg|))* 


Note that the converse is true, that is, given A € VX? then 


Vay, a2 E€ No (adu)™ (add,,)°?.A E€ L(L?(R”), Q- eration eels J: 
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This is just a consequence of the properties of the calculus. 


The proof of Theorem 6.4.18 relies on the following characterisation of the 
class of symbols 
De(R”) := S(1, dé? + du’). 


Theorem 6.4.19 (Beals’ characterisation of X9 (R”)). Let A: S(R") > S’(R”) be 
a linear continuous operator such that all the operators 


(adu)!(add,)°?A, a1, a2 E NO, 


are in Z (L? (R”)) in the sense that they extend to continuous operators on L? (R”). 
Then there exits a unique function a = {a(€,x)} € U9(R") such that A = Op™ (a). 
Moreover, for any L €N, there exist a constant C and an integer l, both indepen- 
dent of A, such that 


lalsge <C $ [Iadu)% (add,)°? All. (r2): 
lay |+lo2|<e’ 


The converse is true, that is, given a € 9(IR") then A = Op™ (a) satisfies 
Vay,a2 € NG (adu)™ (add,)°2.A € Y(L?(R")). 


We admit Beals’ theorem stated in Theorem 6.4.19, see the original article 
[Bea77a] for the proof. 


For the sake of completeness we prove Theorem 6.4.18. This proof can also 
be found in [Hel84a, Théorème 1.21.1]. 


Sketch of the proof of Theorem 6.4.18. Let A be as in the statement and b as in 
Example 6.4.13. We write 
B, := Op™ (b°) 


and 
Aaa := (adu)™ (add,)°?A, ai, a2 E NG. 


We set s := m — p(la1| + lae|). Then By'Aa,a, E€ &(L7(R")). Moreover, 
we have 


ad0u, (B7 Aaa) = (adôu, (B7*)) Aaa + By addy, (Aana); 


the first operator of the right-hand side is in -Z (L?(R”), Qı (R”)) whereas the 
second is in ¥(L?(R”), Q,(R”)). Proceeding recursively, we obtain that the op- 
erator Bo plota) Aana satisfies the hypothesis of Beals’ Theorem (Theorem 
6.4.19). Therefore, there exists Coi a, € ES(R”) such that 


—1 = Ww 
Bry p(lar|+|a2l) 401.02 = OP” (Cas,a2) 
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or, equivalently, 
Avian = Op (aaia) with aaia = brolla lta * Caraz 
We have A = Op™ (ao,o) and 
Op™ (aaia) = Aoa = (adu)™ (adôu)®? A 
= (adu)™ (add,,)Op™ (ao,0) 
= Op (Jalana), 


by Lemma 6.2.3, thus 
Qai, a = i!l 829892 a0 9. 


Consequently a € X7’. 
Looking back at the proof, we see that it can be slightly improved in the 

following way: 

Corollary 6.4.20. We assume that p € (0,1]. Let A: S(R”) > S'(R”) be a linear 


continuous operator. 


The operator A is in YEP (R”) if and only if there exists Yo E R such that 
for each œi, œz E Nọ we have 


(adu)™ (add,)° A € L(Q,, (R”), Q- m+ p(lar|+loal)-+70): 


In this case this property is true for every y € R, that is, for each y E€ R and 
a1,a2 € NG, we have 


(adu)™*(add,,) A € £(Q,(R"), Q- m+ p(lar|tlozl)-+7) 


Moreover, for any L € N, there exist a constant C and an integer ¢', both indepen- 
dent of A, such that 


|Allwar.e < C 2 || (adu) (addy)? Al] (2, (R"),O_mtptlaritlagi+y)" 
Jai |+la2|<e’ 


Sketch of the proof of Corollary 6.4.20. We keep the notation of the proof of The- 
orem 6.4.18. Let A be as in the statement and let s := m — p(|a1| + |ag|). Then 


By}, Acr,02By, E€ £(L?(R")). Moreover, we have 


addu, (Beane B70) = (adðu, (Ba.)) Aaa By, 


+B adôu, (Aa a) By, 


+Bz}y,Ac1 9 By, B7; (addu, By.) ; 


the first operator of the right-hand side is in #(L?(R"), Qı (R”)), the second is 
in ¢(L?(R"), Q,(R")) and the third is in ¥(L?(R")). Proceeding recursively, we 
obtain that Baa Aara B,, satisfies the hypothesis of Theorem 6.4.19. We then 
conclude as in the proof of Theorem 6.4.18. 
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6.4.4 The A-Shubin classes ©”, (R”) 


The Shubin metric depending on a parameter À € R\{0} is the metric g™ on R?” 
defined via 


ll 


(p,A) 
d, du) := 
eu (db du) (r 


Pp 
;) (dé? + du”). 
The associated positive function M™ on R?” is defined via 


M)(E,u) = (14 [AI + Jl? + [ul?))2- 


These \-families of metrics and weights were first introduced in [BFKG12a] in 
the case p = 1. The authors of [BFKG12a] realised that, placing \ as above, the 
structural constants may be chosen independently of A: 


Proposition 6.4.21. For each A € R\{0}, the metric g”) is of Hérmander type 
(see Definition 6.4.2) and the function M is a g\)-weight (see Definition 
6.4.7). Furthermore, if p € (0,1] is fixed, then the structural constants for gl) 
and for M can be chosen independent of X. 


The proof of Proposition 6.4.21 follows the proof of the case p = 1 given in 
[BFKG12a, Proposition 1.20]. 


Proof of Proposition 6.4.21. The conjugate of a is Coe given by 
Ah 1+ JAJ + 16]? + lul?) \° 
OPPP au) = ( d (de? + ae) 


The gain is then 


1+ JA HJELP + Jula 
A (p,A) = á 
s$ Al 


We have for any p, A, &, u: 


1AN” 
A @,» > =i 
seo? ( Al ) - 


This proves the uniform uncertain property in Definition 6.4.2. 


To show that the metric g? is slowly varying, we notice that it is of the 
form ¢(X)~?|T|? as in Example 6.4.5 with 


i+ A+ Ep) 


on) = (=P 
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We compute the gradient of ġ and obtain 


[Vxd| = PATEIX + Aa + |X) 
CA < Tap deen 
2 P | THAI <P if |X| <1, 
~ alix \ 17E E f 
phie) “IXP-20-#) <p Pi 


So ¢ is p-Lipschitz on R?”. Therefore, g’ is slowly varying with a constant C 
independent of A (see Example 6.4.5 as well as Remarks 6.4.4 and 6.4.6). 


Let us prove that gœ is temperate. For any X,Y € R?” we have 


IY)? < 2|X|? + 2.x - Y}?; 


thus 
14 [Al +Y) Al , 
<2+2 X-Y/|*. 6.52 
FAURA =? * Tea sey * cea) 
Now 
5 |A| ne 
Al <1 AIL X th <1 
lal <1+|Al(1+/XP) thus foe} Si, 
and 
Al , (= ala XP)’ 
T+ +A $ IA 


Plugging this into (6.52), we obtain 


1+ A+ IYIB) e : 
<242 x-yY/?. 
1+ AGXA al IX 


Taking the pth power yields 


T “6 Al oy 
gf (2) T+A HXP) 


a (14 (AED e) 
ae +g x-y) 


This shows that g’) is temperate with constant independent of À. 


So far we have shown that g) is a metric of Hérmander type. Following 
the same computations, it is not difficult to show that M are g-weights with 
constants independent of A. This concludes the proof of Proposition 6.4.21. 
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Let p € (0, 1] be a fixed parameter. 
For each parameter A € R\{0}, we define the \-Shubin classes by 


DR”) = 8 ((™o)" gea) F 


where we have used the Hérmander notation to define a class of symbols in terms 
of a metric and a weight, see Definition 6.4.8. 


Here this means that XP, (R”) is the class of functions a € C®%(R” x R”) 
such that for each N € No, the quantity 


lel+I£l m—p(ja|+| 81) 
3 2 


laler Ên = sup JA? (1+ JAI + J6? + [ul?))~ |32 A a(E,u)), 
? (€,u)ER” xR” 


lal, |B| <N 


is finite. This also means that a symbol a = {a(¢, u)} is in 7) (R") if and only if 
it satisfies 


Ya, BEN? AC=Cag>0  V(E,u) ER? x R” 


m—p(la|+|B)) 
2 


al+I£| 


|agafa(E,u)| < CIALP TET (1+ JA + E? + lul?) 


(6.53) 


The class of symbols XP, (R”) is a vector subspace of C®(R” x R”) which 
becomes a Fréchet space when endowed with the family of seminorms ||- lar, N; 
N € No. We denote by 


w 
Vor (R”) = Op” (Spa R”) 
the corresponding class of operators, and by ||- esm, n the corresponding semi- 
norms on the Fréchet space UXT) (R”). 


It is clear that all the spaces of the same order m and parameter p coincide 
in the sense that 


VA #0 Dra (R") = Se (R") = Xp R”), (6.54) 
and the same is true for VX", (R?) = VX (R"). However, the seminorms 
ller, y and ||- esr, 


carry the dependence on A. This dependence on A will be crucial for our purposes. 
From the general properties of metrics of Hörmander type (see Theorem 6.4.9 and 
Proposition 6.4.21), we readily obtain the following ‘A-uniform’ calculus. 


Proposition 6.4.22. 1. If, for each A € R\{0}, we are given a symbol ay = 
{ax (£, u)} in 52, (R”) such that 


YN € No sup ||@,||n™, .~ < œ, (6.55) 
440 es 
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then each symbol b) defined by 
Op db, = (Op ax)" 


is in Er (R”) as well. Furthermore, for any £ € No there exist a constant 
C > 0 and a integer l € No such that for any A #0 


lballsm, e < Clallam, er. 


The constant C and the integer l may be chosen to depend on £, m,n and to 
be independent of A and a. 


2. If, for each A € R\{0}, we are given two symbols ay, = {a1 (£, u)} in 
E A(R”) and a2,, = {a2,,(€,u)} in 2 (IR") such that 


YN € No sup ||ai alls y <0o and sup |jazalļ52 y < œ, 
40 ae AAO pe 


then each symbol b) defined by 
Op™ by = (Opa) (Op aza), 


is in se lle (R"). Furthermore, for any £ € No there exist a constant C > 0 
and two integers l1, l2 E€ No such that 


[ball gmrtme e < Cllar alles llaz,allomee- 


The constant C and the integers 1, £2 may be chosen to depend on £,m,,m2,n 
and to be independent of A and a1,y, a2,y. 


We will say that a family of symbols a, = {a,(&,u)}, A € R\{0}, which 
satisfies Property (6.55) is A-uniform in X7, (R”). The corresponding family of 
operators via the Weyl quantization is said to be A-uniform in UX", (R"). 


Let us give some useful examples of such families of operators. 


Example 6.4.23. The families of symbols given by 
m(X;) =iV]Alé;, maY) =iVAuz and m(T) = ià 


are A-uniform in Uj ,(R”), £} a(R”), and Xj ,(R”), respectively. 


In particular, the constant operator ma (T) = iA has to be considered as being 
of order 2 because of the dependence on A. 


Proof. We want to estimate the supremum over À Æ 0 of each of the seminorms 


ma(Xpllwst ww = livla aw and maY los: aw = livus we 


1,r? 
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We compute directly for N = 0: 


. VIALE | 
sup ||i,/|AlE; = su < 00, 
A lev Slin EP T J1+ |All + JE]? + ful?) 


VAT us| 


sup 
A#0,(€,u)ER" xR” y1 + JA + JE] + ul?) 


< Ow, 


sup ||iVAuslls1 o 
AO 


and 
sup lA {VINGH = sup aah VAuj}l = VA, 
|a|-+|3|=1 lal+18]=1 
(Eu) ER” xR” (€,u)ER” xR” 
therefore 


sup |liv |Aļé;l|s: ıı <0 and sup |liv Au; lls: xl < 00. 
v0 A#0 


Since all the higher derivatives 020? with |a|+|] > 1 of the symbols iy/|A|é; and 


iV\uj; are zero, we obtain that the families of symbols given by 7)(Xj), ma (Y), 
are \-uniform in X} \(R”). 


For ma (T) = Op™ (iA), we see that 


|| 
sup 
Euer xem 1+ JA + ||? + lul?) 


Alle „o = be, 


and since iA is a constant, its derivatives are zero and the family of symbols given 
by 7)(T), is A-uniform in X? ,(R"). 


As a consequence of Example 6.4.23 and Proposition 6.4.22, we also have 


Example 6.4.24. The family of operators 
m(L) = X {TAX}? + ma(¥j)?} = -Ag 
j=l 
is \-uniform in YE? ,(R”). 


Standard computations also show: 


Example 6.4.25. For each m € R, the family of symbols b%’, A € R\{0}, where 


bal u) = V1 + |Al( + fu]? + [El?), 


is \-uniform in YEP, (R”). 
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6.4.5 Commutator characterisation of \-Shubin classes 


In this section, we characterise the -Shubin classes in terms of commutators and 
continuity on the Shubin Sobolev spaces. 


First we need to understand some properties of the Sobolev spaces associated 
with the -dependent metric used to define the A-Shubin symbols. 


Proposition 6.4.26. 1. For each A E€ R\{0} and s € R, the Sobolev space corre- 
sponding tog’) and (M)? coincides with the Shubin Sobolev space: 


H ((M)’, g0) = Q.(R”). 


2. The following define norms on Q,(IR") equivalent to ||- |lo 


= ||0+)Q)*P Aller, 


or SY = Op” (0%) Aliza), 


where bà was defined in Example 6.4.25. Moreover, in the case s € No, we 
also have an equivalent norm 


ror = y | lal+I£l 


lal+|8|<s 


3. Furthermore, for each s € R there exists a constant Cı = C1,, > 0 such that 


YA E R\{0}, hE Q,(R") Cy al 


aa S IAS 


`A < Cılih| 


Qs,r? 


and for each s € No there exists a constant Cz = C2, > 0 such that 


(int) < C3||h| 


VA ER\{0}, hE Q.(R") Cy Al Can 


2. < lA] 


Qs,’ 


Naturally, in Part (2), the constants in the equivalences between each of the 


AE 
Qs,r? 


and the norm ||- | 


Q., depend on AÀ. 


norms ||- lle, Il 


Proof of Proposition 6.4.26. Part (1) follows easily from (6.54), Definition 6.4.10, 
Theorem 6.4.16 especially Part (5). 
ie the Shubin calculus Um YET, it is not difficult to see that the norms 


[| and ||- IY are equivalent. 


The fact that the norms ||- llo. ,, ll ih ) and, ifs € No, ||- eae are equivalent 
with A-uniform constants comes from foligerng the same proof as `T heorem 6.4.16 
but using the seminorms of U,, 7"). This is left to the reader and concludes the 
proof of Proposition 6.4.26. ' 
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Theorem 6.4.27. We assume that p € (0,1]. Let Ay : S(R”) > S'(R”), A € RWO}, 
be a family of linear continuous operators. 
We assume that for every a1, &2 € Nọ all the operators 


_læıl+laz 
2 


|A| (adu)“! (add,)°2 Ay, A € RWO}, 


are A-uniformly in Z(L?(R"), Q m-+p(lai|tlas|)): This means that 


lay |+la 
sup [AJ E" (adu) (addy)? Alle), 
ACR\ {0} 


p< o0. (6.56) 


m+p(loy|+le2|) 


Then Ay € wr (R”). Moreover, for any £ € N, there exist a constant C and an 
integer l', both independent of {Ax} and A, such that 
_lail+la 3 a 
| Aallwar, ,¢ <C 5 |A| 2 |[(adu)™ (add,.) ? Ay||.2(12(R"),Q_ me p(lari+lag))" 
Jaa|+la2|<e’ 


Proof. The proof follows exactly the same steps as the proof of Theorem 6.4.18 
using the calculi Um}, (R?) to give the uniformity in A. This is left to the reader. 


The converse is true from the A-Shubin calculus: if A, : S(R”) > S’(R"), 
A € R\{0}, is uniformly in YXP, (IR) in the sense that 


YN € No sup Allvar, < 0, (6.57) 
AER\ {0} i 


then (6.56) holds for every @1, &z € NỌ- 
Proceeding as for Corollary 6.4.20, we obtain 


Corollary 6.4.28. We assume that p € (0, 1]. Let A, : S(R”) > S'(R”), A € R\{0}, 
be a family of linear continuous operators. 
The family of operators {A}, A € R\{0}} is uniformly in YEP, (R”) in the 
sense of (6.57) if and only if there exists Yo E R such that for each œi, a2 € NG, 
ley l+lag 


sup |A 2 adu)“ (add,,) Ay ||. CR one eee < OO. 
oe | I|(adu)** ( ) (Qvo (R”),Q-m+p(lail+la2l) +70) 


In this case this property is also true for every y € R. Moreover, for any 
y ER and LEN, there exist a constant C and an integer t', both independent of 
{Ax} and X, such that 


|Aallwnm,e 


_ leqitle d y 
= C >. |A| = * ||(adu) *(addq) ? AlL R), Q- mtoo taah) 


|o|+]a2|<e’ 
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6.5 Quantization and symbol classes Sri on the Heisen- 
berg group 


We recall that in Section 5.2.2 we have introduced symbol classes $/";(G) for 
general graded Lie groups G. In particular, this yields symbol classes $7"; (Hn) 
for the particular case of G = Hp. In this section, working with Schrodinger 
representations 7, we obtain a characterisation of these symbol classes 975 (Hn) 
in terms of scalar-valued symbols which will depend on the parameter A € R\{0}; 
these symbols will be called A-symbols. The dependence on A will be of crucial 
importance here. 


We start by adapting the notation of the general construction described in 
Chapter 5 to the case of the Heisenberg group Hn. It will be convenient to change 
slightly the notation with respect to the general case. Firstly we want to keep 
the letter x for denoting part of the coordinates of the Heisenberg group and we 
choose to denote the general element of the Heisenberg group by, e.g., 


g = (x,y, t) € Hy. 

Secondly we may define a symbol as parametrised by 
a(g, A) :=0(g, Ta), (g, A) € Hn x R\{0}. 

Thirdly we modify the indices a € Nj"! in order to write them as 

a = (a1, a2, a3), 
with 

ay = (Q41,---,A@1n) ENG, a2 = (aa1,---,Q2n) ENG, as € No. 

The homogeneous degree of a is then 


[a] = |ai| + laa] + 2a3. 


6.5.1 Quantization on the Heisenberg group 


Here we summarise the quantization formula of Section 5.1.3 and its consequences 
in the particular setting of the Heisenberg group Hh». 


As introduced in Definition 5.1.33, a symbol is given by a field of operators 
o = {o(g,A) : S(R")  L?(R"), (g, A) € Hn x (R\{0})}, 


satisfying (quite weak) properties so that the quantization makes sense. More 
rigorously, we require that, for each 6 € N3"*!, the map g +> AB a(g, A) is 


continuous from H, to some L29, (Hn). 
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Recall now, that on the Heisenberg group H,,, the Plancherel measure is 
given by c,,|A|"dA (see Proposition 6.2.7). By Theorem 5.1.39, the quantization of 
a symbol o as above is the operator 


A = Op(c) 
given by 
Ao) = cn | 'T(ma(g) o(9,) 89) APAA, (6.58) 
R\{0} 
for any ọ € S(H,,) and g = (x,y, t) € Hy. 
Note that, by (1.5), we have 
Pma) malg) = Fu, (Pl :)) (ma), 


thus the properties of the trace imply that 


Tr (ma (g)o(g, AJA) ) = Tr (0l, A) Fi (P) )) (6-59) 


Furthermore, by (6.20), we have 


2n+1 


Fa, (plg :)) (ma) = (27) 7 


Op™ [Fren (DVA VAA]. (6.60) 


This formula shows that the Weyl quantization is playing an important role in the 
quantization (6.58) due to its close relation to the group Fourier transform on the 
Heiseneberg group. 


Now, for each (g, 4) € Hn x (R\{0}), each operator o (g, A) : S(R”) > L? (R”) 
in the symbol o can also be written as the Weyl quantization of some symbol on 
the Euclidean space R”, depending on (g, A). In other words, we can think of the 
symbol g as 


a(g, A) = Op™ (ag,a), (6.61) 


where a = {a(g, À, £, u) = ag A (£, u)} is a function on H, x R\{0} x R” x R”. This 
scalar-valued symbol a will be called the A-symbol of the operator A in (6.58). 

In other words, the symbol of the operator A acting on the Heisenberg group 
is g, related to A by the quantization formula (6.58). For each (g, A), the symbol 
Og, is itself an operator mapping the Schwartz space S(R”) to L?(R”). So, the 
A-symbol a of the operator A is given by the collection of the Weyl symbols ag) 
of o(g, A). 

Note that if A € Tra then its symbol acts on smooth vectors so gg \ is itself 
an operator mapping the Schwartz space S(R”) to itself, for each (g, A). 
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Consequently, using (6.59), we can rewrite our quantization given in (6.58), 
now using only Euclidean objects, as 


Ag(g) (6.62) 
=, f Te (m9) Op" (aya) Op” [Fren (VIA. VAA] Aaa 


= C, J Tr (Op™ (aga) Op” [Frenn (oa DVA VA-)] ) |A|"dA, 
R\{0} 
with c, = Cn (27) t2 = (27)? 


In Definition 5.2.11 we have introduced the symbol classes 5% (G) for general 
graded Lie groups G. Now, in the particular case G = H, of the Heisenberg 
group, using the relation (6.61) between symbols ø and a, we can ask the following 
question: 


what does the condition o € S’;(H,) mean in terms of the A-symbol ag,\? 


This question will be answered in the following sections. 


6.5.2 An equivalent family of seminorms on S7; = S7;(1 


SL 


We now follow Definition 5.2.11 to define the symbol class 


5 = Sp, (Hn). 


As positive Rockland operator, we will use R = —£ where £ is the (canonical) 
sub-Laplacian given in (6.5). We realise almost all the elements of fn via their 
representatives given by the Schrödinger representations ma, A € R\{0}, which all 
act on 

Hr, = L’ R”), 


see Section 6.2. Therefore, our symbol class on Hp, is defined by the following 
family of seminorms 


Iollsm,a.bc = sup |a(g, A) lsm,.a,0,.c, a,b,c € No, 
AER\{0}, gEHn 
where 
llø(g, A)| s™.,a,b,¢ 
elal—m-s[614+7 vg a -3 
= a lra- £) X; A“a(g, Ajmal- L)? lear) 
a|<a 


[B]<b, lyl<e 
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Here the difference operators A“ correspond to the family of operators Ag, where 
the qa’s are the polynomials appearing in the Taylor expansion. See Example 5.2.4 
for some explicit formulae. 


By Remark 5.2.13 (4), we can also use the canonical basis 


arya, a = (a1, 012,013) E NH = N? x N? x No, 
where 
oO magh atn, yt yy, 
We define 
Al := Ayaryootos, a ENH, 
In this case, for any a, 8 € Nj"t!, we have 


ArerF = AIO AE 


An equivalent family of seminorms on $7”; using the difference operators Ae jis 
given by 


IIoll'sm, a,b,c = sup Ilo(9, A) II'sm, a,b,c a,b,c € No, 
pr AER\{0}, gEHn pa 
where 
lo(9, AJI STs :a,b,C 
pla]-m-—58[8]+ a 
o L) TEE XBA'o(g, Ajmal L)? ear): 
[2]<b, Iyl<e 


Although the difference operators which intervene in the asymptotic expansions 
of the composition and the adjoint properties are the difference operators A®, the 
operators A’, are more handy for the computations to follow. 


6.5.3 Characterisation of S% (H) 


In this section we describe the symbol classes 5% (Hn) from Section 5.2.2 (more 
specifically, from Definition 5.2.11) in terms of se valued A-symbols. More pre- 
cisely, we show that the symbols ø = {o(g, \)} in S% are all of the form 


a(g, A) = Op™ (ay,a(€,u)), (6.63) 


with the A-symbol ag à satisfying some properties described below in terms of the 
family of A-Shubin classes described in Section 6.4.4 and of the operator ô) £u 
defined in (6.43). 
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Theorem 6.5.1. Let m,p,6 ER with 1 >p>6>0, p 40,641. Ifo = {a(g,A)} 
is in S™. then there exists a unique smooth function a = {a(g, A, £, u) = ag A (£, u)} 
on Hn x ° R\ {0} x R” x R” such that 


a(g, A) = Op” (aga) ’ (6.64) 
with O93, XPag y € XHP gn for each (g, A) € Hy x R\{0} satisfying 
A,€,u* g g, pr 


sup VANS AG Aor ym 0ns+ste < 00, (6.65) 


(g,A)€Hn x R\ {0} R”), N 


for every N € No. More precisely, for every N € No there exist C > 0 and a,b,c 
such that 


sup [333 XPag.rll m—2005+51l amy y < Cllolism, n), a,b,e 
(g,A) €Hn XR\ {0} Me EN RN pa (Hn) a,b,¢ 


Conversely, if a = {a(g,r,€,u) = ag,,(€,u)} is a smooth function on Hy, x 
R\{0} x R” x R” satisfying (6.65) for every N € No, then there exists a unique 


symbol o € Si's such that (6.64) holds. Furthermore, for every a,b,c there exists 
C > 0 and Ni 2 No such that 


IIo lls, (Hn),a,b,¢ < C sup ð% E, „X bag, allm- m-2paa tle] (Rn) N" 


(g,A)€Hn xR\ {0} 
In other words, Theorem 6.5.1 shows that 
a E Sos Hn) 
is equivalent to 
a(g, A) = Op™ (aya), 
for each (g, A) with ag, € C™(R?”) satisfying 
Va e Nt! JC>0 Y(g,A) € Hnx(R\{0}) V(E,u) € R” 


a ga laıl+lo2l m= ela) +o(s} 
8g: 022883,  XPag.a(E,w)] < CJAP AE (1+ [ACL + lel? + lul?)) 


Choosing a rescaled Weyl symbol as in Lemma 6.3.10, we see that 
a € Ss (Hn) 
is equivalent to 
a(g, à) = Op™ (äga (VIAE, VAu)), 
for each (g, A) with @,, € C™(R?”) satisfying 
Va e NẸ"+! JC >0 Y(g, A) € Hnx(R\{0}) MGs u) € R?” 
081080 X pä AlEu)| < O (1 Al E +2) E. 
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Note that, by (6.20), 


üg,A lE, U) = (2) "2 Frens: (rg) (E, u, A) 
where {K,(zx, y,t)} is the kernel of the symbol {o(g, A)}, i.e. 


a(g, A) = Ta (Kg), 
(see Definition 5.1.36). 
Proof of Theorem 6.5.1. Let o € Bee This means that for each a, 3 € Nant and 
y € R we have 


mal = L) XBA olg, Ajmal- LTF € Y(L?(R")), 


with operator norm uniformly bounded with respect to A, or equivalently, (see the 
formulae in Section 6.3.3), 


loa |+le2g 
2 


Al 


with C = Ca,g,y independent of A. Taking y = 0, we see that the A-family of 
XP AL o(g, A) satisfies the hypotheses of Theorem 6.4.27. For 8 = a3 = 0, this 
shows that o(g,A) = Op™ (ag,r) with ag, E€ XPa uniformly in À. For any 6 and 
ag, this shows that the A-family of 


REA o(g, A) = 1 Op™ (XPI. aga) 


| (adu)™ (adO,.)°? XF AS o (g, AVM Opia)—m < Cllhllo a 


6[B]+7,A4 — 


(see the formulae in Section 6.3.3, or equivalently Corollary 6.3.9) also satisfies 
the hypotheses of Theorem 6.4.27. Therefore, OOS bigs is in Si aaa 
uniformly in A. This proves the first part of the statement. 

The converse follows from the Shubin calculi depending on A. 


The proof above shows that we can always assume y = 0 in the definition of 
a class of symbols. But we could have fixed any y and use Corollary 6.4.28 instead 
of Theorem 6.4.27 in the proof above. This shows: 


Corollary 6.5.2. A symbol o = {a(g,A)} is in Si; if and only if there exists one 
y E R such that for every a, ß € io the quantity 


[aJ=m— = [B]+y 
la 


sup ml- L£ XPA olg Am- L) Fleggy (6.66) 


AER\ {0} 
is finite. 
In this case the quantity (6.66) is finite for every y E€ R and a, 6 € Nọ. 
Furthermore, for any Yo € R fixed, an equivalent family of seminorms for 
Sis is given by 
pla]-m-— zel +7o 


gi sup lma- £) XPA a(g, Ajmal — L) Ë lee) 
ACR\{0},[a]<a, [8] <b 


with a,b € No. 
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6.6 Parametrices 


In this section, we present conditions for the ellipticity and hypoellipticity in the 
setting of the Heisenberg group as a special case of those presented in Sections 5.8.1 
and 5.8.3. In particular, we can also derive conditions in terms of the A-symbols 
discussed in Section 6.5.3. 


6.6.1 Condition for ellipticity 


We start by providing conditions on the A-symbol ensuring that the assumptions 
for the ellipticity in Definition 5.8.1 and in Theorem 5.8.7 are satisfied. 


Theorem 6.6.1. Let m E€ R and 1 > p >ô > 0. Let o = {o(g,A)} be in S75 (Hn) 
with 
a(g, A) = Op™ (a,x) 


as in Theorem 6.5.1. Assume that there are R € R and C > 0 such that for any 
(€,u) € R?” and A £0 satisfying |A\(\E|? + |u|?) > R we have 


m 
2 


lag,a(€,u)| > C (1+ |Al(1 + El? + lul?) (6.67) 


Then there exists A such that o is (—L,A,m)-elliptic in the sense of Definition 
5.8.1. Thus it satisfies the hypotheses of Theorem 5.8.7 and we can construct a left 
parametrix B € voy for the operator A = Op(o), that is, there exists B € ve 
such that 

BA-lev™., 


Proof. Let x E€ C®(R) be such that 0 < x < 1 with x = 0 on (—oo, R) and xy = 1 
on [2R,+00). We set for any (€, u) € R?” and A 40 


Using the properties of a, one check easily that this defines a symbol b),g with 
bag E DE and more precisely for every N € No there exist C > 0 and a,b,c all 
independent on A or g such that 


sup VOSS Xg Pg rll y—m—20o34+81°1 gen) < Cllollsm, a,b,c E Ce. 


(g,A)€Hn x R\{0} 


By the properties of uniform families of Weyl-Hormander metrics (see Proposition 
6.4.22), we have 


Op™ (b,,9)Op™ (ag,x) = Op™ (x(JAI(IEl? + lul?))) + Bag =I+ Fag (6.68) 
with 


NON u Xg Erol ys —e-20estsia (R"),N < Ci |||] sm a,b,c = Ci, (6.69) 
P i 
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and similarly for the ‘error’ term Pyg. Also we have 
lra- £)” Op™ (bx g)lir) < Cololls™ az,bz,e = C3 (6.70) 


In Estimates (6.69) and (6.70), the constants Cı and C2, and the parameters 
a1, b1, C1, a2, b2, C2 do not depend on å, g or a. By (6.70), we have 


C2||Op™ (ag a)ullzz) = lra- £)” Op™ (ba,g)OP™ (ag,a)ullz2(R). 


We now use (6.68) on the right hand-side and the reverse triangle inequality to 
obtain 


Iz (I — L)? Op™ (by,g)Op™ (ag,a)ullz2(e») 
= a(t- £)? (1+ Bry) ullzzæ 
> jra- L)? ull z2(@ny — ral- £) 


m 
2 


EB), gul|r2 R”): 
We can write the last term as 
Ira (I — £)? Ey, gull = ||Un,gta (I — L) ull z2(eny. 


Ey gm(1—L) = of order 0 and, therefore, bounded on 


m 
2 


with Uy, := mA (I — £L) 
L?(R") satisfying 


[Wr sllr) < Callellse,.as,b3,c3 = C3- 
Let us consider A € R and u € S(R”) with u € Er, (A, œ0)L?(R”), then 
lra- £) "Fall gaan < (1+ max(A, 0)) E lra — £) F ullra), 
thus 
lUn grall- £) ulle) 

< C3|lra(l— L) 7" ulle) 

< Ch(1 + max(A, 0))- Ë ||æa (1 — £) P ullra): 
We choose A € R such that 


C4(1 + max(A,0))~2 < 


Nl = 


for example for A > 0, the smallest A satisfying the equality. We have obtained 


ma m-—p 1 m 
lma- L)? Exgull2 = [Uxor — £) > ull < zlat- £)? ull. 
Collecting the estimates, we obtain 
C3||Op™ (ag a)ull2 > llaa — £)” Op! (by,g)Op™ (ag,a)ull2 


m m ~ 1 m 
2 mat- £)? ull = [ma -= £)? Ex gulla 2 sllma(l— £)? ulla. 


This shows that ø satisfies (5.79) for —£, A and m. 
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From the proof, it follows that the choice of A depends on p, 6, and a bound 
for a (computable) seminorm of ø in S™,. 

We have already proved that, for instance, I— £ is elliptic for —L, see Propo- 
sition 5.8.2. 

Here is another example. 


Example 6.6.2. On Hi, if m € 2N is an even integer, then the operator X™ + 
iy™ + T™/ € WU" is elliptic with respect to —£ and of elliptic order m. 


Proof. The symbol of X™ +i¥™ + T™/? is 
o(A) = my(X)™+ in (Y)™ +m (T)? 
= (op (vin) +4 (Op GVU)" +G, 
by (6.28) and (6.11). Hence its A-symbol is 
a(é,u) = (ive) +i (ivu) + (id)? 
= (-1)?)\|? Ge +iu” + (—(send)i)*) 


Clearly a satisfies the condition of Theorem 6.6.1. 


6.6.2 Condition for hypoellipticity 


We have also proved a general result regarding hypoellipticity in Theorem 5.8.9 
(in the sense of the existence of a left parametrix). In the case of the Heisenberg 
group, we obtain the following sufficient condition on the scalar-valued symbol: 


Theorem 6.6.3. Let m E€ R and 1 > p> 62> 0. Leto = {a(g,A)} be in S™;(Hn) 
with 

a(g, A) = Op™ (aga) 
as in Theorem 6.5.1. 


We assume that there is mo < m such that o satisfies for a given R, for any 
(€,u) E R?” such that |A|(\E|? + |u|?) > R, the inequalities 


laga (E u)| > C (1+ JA + |El? + jul?) = (6.71) 
and 


Jag? On? ONS XG ag,r(E, U)| 
loz |tlee| 2 2 —ela]+ô[8] 
< Cap AP F(A HJA IE + lul) 7 Jagal u). (6.72) 
Then o(g, A) satisfies the hypotheses of Theorem 5.8.9 for —L and mo. There- 
fore, we can construct a left parametrix B € we for the operator A = Op(o), 
that is, there exists B € a such that 


BA-lew™., 
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In (6.71) and (6.72), the constants C and Ca,g are assumed to be independent 
of A, €, u or g. 

For each fixed A € R\{0}, the conditions (6.71) and (6.72) are very close to 
Shubin’s in [Shu87, §25.1]. However Theorem 6.6.3 asks for these conditions to be 
satisfied uniformly in A € R\{0}. 

The proof is in essence an adaptation of the proof of Theorem 6.6.1. 


Proof. We choose x and define b),, as in the proof of Theorem 6.6.1. This time, 
ba,g is in X, 5°, with 


sup os gxrb í =mo—2pa3+8[8] pn < C|lø||sm ,a,b,c3 
(g,A)€Hn XR\ {0} I ae Allen Peas TET Rn), N l lsz, h: 
and 

lra- £) Op™ (ba,9)lle(z2(any) < Callell sm, az,b2,02 = Cd (6.73) 


In the proof of Theorem 6.6.1, we developed the product Op™ (by,,)Op™ (ag,x) 
at order 0, but here we now develop it up to order M such that the error term is 
of strictly negative order: 


M 
Op™ (ba,g)Op™ (aga) = XO Op™ (dm:,r,9) + Eng: (6.74) 


m/=0 
where (see (6.17)) 
_ (onal (10) gaa P 
dm! ,d,g = Cm! ,n 5 oala! 7 os ba,g 70 Of Gg,r R 
Jar |+la2|=m! 
To fix the idea, we choose M € No the smallest integer such that 
m—M, —2(M+1)p<—p. 


Using (6.17) and the properties of uniform families of Weyl-Hérmander metrics 
(see Proposition 6.4.22), the error term satisfies 


VANS XG Bo.rllysy—0-2009-509 gn), w < Cillolls,a1,b1,e1 = Ci. (6.75) 
For the term of order 0, we see that 


do,ag = X(JAL(IEI? + Jul?) = 1 + (x = IAI? + [ul?), 


and clearly the symbol (x —1)(|A|(|€|? +|u|?) is smoothing. For the term of positive 
order m’ > 0, we can write 


dm! dg = Cm’ ndm',r,g +F Tm’, à,g; 
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where 


dm’ ,d,g = x(Al(lé/? ae |u|?) 


(—1)le2! 1 ai af 1 1 a2 a 
alaa! Fi a ag, r% 3g ABA a 


lail+laz|=m 


and the small reminder contains all the x-derivatives, that is, is of the form 


rm’ dg = J. (0802 ) x(lal le? + lu?) (---)- 


Ww ff 
a1 Q2 


O<a"! fal! <2M 
Clearly the derivatives of the y’s are smoothing. One can check that the conditions 
on the symbol a imply that dm’,\,g is of order —2m’p. For example, 


2 


a E 
PEI) < Oy oll? (1+ JAE IE? + uld)”. 


1 
Og, Qg,)0¢, — | = 
| €1 9, AO E1 ag | | ag 


We also write 


X(IAI(IEI? + lul?) = 1 + (x = DANE? + lel), 
and the symbol (x — 1)(|A|(|€|? + |u|?) is smoothing. 


We now incorporate all the terms of order < —p in a new error term. Indeed, 
the considerations above show that we can now write 


Op™ (by,g)Op™” (ag a) =ņ1+ Ey g, 


with É, g satisfying similar estimates to (6.69). 
The end of the proof is now identical to the one of Theorem 6.6.1 with m 
replaced by mo. 


Modifying Example 6.6.2, we have the following example of hypoelliptic oper- 
ators in the sense that they satisfy the hypotheses of Theorem 5.8.9, and therefore 
admit a left parametrix. 


Example 6.6.4. On Hı, if m,m, € 2N are two even integers such that m > mo, 
then the operators 


xm iy™e T™o/2 E Uw” and X™e + iy ™ + Tme/2 E yr 
satisfy the hypotheses of Theorem 5.8.9 for —£ and mo. 


Proof. The symbols of 


Ai = X” piy" 47/2 and Ag = X™ iY ™ 4 TM/2, 
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are 
oa (A) = oe +%)(T)® 
= (op" Ve)” +4 (Or WX)" +H), 
o4,(A) = m(X)™ +im(Y)" +r)” 
= (OVINE) +i (Op avn) +N, 


by (6.28) and (6.11). Hence their -symbols are 
aa al&z) = (iVE) +i (iu) +a, 
aas, AlE, 2) (ive) are (ivu) +A. 


From this, it is not difficult to see that a4,,,, j = 1,2 satisfy 


[Al max(E], lu) > 1 = Jaa; a(€, u)| > CJA” (max(lEl, ju)™? +1), 


thus they also satisfy (6.71). The other condition in (6.72) of Theorem 6.6.3 is 
easy to check. 


6.6.3 Subelliptic estimates and hypoellipticity 


The sufficient conditions for ellipticity in Theorem 6.6.1, or at least the existence 
of left parametrix (see Theorem 6.6.3) yield sufficient conditions for subelliptic 
estimates and hypoellipticity. More precisely, Corollary 5.8.12 and Propositions 
5.8.13 and 5.8.15 imply: 


Corollary 6.6.5. Let m € R and 1 > p >> 0. Let o = {o(g,A)} be in srs (Hn) 
with a(g, A) = Op™ (ag,,) as in Theorem 6.5.1. 


(i) Assume that there are R € R and C > 0 such that for any (€, u) € R?” and 
A #0 satisfying |A\(\E|? + |u|?) > R, we have (6.67), that is, 


m 
2 


laga (é, u) = C (1A + IEI? + lul?) 


Then A = Op(c) = Op(Op” (ag \)) is (locally) hypoelliptic. It is also globally 
hypoelliptic in the sense of Proposition 5.8.15. The operator A also satisfies 
the following subelliptic estimates 


| 


Vse€R VNER 3C>0 Vf €S(H,) 
Ifllez,,, < C(I 


ay): 
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(ii) We assume that there is mo < m such that o satisfies for a given R, for any 
(£, u) E R?” such that |A|(\E|? + |u|?) > R, the inequalities (6.71) and (6.72), 
that is, 

mo 


lagal u)| > C (1+ AL + JE? + lul?)) 
and 


[og age ð. Xf ag alé u) 


læaıl+le2l —ela]+ô[8] 


< Cap AP E (V+ [AIL + IE + ul?) lag a (€,4)]. 


Then A = Op(c) = Op(Op” (ag,)) is (locally) hypoelliptic. It is also globally 
hypoelliptic in the sense of Proposition 5.8.15. The operator A also satisfies 
the following subelliptic estimates 


Vse€R VNER 3C>0 Vf €S(H,) 
II f| 


< c(IAfl 


Eon, r + lifl) 

(iii) In the case (p,6) = (1,0), assume that A E€ Ọ™ is either elliptic of order 
mo = m or is elliptic of some order mo and satisfies the hypotheses of Parts 
(i) or (ii), respectively. Then A satisfies the subelliptic estimates 


VsEeER VNER VYpeEe(l,œ) 3C >0 Vf € S(H,) 
Ifllzz „< C(IAFI 


Ben, r + lfl): 


In the estimates above, ||- ||z2 denotes any (fixed) Sobolev norm, for example 
obtained from a (fixed) positive Rockland operator R, such as R = —L. 


Examples 


We proceed by giving examples, applying Corollary 5.8.12 to obtain subelliptic 
estimates for some of the examples of operators encountered in previous sections. 
First, naturally, we can apply Corollary 6.6.5 to Examples 6.6.2 and 6.6.4, which 
we now continue. 


Example 6.6.2, continued: On Hh, if m € 2N is an even integer, then the operator 
X™ +iY™ + T™/? is hypoelliptic and satisfies the following estimate 


Vp €(1,oo) VseR VNER 
lfl, < © (Im +av™ +7) f 


s+m 


C>0 Vf €S(H;) 
ve + lifer) 


Example 6.6.4, continued: Let m, Mo E€ 2N be two even integers such that m > mo. 
Then the differential operators X™ +iY™: + T™/? and X™e +iY™+T"e/? on 
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Hi; are hypoelliptic and satisfy the following subelliptic estimates 


Vp € (1,œ) VseR VNER AC>0 Vf € S(Hi) 
llre, < C(I" + ev +262) Flan + lfl) 


stm 


and 


Vp € (1,œ) VseR VNER 
IF 


C>0 Yf e sS(Hi) 
Lon <C (cams 4iym+ Tel?) Ff gt Ifl) : 


Lu 


We can also obtain the hypoellipticity and subelliptic estimates for the elliptic 
operators in Corollary 5.8.16 choosing first the Rockland operator R = —CL: 


Corollary 6.6.6. As usual, L denotes the canonical sub-Laplacian on the Heisenberg 
group Hn (see (6.5)). 


1. If fi and f2 are complex-valued smooth functions on H, such that 


inf lfl) + B(@)Al >0 for some A> 0, 
rEH, ASA 1+A 


and such that X™ fı, X°? f2 are bounded on H, for each ai, a2 € Ng, then 
the differential operator fi(x) — fa(x)£ is (locally) hypoelliptic. It is also 
globally hypoelliptic in the sense of Proposition 5.8.15. This operator also 
satisfies the following subelliptic estimates 


Yp E (1,œ) VseR VNER AC>O0 Vy ec S(H,) 
ta $ O(I- ALY 


s+2 


ll rz + lelle y): 


2. Lety € C®(R) be such that 


W\(—00,Ay] =9 and Yiia) = 1, 


for some real numbers Ay, Ao satisfying 0 < Ay < Ag. Let also fı be a 
continuous complex-valued function on Hn such that infu, |fi| > 0 and that 
X° fı is bounded on Ha, for each a € Nj. Then the operator f\(x)w(—L)L is 
(locally) hypoelliptic. It is also globally hypoelliptic in the sense of Proposition 
5.8.15. This operator also satisfies the following subelliptic estimates 


| 


Ype (1,œ) VseR VNER 3IC>0 Vee SH) 
< C(IInv(-L)LeI 


lellz?,, rz + lelle y): 


6.6. Parametrices 489 


We could also use Corollary 5.8.16 with other Rockland operators, such as 
R = L? or R = L? + T°. In this case, it would yield: 


Corollary 6.6.7. Let R = L? or R = L? + T? where L denotes the canonical 
sub-Laplacian on the Heisenberg group H, and T is the central derivative. 


1. If fi and f2 are complex-valued smooth functions on Hp such that 


I fi(a) + fo(x)A| 


A> 
w€Hn ADA IFA >0 for some A> 0, 


and such that X™ fı, X°? fg are bounded on H, for each a1, œz € Ng, then 
the differential operator f\(a) + fo(x)R is (locally) hypoelliptic. It is also 
globally hypoelliptic in the sense of Proposition 5.8.15. This operator also 
satisfies the following subelliptic estimates 


Yp E (1,œ) VseR VNER AC>0 Vy € S(H,) 


lolze, < CIF + Rel 


s+4 —_ 


rz + lelte y). 


2. Lety € C®(R) be such that 


W\(—00,Ay] =9 and Yiia) = 1, 


for some real numbers A1, Ag satisfying O < Ay < Ag. Let also fı be a contin- 
uous complex-valued function on H, such that infm, | fı] > 0 and that X° fı 
is bounded on H, for each a € N}. Then the operator fı(£)Y(R)R € Y4 is 
(locally) hypoelliptic. It is also globally hypoelliptic in the sense of Proposition 
5.8.15. This operator also satisfies the following subelliptic estimates 


WwW 


Yp € (1,œ) VseR VNER 3C>0 Vee S(H,) 


8,4 < C(AY(R)Re| 


s+4 —_ 


Ie rz + lelez y): 
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Appendix A 


Miscellaneous 


In this chapter we collect a number of analytic tools that are used at some point 
in the monograph. These are all well-known, and we present them without proofs 
providing references to relevant sources when needed. Thus, here we make short 
expositions of topics including local hypoellipticity and solvability, operator semi- 
groups, fractional powers of operators, singular integrals, almost orthogonality, 
and the analytic interpolation. 


A.1 General properties of hypoelliptic operators 


In this section, we recall the definition and first properties of locally hypoelliptic 
operators. We will also point out the useful duality between local solvability and 
local hypoellipticity in Theorem A.1.3. 


Roughly speaking, a differential operator L is (locally) hypoelliptic if when- 
ever u and f are distributions satisfying Lu = f, u must be smooth where f is 
smooth. Usually, we omit the word ‘local’ and just speak of hypoellipticity. More 
precisely: 


Definition A.1.1. Let Q be an open subset of R” and let L be a differential op- 
erator on Q with smooth coefficients. Then L is said to be hypoelliptic if, for any 
distribution u € D'(Q) and any open subset Q’ of Q, the condition Lu € C®%(Q') 
implies that u € C™(’). 

This definition extends to an open subset of a smooth manifold. 


Of course elliptic operators such as Laplace operators are hypoelliptic. Less 
obvious examples are provided by the celebrated Hérmander’s Theorem on sums 
of squares of vector fields [H6r67a] which we recall here even if we will not use it 
in this monograph: 


Theorem A.1.2 (Hérmander sum of squares). Let Xo,X1,...,Xp be smooth real- 
valued vector fields on an open set Q C R”, and let co E€ C™®(Q). We assume 
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that the vector fields Xo,X1,...,Xp satisfy Hormander’s condition, that is, the 
Lie algebra generated by {Xo,X1,...,Xp} is of dimension n at every point of Q. 
Then the operator X? +... + x2 + Xo +c is hypoelliptic on Q. 

This extends to smooth manifolds. 


Consequently any sub-Laplacian (see Definition 4.1.6) on a stratified Lie 
group is hypoelliptic on the whole group since any basis of the first stratum satisfies 
Hörmander’s condition. 

Hörmander’s condition in Theorem A.1.2 is sufficient but not necessary for 
the hypoellipticity of sums of squares, thus allowing for sharper versions, see e.g. 
[BM95]. 

In the following sense, local hypoellipticity is dual to local solvability: 


Theorem A.1.3. Let L be hypoelliptic on Q. Then L’ is locally solvable at every 
point of Q. 

Let us briefly recall the definitions of the local solvability and of transpose: 
Definition A.1.4. Let L be a linear differential operator with smooth coefficients 
on Q. We say that L is locally solvable at x € Q if x has an open neighbourhood 


V in Q such that, for every function f € D(V) there is a distribution u € D'(V) 
satisfying Lu = f on V. 


Definition A.1.5. The transpose of a differential operator L with smooth coeffi- 
cients on an open subset Q of R” is the operator, denoted by L+, given by 


Vo, E D(Q) (Ld, Y) = (6, L4). 
This extends to manifolds. 


Note that if 


Lf(e)= S> aa(a)a*f(2), 


ja|<m 
then 


Li@g= X Pasi) = X. balt)" f(z), 


|a|<m ja|<m 


where the b,,’s are linear combinations of derivatives of the a,’s, in particular they 
are smooth functions. 
We will need the following property: 


Theorem A.1.6 (Schwartz-Tréves). Let L be a differential operator with smooth 
coefficients on an open subset Q of R”. We assume that L and L! are hypoelliptic 
on QC R”. Then the D'(Q) and C®(Q) topologies agree on 


Ny (Q) = {f © D'(Q) : Lf =O}. 


For its proof, we refer to [Tre67, Corollary 1 in Ch. 52). 
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A.2 Semi-groups of operators 


In this section we discuss operator semi-groups and their infinitesimal generators. 


Definition A.2.1. Suppose that for every t € (0,00), there is an associated bounded 
linear operator Q(t) on a Banach space ¥ in such a way that 


Ys,t >0 Q(s +t) = Q(s)Q(t). 
Then the family {Q(t)}:s0 is called a semi-group of operators on Æ. 
If we have for every x € X, that 


IQ- all = 0, 


then the semi-group is said to be strongly continuous. 
If the operator norm of each Q(t) is less or equal to one, ||Q(t)|| v(x) < 1, 
then the semi-group is called a contraction semi-group. 


Let {Q(t)}is0 be a semi-group of operators on ¥. If x € Æ is such that 
1 


= (Q(e)x — x) converges in the norm topology of 4 as « — 0, then we denote its 
limit by Ax and we say that x is in the domain Dom(A) of A. Clearly Dom(A) is 
a linear subspace of ¥ and A is a linear operator on Dom(A) C X. This operator 
is essentially A = Q’(0). 


Definition A.2.2. The operator A defined just above is called the infinitesimal 
generator of the semi-group {Q(t) }iso. 


We now collect some properties of semi-groups and their generators. 


Proposition A.2.3. Let {Q(t)}iso0 be a strongly continuous semi-group with in- 
finitesimal generator A. We also set Q(0) := I, the identity operator. Then 


1. there are constants C,y such that for all t € [0,00), 


Olle) < Ce”; 


2. for every x € X, the map [0,00) StH Q(t)x E€ X is continuous; 
3. the operator A is closed with dense domain; 


4. the differential equation 


AQ(t)x = Q(t)Ax = AQ(t)z, 
holds for every x E€ Dom(A) and t > 0; 
5. for every x E€ X and t > 0, 


Q(t)x = lim exp(tA,)a, 
e—>0 
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where 


1 ca F 
A. =-(Q(e)—I) and exp(tA,) =) pita 
k=0 


€ 


furthermore the convergence is uniform on every compact subset of [0,00); 


6. if X € C and Reà > y (where y is any constant such that (1) holds), the 
integral 


R(A)z = m e *Q(t)a dt, 


defines a bounded linear operator R(X) on Æ (often called the resolvent of 
the semi-group {Q(t)}) whose range is Dom(A) and which inverts AI— A. In 
particular, the spectrum of A lies in the half plane {A : ReA < y}. 


For the proof, see e.g. Rudin [Rud91, §13.35]. 


Theorem A.2.4 (Hille-Yosida). A densely defined operator A on a Banach space 
X is the infinitesimal generator of a strongly continuous semi-group {Q(t)}iso if 
and only if there are constants C,y such that 


VA> 7, mEN |M- A] CA- 7) ™. 


The constant y can be taken as in Proposition A.2.3. 


For the proof of the Hille-Yosida Theorem, see e.g [Rud91, §13.37]. 
In this case the operators of the semi-group {Q(t)}:s0 generated by A are 
denoted by 


Q(t) = ef. 


Theorem A.2.5 (Lumer-Phillips). A densely defined operator A on a Banach space 
X is the infinitesimal generator of a strongly continuous contraction semi-group 


{Q(t)}is0 if and only if 


e A is dissipative, i.e. 


VA>0, 2€Dom(A) JAL- Az|| > Alliz: 


e there is at least one Ao such that A — Xol is surjective. 
For the proof of the Lumer-Phillips Theorem, see [LP61]. 


For this monograph, the facts given in this section will be enough. We refer 
for the general theory of semi-groups to the fundamental work of Hille and Phillips 
[HP57], or to later expositions e.g. by Davies [Dav80] or Pazy [Paz83]. 
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A.3 Fractional powers of operators 


Here we summarise the definition of fractional powers for certain operators. We 
refer the interested reader to the monograph of Martinez and Sanz [MCSA01] and 
all the explanations and historical discussions therein. 


Let A: Dom(A) C Æ > X be a linear operator on a Banach space ¥. In 
order to present only the part of the theory that we use in this monograph, we 
make the following assumptions 


(i) The operator A is closed and densely defined. 
(ii) The operator A is injective, that is, A is one-to-one on its domain. 


(iii) The operator A is Komatsu-non-negative, that is, (—co,0) is included in the 
resolvent p(A) of A and 


| 


IM>0 VA>O [A+A < MAT}. 


Remark A.3.1. This implies (cf. [MCSAO1, Proposition 1.1.3 (iii)]) that for all 
n, mEN, Dom(A”) is dense in 1’, and Range(A™) as well as Dom(A")MRange(A”™) 
are dense in the closure of Range(A). 


The powers A”, n € N, are defined using iteratively the following definition: 


Definition A.3.2. The product of two (possibly) unbounded operators A and B 
acting on the same Banach space ¥ is as follows. A vector x is in the domain of 
the operator AB whenever z is in the domain of B and Bz is in the domain of A. 
In this case (AB)(x) = A(Bz). 


Remark A.3.3. Note that if an operator A satisfies (i), (ii) and (iii), then it is also 
the case for I + A. 


Following Balakrishnan (cf. [MCSA01, Section 3.1]), the (Balakrishnan) op- 
erators J“, a E€ Ci := {z € C, Rez > 0}, are (densely) defined by the following: 


e If0 < Rea < 1, Dom(J®) := Dom(A) and for ¢ € Dom(A), 


va 2a / NT (AT + A)T AG dÀ. 
T 0 


e If Rea = 1, Dom(J®) := Dom(A?) and for ¢ € Dom(A?), 


a sinar fP a1 ai A . On 
= —— I+ A)~* — -| Add —Ad¢. 
J”ġ f A [alt ) Pal o A+ sin =| (o) 


e If n < Rea <n+1, n €N, Dom(J®*) := Dom(A”+t!) and for ¢ € Dom(A), 


J”g = J ANG, 
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e If Rea=n+1,n €N, Dom(J%) := Dom(A"*?) and for ¢ € Dom(A"*?), 


J” = JOM ANG, 


We now define fractional powers distinguishing between three different cases: 
Case 0: A is bounded. 


Case I: A is unbounded and 0 € p(A), that is, the resolvent of A contains zero; in 
other words, A~! is bounded. 


Case II: A is unbounded and 0 € o(A), that is, the spectrum of A contains zero. 


The fractional powers A“, a € C}, are defined in the following way (cf. 
[MCSAO01, Section 5.1]): 


Case 0: A being bounded, J“ is bounded and we define A® := J°, œa € Cy. 
Case I: A`! being bounded, we can use Case 0 to define (A~1)® which is injective; 
then we define 


=1 


A®:= [(A“)°]* (a C4). 


Case II: Using Case I for A + el, € > 0, we define 
A® := lim(A + eI)” (a€ C4); 
e>0 


that is, the domain of A“ is composed of all the elements ¢ € Dom [(A + €I)“], 
€ > 0 close to zero, and such that (A+eI)¢ is convergent for the norm topology 
of ¥ as e + 0; the limit defines A*¢. 


In all cases, J“ is closable and we have (cf. [MCSA01, Theorem 5.2.1]): 
A® = (A+A)"J°(A + AT” (œa E C4, AE p(—-A), nEN). 


Hence A“, a € C4, can be understood as the maximal domain operator which 
extends J“ and commutes with the resolvent of A (in other words commutes 
strongly with A). 


We can now define the powers for complex numbers also with non-positive 
real parts (cf. [MCSAO1, Section 7.1]): 


e Given a € Ci, the operators A“, a € C}, are injective, and we can define 


Are ( dey, 


e Given T € R, we define 


AY := (A412 A-1 AM (A +172. 
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We now collect properties of fractional powers. 


Theorem A.3.4. Let A: Dom(A) C X —> X be a linear operator on a Banach 
space X. Assume that the operator A satisfies Properties (i), (ii) and (iii), and 
define its fractional powers A% as above. 


1. For every a € C, the operator A® is closed and injective with (A%)~! = A~®. 
In particular, A? = I. 
2. Fora € C}, the operator A® coincides with the closure of J®. 


3. If A has dense range and for allt € R, A is bounded, then there exist C > 0 
and 0 € (0,7) such that 


YreR |A" || g(x) S Ce. 


Given T E€ R\{0}, if A’ is bounded then Dom(A®) C Dom(A°*"’) for 
alla € R. Conversely, if Dom(A%) C Dom(A°*'7) for all a € R\{0}, then 
A" is bounded. 

4. For any a,8 € C, we have AXA® C A+, and if Range(A) is dense in X 
then the closure of A% AP is A°+, 


5. Let Ao €E Cy. 


e If p € Range(A®) then ġo € Dom(A®%) for alla € C with 0 < —Rea < 
Rea, and the function a => Ad is holomorphic in {a € C: —Re ao < 
Rea < O}. 

e If ¢ € Dom(A%) then o € Dom(A®) for alla € C with 0 < Rea < 
Rea, and the function a ++ A%d is holomorphic in {a € C: 0 < 
Rea < Rea}. 

e If € Dom(A%) N Range(A®%’) then o € Dom(A®) for alla € C with 
|Rea| < Rea, and the function a ++ Ad is holomorphic in {a € C : 
—Rea, < Rea < Reas}. 


6. Ifa, B € C} with Rep > Rea, then 


Rea 
Re 8 


a 1— Rea 
IC = Chap >0 Vee Dom(A*) ||A%d|lx < Clidlle "NA° all 


7. If B* denotes the dual of an operator B on X, then (A®)* = (A*)*. 

8. For a € C} and e > 0, Dom [|(A + €1)*] = Dom(A®). 

9. Letr €R. Let Si- be the strong limit of (A + eI) as e > 0*, with domain 
Dom(Sir) = {¢ € Dom [(A + €)*7] : dlim,_,9+(A + €)7¢}. Then Sir is clos- 
able and the closure of (the graph of) J? is included in the closure of (the 
graph of) Si- which is included in (the graph of) A‘. 


In particular, if A has dense domain and range, then the closure of Sir 
is A'T. 
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10. Let us assume that A generates an equibounded semi-group {e~*4} 39 on X, 
that is, 


M t>0 ~~ lle Ally <M. (A.1) 
If0 < Rea < 1 and ġ E€ Range(A) then 


WwW 


-ah ES i a—1,-tA 
A s=] t e™ odt, (A.2) 


in the sense that liMN—so N converges in the X-norm. 
Moreover, if {e7t^}so is exponentially stable, that is, 


IM,p>0 Wt>0 |e" lleg; < Me™, 


then Formula (A.2) holds for alla € Cy and ọ € X, and the integral con- 
verges absolutely: [5° |t e^ dll xdt < o. 


References for these results are in [MCSA01] as follows: 
) Corollary 5.2.4 and Section 7.1; 
) Corollary 5.1.12; 
) Proposition 8.1.1, Section 7.1 and Corollary 7.1.2; 
) Theorem 7.1.1; 
) Proposition 7.1.5 with its proof, and Corollary 5.1.13; 
6) Corollary 5.1.13; 
) Corollary 5.2.4 for a € Cz, consequently for any a € C; 
) Theorem 5.1.7; 
) Theorem 7.4.6; 
) Lemma 6.1.5. 


In Theorem A.3.4 Part (10), T denotes the Gamma function. Let us recall 
briefly its definition. For each a € Cx, it is defined by the convergent integral 


Tr(a) =| (teas, 
0 


A direct computation gives (1) = h e ‘dt = 1 and an integration by parts yields 
the functional equation aT (a) = Tr(a + 1). Hence the Gamma function coincides 
with the factorial in the sense that if a € N, then the equality Tr(a) = (a — 1)! 
holds. It is easy to see that T is analytic on the half plane {Rea > 0}. Because 
of the functional equation, it admits a unique analytic continuation to the whole 
complex plane except for non-positive integers where it has simple pole. We keep 
the same notation I for its analytic continuation. 
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For Rez > 0, we have the Sterling estimate 


tes Teg | o(Ż)). (A.3) 


Also, the following known relation will be of use to us, 


i T(x)r(y) 
t1 — t) dt = =, Rer > 0, Rey>0. AA 
a ( T(x +y) a 


We will use Part (6) also in the following form: let a, 3,7 € C with Rea < 
Ref and Rea < Rey < Reĝ; then there exists C = Co,¢,4,4 > 0 such that for 
any f € Dom(A®) with A% f € Dom(A®~°), we have 


Re (y — a) 


lA flæ < CAFI “IAF where 6 := Ra@ =e) 


A.4 Singular integrals (according to Coifman- Weiss) 


The operators appearing ‘in practice’ in the theory of partial differential equations 
on R” often have kernels « satisfying the following properties: 


1. the restriction of (x,y) to (RZ x Rọ) z = y} coincides with a smooth 
function Ko = kolz, y) € C ((R} x RY)\{x = y}); 


2. away from the diagonal x = y, the function «o decays rapidly; 


3. at the diagonal, Ko is singular but not completely wild: kọ and some of its 
first derivatives admit a control of the form |Ko(zx,y)| < Czl|x — y|* for some 
power k € (—oo, co) with C, varying slowly in z. 


These types of operators include all the (Hérmander, Shubin, semi-classical, ... ) 
pseudo-differential operators, and these types of operators appear when looking 
for fundamental solutions or parametrices of differential operators. 


In general, we want our operator T to map continuously some well-known 
functional space to another. For example, we are looking for conditions to ensure 
that our operator extends to a bounded operator from L? to L4. This is the subject 
of the theory of singular integrals on R”, especially when the power k above equals 
—n. In the classical Euclidean case, we refer to the monograph [Ste93] by Stein 
for a detailed presentation of this theory. 


Here, let us present the main lines of the generalisation of the theory of 
singular integrals to the setting of ‘spaces of homogeneous type’ where there is no 
(apparent) trace of a group structure. This generalisation is relevant for us since 
examples of such spaces are compact manifolds and homogeneous nilpotent Lie 
groups. We omit the proofs, referring to [CW71la, Chapitre II] for details. 


500 Appendix A. Miscellaneous 


Definition A.4.1. A quasi-distance on a set X is a function d : X x X —> [0,00) 
such that 


1. d(x,y) > 0 if and only if x Æ y; 
2. d(x, y) = d(y,x); 
3. there exists a constant K > 0 such that 


Yz, y,z E€ X d(x,z) < K (d(x,y) + d(y,z)). 


We call 
B(x,r) := {y EG : d(x,y) <r}, 


the quasi-ball of radius r around x. 


Definition A.4.2. A space of homogeneous type is a topological space X endowed 
with a quasi-distance d such that 


1. The quasi-balls B(x,r) form a basis of open neighbourhood at x; 
2. homogeneity property 


there exists N € N such that for every x € X and every r > 0 the ball 
B(x,r) contains at most N points x; such that d(x;, xj) > r/2. 


The constants K in Definition A.4.1 and N in Definition A.4.2 are called the 
constants of the space of homogeneous type X. 


Some authors (like in the original text of [CW71a]) prefer using the vocab- 
ulary pseudo-norms, pseudo-distance, etc. instead of quasi-norms, quasi-distance, 
etc. In this monograph, following e.g. both Stein [Ste93] and Wikipedia, we choose 
the perhaps more widely adapted convention of the term quasi-norm. 


Examples of spaces of homogeneous type: 


1. A homogeneous Lie group endowed with the quasi-distance associated to any 
homogeneous quasi-norm (see Lemma 3.2.12). 


2. The unit sphere S”~! in R” with the quasi-distance 
d(x,y) = |1- x- y|”, 
where a > 0 and z: y = i x;y; is the real scalar product of x,y € R”. 
3. The unit sphere S?”—! embedded in C” with the quasi-distance 
d(z,w) = |1—(z,w)I*, 


where a > 0 and (z,w) = ><" 


j=l ZjWj. 


4. Any compact Riemannian manifold. 
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The proof that these spaces are effectively of homogeneous type comes easily 
from the following lemma: 


Lemma A.4.3. Let X be a topological set endowed with a quasi-distance d satisfying 
(1) of Definition A.4.2. 
Assume that there exist a Borel measure u on X satisfying 


0 < u(B(x,r)) < Cu (Bix, 5) < 00. (A.5) 


Then X is a space of homogeneous type. 


The condition (A.5) is called the doubling condition. For instance, the Rie- 
mannian measure of a Riemannian compact manifold or the Haar measure of a 
homogeneous Lie group satisfy the doubling condition; we omit the proof of these 
facts, as well as the proof of Lemma A.4.3. 


Let (X,d) be a space of homogeneous type. The hypotheses are ‘just right’ to 
obtain a covering lemma. We assume now that X is also equipped with a measure 
satisfying the doubling condition (A.5). A maximal function with respect to the 
quasi-balls may be defined. Then given a level, any function f can be decomposed 
‘in the usual way’ into good and bad functions f = g+). jbj. The Euclidean proof 
of the Singular Integral Theorem can be adapted to obtain 


Theorem A.4.4 (Singular integrals). Let (X,d) be a space of homogeneous type 
equipped with a measure u satisfying the doubling condition given in (A.5). 
Let T be an operator which is bounded on L?(X): 


3Co Vf el? ||Tflle < Collflle- (A.6) 


We assume that there exists a locally integrable function k on (X x X)\ 
{(x,y) EX x X :x=y} such that for any compactly supported function f € L?(X), 
we have 


ve ¢euppf  Tf(e)= I «(e,u)F(yduly). 


We also assume that there exist C1, C2 > 0 such that 


YY, Yo E X |K(a,y) — K(x, yo)|du(z) < C2. (A.7) 


a 


Then for allp, 1 < p < 2, T extends to a bounded operator on LP because 


Ap Vf E€ L? N LP IZ Flp < Apll f lp: 


WwW 


for p= 1, the operator T extends to a weak-type (1,1) operator since 


A, WEND ple: TFE) >a} < A Al, 


th 


fav) 


constants Ap, 1 < p < 2, depend only on Co, Cy and Co. 
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Remark A.4.5. 1. In the statement of the fundamental theorem of singular in- 
tegrals on spaces of homogeneous types, cf. [CW7la, Théorème 2.4 Chapitre 
II], the kernel « is assumed to be square integrable in L?(X x X). However, 
the proof requires only that the kernel « is locally integrable away from the 
diagonal, beside the L?-boundedness of the operator T. We have therefore 
chosen to state it in the form given above. 


2. Following the constants in the proof of [CW71la, Théorème 2.4 Chapitre II], 
we find 


Ag=C, and A,=C(C?+C3), 


where C is a constant which depends only on the constants of the space of 
homogeneous type. The constants A, for p € (1,2) are obtained via the con- 
stants appearing in the Marcinkiewicz interpolation theorem (see e.g. [DiB02, 
Theorem 9.1]): 


2p als 
A, = ——— 5AA with 6 = 2 
=p S ( 


Let us discuss the two main hypotheses of Theorem A.4.4. 


About Condition (A.7) in the Euclidean case. As explained at the beginning of 
this section, we are interested in ‘nice’ kernels Ko(x,y) with a control of the form 
|Ko(2,y)| < Cz|x— y|" with a particular interest for k = —n, and similar estimates 
for their derivatives with power —n—1. Hence they should satisfy Condition (A.7). 
They are called Calderén-Zygmund kernels, which we now briefly recall: 


Calderén-Zygmund kernels on R” 


A Calderén-Zygmund kernel on R” is a measurable function «o defined on (R” x 
Ry) \{x = y} satisfying for some y, 0 < y < 1, the inequalities 


IKo(x,y)| < Ala—yl”, 


jz — 2"| jz — y| 
|Ko(ax, y) m Kolt’, y)| < |x = y|rr7 if |x a'| < 2 , 
y-—y y 
|ko(z,y) —Ko(z,y’)| < aww ald if ly = y'| < | l, 
|z — yty 2 


Sometimes the condition of Calderón-Zygmund kernels refers to a smooth 
function Ko defined on (Rý x Rý) {x = y} satisfying 


Va, p AC 2,8 |OF OP Ko ( x ,y)| < Ca,a le pa ge 


For a detailed discussion, the reader is directed to [Ste93, ch. VII]. 
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A Calderén-Zygmund operator on R” is an operator T : S(R”) > S’(R”) 
such that the restriction of its kernel «x to (Rọ x Rọ) {x = y} is a Calderón- 
Zygmund kernel «o. In other words, T : S(R”) —> S’(R") is a Calderén-Zygmund 
operator if there exists a Calderén-Zygmund kernel «o satisfying 


Tia) =f role) idy 


for f € S(R”) with compact support and x € R” outside the support of f. 


The Calderén-Zygmund conditions imply Condition (A.7) for the operator T 
and its formal adjoint T* but they are not sufficient to imply the L?-boundedness 
for which some additional ‘cancellation’ conditions are needed. 


About Condition (A.6). The difficulty with applying the main theorem of singular 
integrals (i.e. Theorem A.4.4) is often to know that the operator is L?-bounded. 
The next section explains the Cotlar-Stein lemma which may help to prove the 
L?-boundedness in many cases. 


A.5 Almost orthogonality 


On R”, a convolution operator (for the usual convolution) is bounded on L?(R”) 
if and only if the Fourier transform of its kernel is bounded. Similar result is 
valid on compact Lie groups, see (2.23), and more generally on any Hausdorff 
locally compact separable group, see the decomposition of group von Neumann 
algebras in the abstract Plancherel theorem in Theorem B.2.32. For operators 
on spaces without readily available Fourier transform or with no control on the 
Fourier transform of its kernel, or for non-convolution operators this becomes more 
complicated (however, see Theorem 2.2.5 for the case of non-invariant operators 
on compact Lie groups). 

Fortunately, the space L? is a Hilbert space and to prove that an operator is 
bounded on L?, it suffices to do the same for TT* (or T*T). The reason that this 
observation is useful in practice is that if T is formally representable by a kernel 
k (see Schwartz kernel theorem, Theorem 1.4.1), then T*T is representable by the 
kernel 


| Faklen) ae 


the latter kernel is often better than « because the integration can have a smooth- 
ing effect and/or can take into account the cancellation properties of «. This 
remark alone does not always suffice to prove the L?-boundedness. Sometimes 
some ‘smart’ decomposition T = }°, Tk of the operator is needed and again the 
properties of a Hilbert space may help. 


The next statement is an easy case of ‘exact’ orthogonality: 
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Proposition A.5.1. Let H be a Hilbert space and let {T,, k E Z} be a sequence of 
linear operators on H. We assume that the operators {Tk} are uniformly bounded: 


JC >0 Vk EZ Tell eon <C, 


and that 
Vi xk 17 Te =0 and T,;T; =0. (A.8) 


Then the series ` peg 7, converges in the strong operator norm topology to an 
operator S satisfying ||S]| 2m) < C. 


Note that (A.8) is equivalent to 
Vj#k  (kerT;)+ L (kerT,)+ and ImT; L ImTj. 


Proof. Let v E€ H and N € N. Since the images of the T}’s are orthogonal, the 
Pythagoras equality implies 


I do Tell? = SO Tol? 


[il< N IJIN 
Denoting by P; the orthogonal projection onto (ker T;)+, we have 
Zell = |T; Pjoll < ClLPoll, 


since IZ; legen < C. Thus 


| do TP so ST ea 


JJI <N IiI <N 


As the kernels of the T;’s are mutually orthogonal, we have 


Yo WP jell? < llell?. 


JIN 


We have obtained that 

I So Zell? < CPllell?, 

lil <N 

for any N € N and v € H. The constant C here is the uniform bound of the 
operator norms of the T};’s and is independent of v or N. The same proof shows that 
the sequence (Xijin T;v) ven is Cauchy when v is in a finite number of (ker T;)~. 
This allows us to define the operator S on the dense subspace } (ker T;)+. Th 
conclusion follows. 


o>) 


In practice, the orthogonality assumption above is rather demanding, and is 
often substituted by a condition of ‘almost’ orthogonality: 
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Theorem A.5.2 (Cotlar-Stein lemma). Let H be a Hilbert space and {T;, k € Z} 
be a sequence of linear operators on H. We assume that we are given a sequence 
of positive constants {Yj }Fo with 


A= 5 Yj < 00. 


j=—oco 
If for any i,j € Z, 
max (|T Tlo ITTE lean) < Vy 


then the series X` pcz Tk converges in the strong operator topology to an operator 
S satisfying ||S|| 2m) < A. 


For the proof of the Cotlar-Stein lemma, see e.g. [Ste93, Ch. VII §2], and for 
its history see Knapp and Stein [KS69]. 


When working on groups, one sometimes has to deal with operators mapping 
the L?-space on the group to the L?-space on its unitary dual. This requires one 
to use the version of Cotlar’s lemma for operators mapping between two different 
Hilbert spaces. In this case, the statement of Theorem A.5.2 still holds, for an 
operator T : H — G, provided we take the operator norms T7*7j and T;T} in 
appropriate spaces. For details, we refer to [RT10a, Theorem 4.14.1]. 


The following crude version of the Cotlar lemma will be also useful to us: 


Proposition A.5.3 (Cotlar-Stein lemma; crude version). Let H be a Hilbert space 
and {T,, k E€ Z} be a sequence of linear operators on H. We assume that 


TT; =0 fis. (A.9) 
We also assume that the operators Tk, k € Z, are uniformly bounded, 


i.e. sup [Till ecu) < OO, (A.10) 
keZ 


and that the following sum is finite 


SIT Tilea < o. (A.11) 
iZi 


Then the series X` pez Tk converges in the strong operator topology to an operator 
S satisfying 


Slay < 2max sup |Tel 200 2 ITET len) 
ižj 
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For the proof of this statement, see [Ste93, Ch. VII §2.3]. 


Remark A.5.4. The condition (A.9) can can be relaxed slightly with the following 
modifications. 
For instance, (A.9) can be replaced with 


T;T; =0 if ij have the same parity. 


(This condition appears often when considering dyadic decomposition.) Indeed, 
applying Proposition A.5.3 to {T2k+1}kez and to {Tək}kez, we obtain that the 
series 50, Tk = >>, Tar +}; T2k+1 converges in the strong operator norm topology 
to an operator S satisfying 


: 1/2 
ISll gan < 21 x 2x max sup [| Tell 4), (2 XO TTo) á 
‘= 


i—je2N 
More generally, (A.9) can be replaced with 
TT; =0 for |i—j|>a, 
where a € N is a fixed positive integer. It suffices to apply Proposition A.5.3 


to each {Tak+b}kez for b = 0,...,a — 1. Then the series X` Tk = J o<b<a Tak+b 
converges in the strong operator norm topology to an operator S satisfying 


P 1/2 
ISllgay <2"? x ax max sup || Tell ec), (2 5 IIT? Tilley) : 
i—j>a 


A.6 Interpolation of analytic families of operators 


Let (M, M, u) and (N,N, v) be measure spaces. We suppose that to each z € C 
in the strip 
S :={zEC : 0<Rez<1}, 

there corresponds a linear operator T, from the space of simple functions in L! (M) 
to measurable functions on N, in such a way that (T.f)g is integrable on N 
whenever f is a simple function in L'(M) and g is a simple function in L1(N). 
(Recall that a simple function is a measurable function which takes only a finite 
number of values.) 

We assume that the family {T; }zes is admissible in the sense that the map- 
ping 

z= l (T. f)g dv 
N 


is analytic in the interior of S, continuous on S$, and there exists a constant a < 7 
such that 


e alm z| In ! 


[ens dv 
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is uniformly bounded from above in the strip S. 


Theorem A.6.1. Let {T;}-cs be an admissible family as above. We assume that 


[Tiy flao < Mo(W)IIfllpo and ||Titiyflla < MWF: 


for all simple functions in L'(M) where 1 < p;,q; < œ, and functions M;(y), 
j = 1,2 are independent of f and satisfy 


sup e™®”l In M; (y) < o, 
yER 


for some b< r. Then if 0 < t< 1, there exists a constant M, such that 


[Tifla < Mell fll. 


for all simple functions f in L'(M), provided that 


Dt Po Pt dt qo n` 


For the proof of this theorem, we refer e.g. to [SW71, ch. V 84]. 
Remark A.6.2. The following remarks are useful. 


e The constant M: depends only on t and on a,b, Mo(y), Mi(y), but not on T. 


e From the proof, it appears that, if N = M = R” is endowed with the usual 
Borel structure and the Lebesgue measures, one can require the assumptions 
and the conclusion to be on simple functions f with compact support. 


We also refer to Definition 6.4.17 for the notion of the complex interpolation 
(which requires stronger estimates). 
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Appendix B 


Group C* and von Neumann 
algebras 


In this chapter we make a short review of the machinery related to group von 
Neumann algebras that will be useful for setting up the Fourier analysis in other 
parts of book, in particular in Section 1.8.2. We try to make a short and concise 
presentation of notions and ideas without proofs trying to make the presentation 
as informal as possible. All the material presented in this chapter is well known 
but is often scattered over the literature in different languages and with different 
notation. Here we collect what is necessary for us giving references along the 
exposition. The final aim of this chapter is to introduce the notion of the von 
Neumann algebra of the group (or the group von Neumann algebra) and describe 
its main properties. 


B.1 Direct integral of Hilbert spaces 


We start by describing direct integrals of Hilbert spaces. For more details and 
overall proofs we can refer to more classical literature such as Bruhat [Bru68] or 
to more modern exposition of Folland [Fol95, p. 219]. 


B.1.1 Convention: Hilbert spaces are assumed separable 


All the Hilbert spaces considered in this chapter are separable, unless stated oth- 
erwise. Let us recall the definition and some properties of separable spaces. 


Definition B.1.1. A topological space is separable if its topology admits a countable 
basis of neighbourhoods. 


When a topological space is metrisable, being separable is equivalent to hav- 
ing a (countable) sequence which is dense in the space. 
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Moreover, a separable Hilbert space of infinite dimension is unitarily equiv- 
alent to the Hilbert space of square integrable complex sequences: that is, to 


€(No) = {(23)jeno >, ltl? < œ}. 


j=0 


Naturally a separable Hilbert space of finite dimension n is unitarily equivalent to 
Ce 

We can refer e.g. to Rudin [Rud91] for different topological implications of 
the separability. 


B.1.2 Measurable fields of vectors 


Here we recall the definitions of measurable fields of Hilbert spaces, of vectors and 
of operators. 


Definition B.1.2. Let Z be a set and let (Hc)cez is a family of vector spaces (on the 
same field) indexed by Z. Then Į [ ez Hç denotes the direct product of (H¢)cez, 
that is, the set of all tuples v = es with v(¢) € He for each Ç € Z. It 
is naturally endowed with a structure of a vector space with addition and scalar 
multiplication being performed componentwise. 

An element of Iez He, that is, a tuple v = (v(¢))cez, may be called a field 
of vectors parametrised by Z, or, when no confusion is possible, a vector field. 


We will use this definition for a measurable space Z. In practice, for the set T 
in the following definition, we may also choose I C Ike z HZ in view of Garding’s 
theorem (see Proposition 1.7.7). 


Definition B.1.3. Let Z be a measurable space and p a positive sigma-finite mea- 
sure on Z. A -measurable field of Hilbert spaces over Z is a pair E = ((He)cez, T) 
where (H¢)cez is a family of (separable) Hilbert spaces indexed by Z and where 
T C []cez He satisfies the following conditions: 


(i) T is a vector subspace of [[¢ez He; 


(ii) there exists a sequence (a¢)een of elements of IF such that for every ¢ € Z, 
the sequence (xe(Ç))een spans He (in the sense that the subspace formed by 
the finite linear combination of the x¢(¢), £ € N, is dense in He); 


(iii) for every x €T, the function ¢ + ||7(¢)||z, is u-measurable; 
(iv) if x € [[¢ez He is such that for every y €I, the function 


Z Ç (2(C), yle) ue 


is measurable, then xv € I. 
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Under these conditions, the elements of I are called the measurable vector 
fields of €. We always identify two vector fields which are equal almost everywhere. 
This means that we identify two elements x and x’ of IT when, for every y € I, 
the two mappings 


Zar (EC) y(u and Z3 (2'(6),y(C) me 


can be identified as measurable functions. 
A vector field x is square integrable if x € T and f, Iz) Il3.. du(¢) < oo. One 
may write then 
® 
v= f OWO: 
The set of square integrable vector fields form a (possibly non-separable) 
Hilbert space denoted by 


[S>] 
H= f Heaul, 


and called the direct integral of the Hc. The inner product is given via 
® 
(u= | WOWONI, ay eH. 


B.1.3 Direct integral of tensor products of Hilbert spaces 


After a brief recollection of the definitions of tensor products, we will be able to 
analyse the direct integral of tensor products of Hilbert spaces, as well as their 
decomposable operators. 


Definition of tensor products 


Here we define firstly the algebraic tensor product of two vector spaces, and sec- 
ondly the tensor products of Hilbert spaces. 


Definition B.1.4. Let V and W be two complex vector spaces. 

The free space generated by V and W is the vector space F(V x W) linearly 
spanned by V x W, that is, the space of finite C-linear combinations of elements 
of V xW. 

The algebraic tensor product of V and W is the quotient of F(V x W) by its 
subspace generated by the following elements 


(v1, w) T (v2, w) a (vi + U2, w), (v, w1) oF (v, w2) = (v, wy + w2), 
c(v, w) _ (cv, w), c(v, w) _ (v, cw), 
where v, v1, V2 are arbitrary elements of V, w, w1, w2 are arbitrary elements of W, 
and c is an arbitrary complex number. 


The equivalence class of an element (v, w) € V x W C F(V x W) is denoted 
vE w. 
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The algebraic tensor product of V and W is naturally a complex vector space 
which we will denote in this monograph by 


alg 


V ® W. 


The algebraic tensor product has the following universal property (which 
may be given as an alternate definition): 


Proposition B.1.5 (Universal property). Let V, W and X be (complex) vector 
spaces and let Y : V x W > X be a bilinear mapping. Then there exists a unique 


a al 
map U:V SWX such that 
W=Wonr 


al 
where: V xW >V S W is the map defined by r(v,w) = v 8 w. 


More can be said when the complex vector spaces are also Hilbert spaces. 
Indeed one checks easily: 
Lemma B.1.6. Let Hı and Hz be Hilbert spaces. Then the mapping defined on 
alg 
Hı © Ho via 


(u1 & v1, U2 @ v2) = (u1, u2)(v1, V2), u1, u2 E Hy, v1, v2 E He, 


alg 
is a complex inner product on Hı Q Ho. 


l 
This shows that Hı © Hy is a pre-Hilbert space. 
Definition B.1.7. The tensor product of the Hilbert spaces Hı and Ho is the com- 


al 
pletion of Hı rt Hə for the natural sesquilinear form from Lemma B.1.6. It is 
denoted by Hı Q Ho. 


Naturally we have the universal property of tensor products of Hilbert spaces: 


Proposition B.1.8 (Universal property). Let Hı, H2 and H be Hilbert spaces and 
let Y : Hı x H2 > H be a continuous bilinear mapping. Then there exists a unique 
continuous map Y : Hı Q Ha > H such that 


W=WVor 


where T : Hı x H2 > Hı Q Ho is the map defined by n(v, w) = v 8 w. 


Tensor products of Hilbert spaces as Hilbert-Schmidt spaces 


The tensor product of two Hilbert spaces may be identified with a space of Hilbert 
Schmidt operators in the following way. To any vector w € H2, we associate the 
continuous linear form on Ho 


* 


we : v — (v, w)Ha. 
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Conversely any element of H3, that is, any continuous linear form on Ha, is of this 
form. To any u € Hı and v € H2, we associate the rank-one operator 


aw: { H3 — H 


we > w*(v)u 

Lemma B.1.9. With the notation above, the continuous bilinear mapping 

W: Hı x H2 > HS(H3, H1) 
extends to an isometric isomorphism of Hilbert spaces 

WU : Hı Q He > HS(H3, H1). 
Moreover, if Tı € L (Hı) and To E Z (H2), then the operator Tı Tz defined via 

(Tı 8 To)(v1 Q ve) := (Tıvı) Q (Tova), vı E Hi, v2 © Ho, 

is in Z (Hı Q H2) and corresponds to the bounded operator 


HS(H3, Hı) = HS(H3, Hı) 


_ eh. 
‘ie d A —> TAT; 


Recall that the scalar product of HS(H3,H1) is given by 
(Tı, To)us(H3 Ha) = SGA, To fj) 
J 

where (f¥)jen is any orthonormal basis of H3. 

Proof. By Proposition B.1.8, W leads to a continuous linear mapping Uw: H18 
H2 — HS(H3, Hı). The image of Y contains the rank-one operators, thus all 
the finite ranked operators which form a dense subset of HS(H3, Hı). Thus W is 
surjective. 


If (fj) jen is an orthonormal basis of H3, we can compute easily the scalar 
product between Was, and Pago: 


(Was ? Vaus,va us(H3, Ha) = N Was Fio Wus,v9 fF ay 
j 
= SCF} (v)u, F} (v2)u2Jm, = (ur, u2): X fF (01) 
j J 


= (ur, U2), X (v1, fj) (2, fi) = (ur, u2): (01, v2)H2- 


j 


FF (v2) 


This implies that the mapping Ý : Hı @ Ho > HS(H3, Hı) is an isometry. 
For the last part of the statement, one checks easily that 


(T1 Vu »T2)(w*) =w* (Tov) Tiu, 


concluding the proof. 
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Let us apply this to Hı = H and H2 = H*. 


Corollary B.1.10. Let H be a Hilbert space. The Hilbert space given by the tensor 
product H ® H* of Hilbert spaces is isomorphic to HS(H) via 


u Dv* 4> Vyy, Vury(w) = (w,v)yqu. 


Via this isomorphism, the bounded operator Ti ® T where Ti, To E Z(H), 
corresponds to the bounded operator 


Direct integral of tensor products of Hilbert spaces 
Let u be a positive sigma-finite measure on a measurable space Z and € = 
((He)cez,T) a pi-measurable field of Hilbert spaces over Z. Then 

E8 = ((He & He)cez, T®@ T*) 


is a u-measurable field of Hilbert spaces over Z. 
Identifying each tensor product Hc ® Hž with HS(H¢), see Corollary B.1.10, 
we may write 


[S>] [S>] 
J nondo f asmone 
Z Z 


Furthermore if x € i He 8 Hedu(C) then 
Izl? = i laser) 


B.1.4 Separability of a direct integral of Hilbert spaces 


In this chapter, we are always concerned with separable Hilbert spaces (see Section 
B.1.1). A sufficient condition to ensure the separability of a direct integral is that 
the measured space is standard (the definition of this notion is recalled below): 


Proposition B.1.11. Keeping the setting of Definition B.1.8, if (Z, u) is a standard 
space, then i Hedu(¢) is a separable Hilbert space. 


For the proof we refer to Dixmier [Dix96, §II.1.6]. 


Definition B.1.12. A measurable space Z is a standard Borel space if Z is a Polish 
space (i.e. a separable complete metrisable topological space) and the considered 
sigma-algebra is the Borel sigma-algebra of Z (i.e. the smallest sigma-algebra 
containing the open sets of Z). 
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These Borel spaces have a simple classification: they are isomorphic (as Borel 
spaces) either to a (finite or infinite) countable set, or to [0, 1]. For these and other 
details see, for instance, Kechris [Kec95, Chapter II, Theorem 15.6] and its proof. 


Definition B.1.13. A positive measure u on a measure space Z is a standard mea- 
sure if u is sigma-finite, (i.e. there exists a sequence of mutually disjoint measurable 
sets Y1, Yo,... such that (Yj) < oo and Z = Y1 UY2U...) and there exists a null 
set E such that Z\E is a standard Borel space. 


In this monograph, we consider only the setting described in Proposition 
B.2.24 which is standard. 


B.1.5 Measurable fields of operators 


Let Z be a measurable space and u a positive sigma-finite measure on Z. The 
main application for our analysis of these constructions will be in Section 1.8.3 
dealing with measurable fields of operators over G. 


Definition B.1.14. Let E = ((Hc)cez, T) be a -measurable field of Hilbert spaces 
over Z. A p-measurable field of operators over Z is a collection of operators 
(T(¢))cez such that T(¢) € Z (Hc) and for any x €T, the field (T(¢)x(¢))cez is 
measurable. If furthermore the function Ç > ||T'(¢)||_y(q1,) is u-essentially bounded, 
then the field of operators (T'(¢))cez is essentially bounded. 


Let us continue with the notation of Definition B.1.14. Let (T(¢))cez be an 
essentially bounded field of operators. Then we can define the operator T on the 
Hilbert space H = eg Hedu(¢) via (T'x)(¢) := T(¢)x(¢). Clearly the operator T 
is linear and bounded. It is often denoted by 


[$>] 
T= f T (d(C). 


Naturally two fields of operators which are equal up to a p-negligible set yield 
the same operator on H and may be identified. Furthermore the operator norm of 
T € Z(H) is 
IT len = sup [TO l2.) 
EZ 
where sup denotes here the essential supremum with respect to p. 


Definition B.1.15. An operator on H as above, that is, obtained via 


[S>] 
T= f T(Cdu(é) 


where (T'(¢))cez is an essentially bounded field of operators, is said to be decom- 
posable. 


The set of decomposable operators form a subspace of -Z (H) stable by com- 
position and taking the adjoint. 
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B.1.6 Integral of representations 


In the following definition, u is a positive sigma-finite measure on a measurable 
space Z, A is a separable C*-algebra, and G is a (Hausdorff) locally compact 
separable group. For further details on the constructions of this section we refer 
to Dixmier [Dix77, §8]. For the definition of representations of C*-algebras see 
Definition B.2.16. 


Definition B.1.16. Let E = ((He)cez, T) be a p-measurable field of Hilbert spaces 
over Z. A -measurable field of representations of A, resp. G, is a ji-measurable 
field of operator (T(¢))cez (see Definition B.1.14) such that for each ¢ € Z, 
T(¢) = 7c is a representation of A, resp. a unitary continuous representation of 
G, in He. 


In this case, for each x € G, we can define the operator 


® ® 
n(x) =f Te(a)du(¢) acting on ten f Hedu(¢). 


One checks easily that this yields a representation m of A, resp. a unitary contin- 
uous representation of G, on H denoted by 


r= ET 


often called the integral of the representations (m¢)cez. 


The following technical properties give sufficient conditions for two integrals 
of representations to yield equivalent representations. Again A is a separable C*- 
algebra and G a (Hausdorff) locally compact separable group. 


Proposition B.1.17. Let pı and uo be two positive sigma-finite measures on mea- 
surable spaces Zı and Zz respectively. For j = 1,2, let Ej = (HE )c,ez,,T 4) be 
a jt;-measurable field of Hilbert spaces over Zj and let (ne?) be a measurable field 
of representations of A, resp. of unitary continuous representations of G. 

We assume that uı and u2 are standard. We also assume that there exist a 
Borel p4-negligible part Ey C Z,, a Borel p2-negligible part E2 C Zz and a Borel 
isomorphism n : Zı\Eı > Zo\E2 which transforms pı to u2 and such that a) 


Qı 
and R are equivalent for any Cı E€ Zı\Eı. Then there exists a unitary mapping 


from H® := p HP du (G) onto H) := L HÊ dpa (Ca) which intertwines the 
representations of A, resp. the unitary continuous representations of G, 


® ® 
nO) = my dum (1) and 7?) = | me) dia (C2). 
Zı 
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B.2 C*- and von Neumann algebras 


The main reference for this section are Dixmier’s books [Dix81, Dix77], Arveson 
[Arv76] or Blackadar [Bla06]. For a more basic introduction to C*-algebras and 
elements of the Gelfand theory see also Ruzhansky and Turunen [RT10a, Chapter 
Dj. 


B.2.1 Generalities on algebras 


Here we recall the definitions of an algebra, together with its possible additional 
structures (involution, norm) and sets usually associated with it (spectrum, bi- 
commutant). 


Algebra 


Let us start with the definition of an algebra over a field. 
Let A be a vector space over a field K equipped with an additional binary 
operation 
AxA — A, 
(x,y) > a@-y. 


It is an algebra over K when the binary operation (then often called the product) 
satisfies: 


e left distributivity: (2 +y)-z=a-z+y-2 for any x,y,z E€ A, 
e right distributivity: z - (x +y) =z- x + z -y for any z,y,z€ A, 


e compatibility with scalars: (ax) - (by) = (ab)(x - y) for any z,y € A and 
a,bE K. 


The algebra A is said to be unital when there exists a unit, that is, an element 
1 € A such that x -1 = 1.x = x for every x € A. 


A subspace Y C A is a sub-algebra of A whenever yi - y2 € V for any 
Y1; Y2 E yV. 
Commutant and bi-commutant 
We will need the notion of commutant: 


Definition B.2.1. Let M be a subset of the algebra A. The commutant of M is 
the set denoted by M’ of the elements which commute with all the elements of 
M, that is, 

M :={£x E€ A : rm=me forall m € M}. 


The bi-commutant of M is the commutant of the commutant of M, that is, 


M” := (M'Y. 
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Keeping the notation of Definition B.2.1, one checks easily that a commutant 
M’ is a sub-algebra of A. It contains the unit if A is unital. Furthermore, in any 
case, M C M”. 


Involution and norms 
We consider now algebras endowed with an involution: 


Definition B.2.2. Let A be an algebra over the complex numbers C. It is called an 
involutive algebra or a x-algebra when there exists a map * : A —> A which is 


e sesquilinear (that is, (ax + by)* = ax* + by” for every x,y € A and a,b € C), 
e involutive (that is, (x*)* = x for every x € A). 


In this case, x* may be called the adjoint of x € A. An element x € A is hermitian 
if c* = z. An element x € Ais unitary if rx* = z*z = 1. 


Example B.2.3. Let A be a x-algebra. If M is a subset of A stable under the 
involution (that is, m* € M for every m € M), then its commutant M’ is a 
*-subalgebra of A. 


Definition B.2.4. A normed involutive algebra is an involutive algebra A endowed 
with a norm ||- || such that 
Ila" |] = [lal 


for each x € A. If, in addition, A is ||- ||-complete, then A is called an involutive 
Banach algebra. 


The notions of (involutive, normed involutive / involutive Banach) sub- 
algebra and morphism between (involutive / normed involutive / involutive Ba- 
nach) algebras follow naturally. Furthermore if A is a (involutive / normed involu- 
tive / involutive Banach) non unital algebra, then there exists a unique (involutive 
/ normed involutive / involutive Banach) unital algebra A = A®C1, up to isomor- 
phism, which contains A as a (involutive, normed involutive / involutive Banach) 
sub-algebra. 


Examples 


Example B.2.5. The complex field A = C is naturally a unital commutative invo- 
lutive Banach algebra. 


Example B.2.6. Let X be a locally compact space and let A = C,(X) be the space 
of continuous functions f : X — C vanishing at infinity, that is, for every e€ > 0, 
there exists a compact neighbourhood out of which |f| < e. Then A is a commu- 
tative involutive Banach algebra when endowed with pointwise multiplication and 
involution f +> f. When X is a singleton, this reduces to Example B.2.5. 
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Example B.2.7. If 7 is a positive measure on a measurable space X and if A is the 
space of 7-essentially bounded functions f : X — C, that is, A = L° (X, n), then A 
is a unital commutative involutive Banach algebra when endowed with pointwise 


multiplication and involution f +> f. When X is a singleton, this reduces to 
Example B.2.5. 


Recall that all the Hilbert spaces we consider are separable. 


Example B.2.8. The space Z(H) of continuous linear operators on a Hilbert space 
H is naturally a unital involutive Banach algebra for the usual structure. This 
means that the product is given by the composition of operators (A, B) +> AB, 
the involution by the adjoint and the norm by the operator norm. The unit is the 
identity mapping Iy =I: v > v. 


Example B.2.9. If G is a locally compact (Hausdorff) group which is unimodular, 
then L! (G) is naturally an involutive Banach algebra where the product is given 
by the convolution and the involution f +> f* by f*(x) = f(t). If G is separable 
then L'(G) is separable. 


Example B.2.9 can be generalised to locally compact groups which are not 
necessarily unimodular. First, let us recall the following definitions: 


Definition B.2.10. Let G be a locally compact (Hausdorff) group. Let us fix a left 
Haar measure dx. We also denote by || the volume of a Borel set for this measure. 
Then there exists a unique function A such that 


|Ex| = A(x)|E| 


for any Borel set E and x € G. It is called the modular function of G and is 
independent of the chosen left Haar measure. It is a group homomorphism G —> 
(Rt, x). 

If the modular function is constant then A = 1 and G is said to be unimod- 
ular. 


Remark B.2.11. Any Lie group is a separable locally compact (Hausdorff) group. 
Any compact (Hausdorff) group is necessarily a locally compact (Hausdorff) group 
and it is also unimodular. Any abelian locally compact (Hausdorff) group is uni- 
modular. Any nilpotent or semi-simple Lie group is unimodular. 


Example B.2.12. If G is a locally compact (Hausdorff) group then L1(G) is natu- 
rally an involutive Banach algebra often called the group algebra. The product is 
given by the convolution and the involution f > f* by 


f(a) = FETA), 


where A is the modular function (see Definition B.2.10). 
The space M (G) of complex measures on G is also naturally an involutive 
Banach algebra and L1(G) may be viewed as a closed involutive sub-algebra. The 
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algebra M(G) always admits the Dirac measure 6, at the neutral element of the 
group as unit. 

Note that L1(G) is unital if and only if G is discrete and in this case L1(G) = 
M(G). 


B.2.2 C*-algebras 


In this subsection we briefly review the notion of C*-algebra and its main prop- 
erties. We can refer to Ruzhansky and Turunen [RT10a, Chapter D] for a longer 
exposition. 


Definition B.2.13. A C*-algebra is an involutive Banach algebra A such that 
lz? = |]a*ar| 


for every x € A. 
Example B.2.14. Examples B.2.5, B.2.6, B.2.7, and B.2.8 are C*-algebras. 


Remark B.2.15. 1. If we choose a Hilbert space H of finite dimension n in Ex- 
ample B.2.8, the Banach algebra Z(H) ~ 2(C”) ~ C”*" is a C*-algebra 
if endowed with the operator norm, but is not a C*-algebra when equipped 
with the Euclidean norm of C” for instance. 


2. Example B.2.6 is fundamental in the sense that one can show that any com- 
mutative C*-algebra A is isomorphic to C,(X), where X is the spectrum of 
A, that is, the set of non-zero complex homomorphisms with its usual topol- 
ogy. Moreover the isomorphism often called the Gelfand-Fourier transform is 
*-isometric. For further details see e.g. Rudin [Rud91] but with a different 
vocabulary. 


3. In the non-commutative setting, the previous point may be generalised via 
the Gelfand-Naimark theorem: this theorem states that any C*-algebra is 
*-isometric to a closed sub-*-algebra of “(H) for a suitable Hilbert space H. 
Note that Example B.2.8 give the precise structure of Z(H) and shows that 
a closed sub-*-algebra of -2 (H) is indeed a C*-algebra. The proof is based on 
the Gelfand-Naimark-Segal construction, see e.g. Arveson [Arv76] for more 
precise statements. 


The general definition of the spectrum of a (not necessarily commutative) 
C* algebra is more involved than in the commutative case (Remark B.2.15 (2)): 


Definition B.2.16 (Representations of C*-algebras). Let A be a C*-algebra. 


A representation of A is a continuous mapping A —> -Z (H) for some Hilbert 
space H, this mapping being a homomorphism of involutive algebras. Two repre- 
sentations 7; : A > Z (H;i), j =1,2, of A, are unitarily equivalent if there exists 
a unitary operator U : Hı —> Hə such that Um)(x) = m2(x)U for every x € A. A 
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representation 7: A — Z(H) is irreducible if the only subspaces of H which are 
invariant under 7, that is, under every m(x), x € A, are trivial: {0} and H. 


The dual (or spectrum) of A is the set of unitary irreducible representations 
of A modulo unitary equivalence. It is denoted by A. 


Remark B.2.17. The dual of a C*-algebra is equipped with the hull-kernel topology 
due to Jacobson, and, if it is separable, with a structure of measurable space due 
to Mackey, see Dixmier [Dix77, §3]. 


B.2.3 Group C*-algebras 


In general, the group algebra of a locally compact (Hausdorff) group G, that is, 
the involutive Banach algebra L1(G) in Example B.2.12, is not a O* algebra (see 
Remark B.2.26 below). The group C* algebra is the C*-enveloping algebra of 
L! (G), meaning that it is a ‘small’ C* algebra containing L(G) and built in the 
following way. 


First, let us mention that many authors, for instance Jacques Dixmier, prefer 
to use for the Fourier transform 


mhz | n(x) f(a)dx, f ELO), (B.1) 


instead of 7( f) defined via 


TE Í n(a)*f(a)de, f ELIG), (B.2) 


which we adopt in this monograph, starting from (1.2), see Remark 1.1.4 for the 
explanation of this choice. 

An advantage of using 7g would be that it yields a morphism of involutive 
Banach algebras from L'(G) to (Hr) as one checks readily: 


Lemma B.2.18. Let m be a unitary continuous representation of G. Then To is a 
(non-degenerate) representation of the involutive Banach algebra L1(G): 


VigEL(G)  rol(f*g)=no(f)ra(9), Tolf =79(f*), 
and 
lra flem) < If lieve): 


For the proof, see Dixmier [Dix77, Proposition 13.3.1]. 
The choice of the Fourier transform in (B.2) made throughout this mono- 
graph, yields in contrast 


Yf gEL'(G) m(f*g)=n(9)n(f) 
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and still 

mf) =r) Plea) < Ifllow@- 
The main advantage of our choice of Fourier transform is the fact that the Fourier 
transform of left-invariant operators will act on the left, as is customary in har- 


monic analysis, see our presentation of the abstract Plancherel theorem in Section 
1.8.2. 


Definition B.2.19. On L! (G), we can define ||- ||, via 


IFI = sup Iro (Pleon FE L! (G), 


where the supremum runs over all continuous unitary irreducible representations 
t of the group G. 


One checks easily that ||- ||, is a seminorm on L1(G) which satisfies 


One can show that it is in fact also a norm on L1(G), see Dixmier [Dix77, §13.9.1]. 


Definition B.2.20. The group C*-algebra is the Banach space obtained by comple- 
tion of L'(G) for the norm ||- ||». It is often denoted by C*(G). 


Remark B.2.21. Choosing the definition of || - ||. using 7p as above or using our 
usual Fourier transform leads to the same C*-algebra of the group. Indeed one 
checks easily that the adjoint of the operator 7(f) acting on Hy is tg(f): 


m(f)=nal(f)* =nal(f*) and alen) = llta(Mll goat.) (B.3) 
for all f € L'(G). 


Naturally C*(G) is a C*-algebra and there are natural one-to-one corre- 
spondences between the representation theories of the group G, of the involutive 
Banach algebra L'(G), and of the C*-algebra C*(G) in the following sense: 


Lemma B.2.22. If 7 is a continuous unitary representation of G, then f œ> tolf) 
defined via (B.1) is a non-degenerate *-representation of L'(G) which extends 
naturally to C*(G). Conversely any non-degenerate *-representation of L'(G) or 
C*(G) arise in this way. 
Hence 
ISl = sup lalea ELO, 


where the supremum runs over all representations m of the involutive Banach al- 
gebra L! (G) or over all representations n of the C*-algebra C*(G). 
For the proof see Dixmier [Dix77, §13.3.5 and §13.9.1]. 


Definition B.2.23. The dual of the group G is the set G of (continuous) irreducible 
unitary representations of G modulo equivalence, see (1.1). 
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Given the correspondence explained in Lemma B.2.22, G can be identified 
with the dual of C*(G) and inherit the structure that may occur on (G), see 
Remark B.2.17. a 

In particular, G inherits a topology, called the Fell topology, corresponding 
to the hull-kernel (Jacobson) topology on C*(G), see e.g. Folland [Fol95, §7.2], 
Dixmier [Dix77, §18.1 and §3]. If G is separable, then C*(G) is separable, see 
[Dix77, §13.9.2], and G also inherits the Mackey structure of measurable space. 


Proposition B.2.24. Let G be a separable locally compact group of type I. Then its 
dual G is a standard Borel space. Moreover the Mackey structure coincides with 
the sigma-algebra associated with the Fell topology. 


For the definition of groups of type I, see Dixmier [Dix77, §13.9.4] or Folland 
[Fol95, §7.2]. See also hypothesis (H) in Section 1.8.2 for a relevant discussion. For 
the definition of the Plancherel measure, see (1.28), as well as Dixmier [Dix77, 
Definition 8.8.3] or Folland [Fol95, §7.5]. 


References for the proof of Proposition B.2.24. As G is of type I and separable, 
its group C*-algebra C*(G) is of type I, postliminar and separable, see Dixmier 
[Dix77, $13.9]. Hence the Mackey Borel structure on the spectrum of this C*- 
algebra (cf. [Dix77, §3.8]) is a standard Borel space by Dixmier [Dix77, Proposition 
4.6.1]. 


Reduced group C*-algebra 


Although we do not use the following in this monograph, let us mention that one 
can also define another ‘small’ C* algebra which contains L(G). 


Let us recall that the left regular representation mz is defined on the group 
via 
m(x)$(y) = o(a"y), x,y €G, ge L*(G). (B.4) 
This leads to the representation of L! (G) given by 


(ri)alfo= | flem(ajode= | f2)o(e)de= fed, (B5) 
G G 
which may be extended onto the closure (7,)p(L1(G)) of (7L)p(L1(G)) for the 
operator norm, see Lemma B.2.22. This closure is naturally a C*-algebra, often 
called the reduced C*-algebra of the group and denoted by C*(G). Equivalently, 
C*(G) may be realised as the closure of L!(G') for the norm given by 


lfe; = Iara Alega) = {lf * lee, ¢ € L(G) with lell: = 1}. 


The ‘full’ and reduced C* algebras of a group may be different. When they are 
equal, that is, C* (G) = C*(G), then the group G is said to be amenable. Amenabil- 
ity can be described in many other ways. The advantage of considering the ‘full’ 
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C*-algebra of a group is the one-to-one correspondence between the representa- 
tions theories of G, L1(G), and C*(G). 


The groups considered in this monograph, that is, compact groups and nilpo- 
tent Lie groups, are amenable. 


Pontryagin duality 


Although we do not use it in this monograph, let us recall briefly the Pontryagin 
duality, as this may be viewed as one of the historical motivation to develop the 
theory of (noncommutative) C*-algebras. 

The case of a locally compact (Hausdorff) abelian (= commutative) group 
G is described by the Pontryagin duality, see Section 1.1. In this case, the group 
algebra L'(G) (see Example B.2.9) is an abelian involutive Banach algebra. Its 
spectrum G may be identified with the set of the continuous characters of G and 
is naturally equipped with the structure of a locally compact (Hausdorff) abelian 
group. The group G is amenable, that is, the full and reduced group C*-algebras 
coincide: C*(G) = C*(G). Moreover, the Fourier-Gelfand transform (see Remark 


B.2.15 (2)) extends into an isometry of C*-algebra from C*(G) onto C,(G). 


Example B.2.25. In the particular example of the abelian group G = R”, the dual 
G may also be identified with R” and the Fourier-Gelfand transform in this case 
is the (usual) Euclidean Fourier transform Fp». 


The group C*-algebra C*(R”) = C*(R”) may be viewed as a subspace of 
S'(R”) which contains L! (R”). Recall that, by the Riemann-Lebesgue Theorem 
(see e.g. [RT10a, Theorem 1.1.8]), the Euclidean Fourier transform Fig» maps 
L! (R”) to C,(R”), and one can show that 


C*(R") = FC, (R”). 


Remark B.2.26. Note that the inclusion Fgn(L1(R")) C C,(R") is strict. Indeed 
for n > 1, the kernel of the Bochner Riesz means Fg, {4/1 — |€|?1je,<1} is not in 
L1(R") but its Fourier transform is in C,(R"). For n = 1, see e.g. Stein and Weiss 
[SW71, Ch 1, §4.1]. 


B.2.4 Von Neumann algebras 
Let us recall the von Neumann bi-commutant theorem: 


Theorem B.2.27. Let Z(H) be the space of continuous linear operators on a Hilbert 
space H with its natural structure (see Example B.2.8). Let M be a *-subalgebra 
of Z(H) containing the identity mapping I. Then the following are equivalent: 


(i) M is equal to its bi-commutant (in the sense of Definition B.2.1): 


M = M". 
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(it) M is closed in the weak-operator topology, i.e. the topology given by the family 
of seminorms {T +> (Tv, w), v,w E H}. 


(itt) M is closed in the strong-operator topology, i.e. the topology on Z(H) given 
by the family of seminorms {T > ||Tully, v E H}. 


This leads to the notion of a von Neumann algebra where we take the above 
equivalent properties as its definition: 


Definition B.2.28. We keep the notation of Theorem B.2.27. A von Neumann 
algebra in H is a *-subalgebra M of Z(H) which satisfies any of the equivalent 
properties (i), (ii), or (iii) in Theorem B.2.27. 


Note that the operator-norm topology on -X (H) is stronger than the strong- 
operator topology, which in turn is stronger than the weak-operator topology. Thus 
a von Neumann algebra in H is a *-subalgebra of (H) closed for the operator- 
norm topology, hence is a C*-subalgebra of -Z (H) and a C*-algebra itself. Among 
C*-algebras, the von Neumann algebras are the C*-algebras which are realised 
as a closed *-subalgebra of Z(H) and furthermore satisfy any of the equivalent 
properties (i), (ii), or (iii) in Theorem B.2.27. 

It is also possible to define the von Neumann algebras abstractly as the C*- 
algebras having a predual, see e.g. Sakai [Sak98}. 


Example B.2.29. Naturally -Z (H) and CIy are von Neumann algebras in H. 


Example B.2.30. If 7 is a positive and sigma-finite measure on a locally compact 
space X, then A = L©(X,7) is a commutative unital C*-algebra (see Example 
B.2.7). The operator of pointwise multiplication 


L®(X,n) 3 f> Tj € L(L*(X,u)), Tio) = fo, 


is an isometric (x-algebra) morphism. This yields a C*-algebra isomorphism from 
A = L®(X,7) onto an abelian von Neumann algebra acting on the separable 
Hilbert space L?(X, p). 

Conversely any abelian von Neumann algebra on a separable Hilbert space 
may be realised in the way described in Example B.2.30, see Dixmier [Dix96, 
81.7.3]. 

The main example of von Neumann algebras of interest for us is the one 
associated with a group. This is explained in the next subsection. 


B.2.5 Group von Neumann algebra 


In this section we follow Dixmier [Dix77, $13]. The main application of these con- 
structions are in Section 1.8.2, see Definition 1.8.7 and the subsequent discussion. 


Now, first let us define the (isomorphic) left and right von Neumann algebras 
of a (Hausdorff) locally compact group G. 
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The left, resp. right, von Neumann algebra of G is the von Neumann alge- 
bra VN;(G), resp. VNr(G), in L?(G) generated by the left, resp. right, regular 
representation. This means that VNz,(G) is the smallest von Neumann algebra 
containing all the operators r(x), x € G, where rz is defined in (B.4), i.e. 


mr(x)b(y) := (ay), x,y EG, $E L(G). 


Let us recall that the right regular representation mpr is given by 
1 
tR(x)O(y) = A(z)? (yz). 


Here A denotes the modular function (see Definition B.2.10). 
One checks easily that the isomorphism U of L? (G) given by 


Udy) =Aly)2oy"'), EG), yEG, 
intertwines my and Tp: 
VaeG Uny(x) = tR(x)U. 


Thus one is sometimes allowed to speak of ‘the regular representation’ and ‘the 
group von Neumann algebra’. However, in this subsection, we will keep making 
the distinction between left and right regular representations. 


Let us assume that the group G is also separable. In this case, the group von 
Neumann algebra can be described further. 

Clearly VNz (G), resp. VNr(G), is the smallest von Neumann algebra con- 
taining all the operators (7z)a(f), f € Cc(G), resp. (tr) a(f), f € Cc(G), see 
[Dix77, §13.10.2]. Here C.(G) denotes the space of continuous functions with com- 
pact support on G. For the definitions of (7,)g(f) and (7R)g, see (B.5) and (B.1). 
This easily implies that VNz (G), resp. VNr(G), is the smallest von Neumann al- 
gebra containing all the operators (7,)g(f), resp. (tr) a(f), where f runs over 
L! (G) or C*(G). 


Applying the commutation theorem (cf. Dixmier [Dix96, Ch 1, §5.2]) to the 
quasi-Hilbertian algebra C.(G) ([Eym72, p. 210]) we see that 
VN_,(G) =(VNpR(G))’ and VNR(G) = (VNz(G))’. 
See Definition B.2.1 for the definition of the commutant. This implies 


Proposition B.2.31. The group von Neumann algebra coincides with the invariant 
bounded operators in the following sense: 
e VN_(G) is the space Yp(L?(G)) of operators in L(L?(G)) which commute 
with tr(x), for alla € G, 


e VNR(G) is the space L, (L?(G)) of operators in Y(L?(G)) which commute 
with my (x), for alla € G: 
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VNi(G) = -Ze(L*(G)) and VNR(G) = 21(L7(G)). 


Denoting by J the involutive anti-automorphism on L?(G) given by 
I(g)(a) = Ga") A@)?, gE L(G), EG, 
we also have 
J VNL(G) J=VNR(G) and J VNR(G) J = VNL(G). 


Under our hypotheses, it is possible to describe the group von Neumann 
algebra as a space of convolution operators, see Eymard [Eym72, Theorem 3.10 
and Proposition 3.27]. In the special case of Lie groups, this is a consequence of 
the Schwartz kernel theorem, see Corollary 3.2.1 and its right-invariant version. 


B.2.6 Decomposition of group von Neumann algebras and abstract 
Plancherel theorem 


The full abstract version of the Plancherel theorem allows us to decompose not 
only the Hilbert space L?(G) (thus obtaining the Plancherel formula) but also the 
operators in VNr(G) and VN; (G): 


Theorem B.2.32 (Plancherel theorem). We assume that the (Hausdorff locally 
compact separable) group G is also unimodular and of type I and that a (left) 
Haar measure has been fixed. 

Then there exist 


e a positive sigma-finite measure u on G, 


e a -measurable field of unitary continuous representations (mecca of G on 


the -measurable field of Hilbert spaces (Heec: 


e and a unitary map W from L? (G) onto 


D 7] 
J KOND ane) = f. HSH dulc), 
G G 


(see Subsection B.1.3) 
such that W satisfies the following properties: 


1. If 6 € L?(G), then Wọ = fe vedu(¢) where each ve is a Hilbert-Schmidt 
operator on He and we have 


p 
WJọ= L ut dul), where (J6)(x) = 6a"). 
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2. For any f € L1(G) (or C*(G)), the operators (tR)p(f) and (tL)p(f) acting 


on L?(G) are transformed via W into the decomposable operators (in the 
sense of Definition B.1.15) on fa (He ® Hž)du(¢), 


® 
Wilm)o(N}W' = f. (rool @ lng WO, 


and 


W {(rr) w= fi 9 (nt) (fF) d(C) 
TR)D P HeD (TE )D (GC). 


See (B.1) for the notation (m)p, and here en denotes the dual representa- 
tion to nọ which acts on Hz via 


(rt (x))v* Dwr (me(a~")w,v) 2. 


. If T is a bounded operator on L?(G) which commutes with n(x), for all 


x € G, that is, T € VNrR(G) = Y1(L7(G)), then T is transformed via 
W into a decomposable operator (in the sense of Definition B.1.15) on the 


Hilbert space [E (He © He)dp(¢) of the form 


D 
WTW! -f Te @ Tug du(Q). 


Conversely any decomposable operator of this type yields an operator in 
L,(L7(G)). Hence we may summarise this by writing 


[S>] 
VNR(G) = ZIC) =W f 2H) BC dulc) W 
Similarly 


p 
VNz(G) = Yr(L?(G)) = wo C-L (HZ) du(¢) W. 


A consequence of Points 1. and 2. is that if f € L'(G)N L? (G), then (m¢)v(f) € 
HS(H¢) for almost every ¢ € G and 


® 
Wf = Í (me)o(f)du() thus ||fll22¢@) = [Necro Psd. 


The measure u is standard (in the sense of Definition B.1.13, see also Propo- 


sition B.2.24) and unique modulo equivalence (see Proposition B.1.17). 


B.2. C*- and von Neumann algebras 529 


Reference for the proof of Theorem B.2.32. For the Plancherel measure being 
standard, see Dixmier [Dix77, Proposition 18.7.7 and Theorems 8.8.1 and 8.8.2]. 
For the Plancherel theorem expressed in terms of the canonical fields, see [Dix77, 
18.8.1 and 18.8.2]. 


The main application of the above theorem for us is Theorem 1.8.11. 


Definition B.2.33. The measure p is called the Plancherel measure (associated to 
the fixed Haar measure). 


A different choice of the Haar measure would lead to a different Plancherel 
measure. Up to this choice, the Plancherel measure is unique. Proposition B.1.17 
then implies that we do not need to specify the choice of a measurable field of 
continuous representations. 


In our monograph, our group Fourier transform and Dixmier’s defined in 
(B.2) and (B.1) respectively, are related via (B.3). This implies that the statement 
of Theorem B.2.32 remains valid if we replace firstly (7)p with our definition of 
the group Fourier transform and, secondly, W with the isometric isomorphism 


7 p 
W : L(G) > 1 HS(H¢)du(¢) 


given by 7 
Wo:=W(¢oinv) where inv(x)=27'. 


In particular, if œ € L?(G) then 


7 ® 
w= f pedal), (B.6) 


and we understand (%¢)¢¢g as the group Fourier transform of ¢. If T € 2z (L?(G)) 
then it may be decomposed by 


7 . ® 
WTW = Í Te @ Ing du(C), 
G 
which means that if ¢ € L? (G) with (B.6), then 


: e 
WTA = f. Teodulo: 


Theorem B.2.32 is reformulated in Theorem 1.8.11 with our choice of group 
Fourier transform. 


We end this appendix with the following observation. Comparing closely the 
contents of Chapter 1 and Chapter B, there is a small discrepancy about the sep- 
arability of Hilbert spaces. Indeed, in Chapter B, all the Hilbert spaces on which 
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the representations act are assumed separable, see Section B.1.1, whereas the sep- 
arability of the Hilbert spaces is not mentioned in Chapter 1. This leeds however 
to no contradiction when considering a continuous irreducible unitary represen- 
tation m of a Hausdorff locally compact separable group G on a Hilbert space 
Hzr. Indeed, in this case, this yields a continuous non-degenerate representation of 
L! (G) on Hr as in Lemma B.2.18. As L1(G) is separable [Dix77, §13.2.4] and 7 
is irreducible, one can easily adapt the arguments in [Dix77, §2.3.3] to show that 
H,, is separable. Consequently, the dual G of a Hausdorff locally compact sepa- 
rable group G may be defined as in Section 1.1 as the equivalence classes of the 
continuous unitary representations, without stating the hypothesis of separability 
on the representation spaces. 
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Schrodinger representations and Weyl quantization 


Here we summarise the choices of normalisations and give some relations 
between the Schrödinger representations 7), A E€ R\0, of the Heisenberg group Hn 
and the Weyl quantization on L?(R”). Detailed justifications and some proofs are 
given in Section 6.2. 


Euclidean Fourier transform (for f € S(R*) and € € RY) 


Fan F(E) = (27)? | fæ) de 


RN 


Weyl quantization (for f € S(R) and u € RY) 


Op" (a)sflu) = 2) f f erate, “Fy swag 


The useful convention for abbreviating the expressions below is 


Va =s) VA = f VA a (B.7) 


Schrödinger representations (for (x,y, t) € Hn, h € L? (R”), and u € R”) 
malz, y,t)h(u) = eit 20) ei Vvu h (y + y/|A|z) 


Notation for the group Fourier transform 


a(n) =m) =f n(essst) malaryst)* dzdydt 
H. 


n 


Relation between Schrödinger representation and Weyl quantization 
male) = (21) Op™ [Frens (0V VA -A)| 
or, with more details, 


K(x, y,t) Ta(z,y, t) h(u) dzdydt 


| 
= | K(x, y, the? 329) et A (uy — |A|a)dadydt 
R 


2n+1 


any S f ello Faan («VIA VAHE, Aue. 
Plancherel formula 


| æv: t)Pdzdydt = cn | I Firx)lis(r2 œ [AIA 
Hn AER\{0} 
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Explicit symbolic calculus on the Heisenberg group 


Here we give a summary of some explicit formulae for symbolic analysis of 
concrete operators on the Heisenberg group Hn. We refer to Section 6.3.3 for more 
details. We always employ the convention in (B.7) for VÀ. 


Symbols of left-invariant vector fields and the sub-Laplacian 


mX) = Vð = 0p” (1/Pl6) 
T™(Y;) = iV ru; = Op” iVXuy ) 
m(T) = idl = Op (id) 
m£) = AZ- = Op” (AE - u) 
Difference operators 
Asim = aad (m(¥%)) = aad, 
Ayla = —7xad (m(X5)) = —pRaddu, 
Arl, = iða +5 Deja As Ay beat ax y1 {TA(VG) x, Ay; +A, le, Taly) 


Difference operators acting on symbols of left-invariant vector fields 


(Xz) | T(YR) | 7(T) ™(L) 
Az, | —dj=k 0 0 | —2m(X;) 
Ay, | 9 [=j | 0 | —2mQ(¥;) 
Ay 0 0 —I 0 


Relation between the group Fourier transform and the \-symbols 


R(m,) = ma (K) = Op™ (ay) = Op™ (ča (VIA VAD) 


ay = {ay (£, u) = V2nFgon+ı (#)(/JAIE, Vu, A)} 


ia TE ee N 


Difference operators in terms of the Weyl quantization of A-symbols 


Az, mlk) = iOp™” (Ja aa) = iOp™” (ðs, ay) 
Ay, m(«) = iOp” Fru; = iOp” (Oy ay) 
Aima (K) = iOp” 5y.e.uar) = iOp” (0,4) 


p dl 
(with O), £u = 0) — Dr > Auð + £50e; }) 


j=1 
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List of quantizations 


We refer to Sections 2.2, 5.1.3 and 6.5.1 for the cases of compact, graded, 
and Heisenberg groups, respectively. 


Quantization on compact Lie groups (for p € C% (G) and x € G) 
Ay(«) = X dy Tr (a(x) oa(a, 7) O(n) 


neEG 


with the formula for the symbol 
oa(x,m) = T(x) (Ar) (x) 


Quantization on general graded Lie groups (for y € S(G) and x € G) 


Ag() = I Tr (r(2) cale, n) Blm)) daln) 


Symbols of vector fields ox (7) = dr(X) = Xr(e), see (1.22) 


In the compact and graded cases, relation with the right-convolution kernel 


Aga) = 9% rela) = | olu)na(yta)dy with kolt) = oa(x,7) 


Quantization on the Heisenberg group (for p € S(H,,) and g = (x,y, t) € Hn) 


Ag(g) = en | Tr (ma (g) aalg, A) Plra)) [A dA 
R\{0} 


and in terms of A-symbols ag, : R” x R” > C, 


o.a(g,r) = Op™ (aga)| (g € Hn, à € R\{O}) 


=e, f T (70O (aga) Ov [Fa (OVA VA A]) Afaa 
R\ {0} 

=e, | T (Op™ laga) Op” [Fann (og DVA VA-2)]) LIM 
R\ {0} 
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